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Foreword to Earlier Series Editions 


More than a generation of German-speaking students around the world have worked 
their way to an understanding and appreciation of the power and beauty of modern 
theoretical physics — with mathematics, the most fundamental of sciences — using 
Walter Greiner’s textbooks as their guide. 

The idea of developing a coherent, complete presentation of an entire field 
of science in a series of closely related textbooks is not a new one. Many older 
physicists remember with real pleasure their sense of adventure and discovery 
as they worked their ways through the classic series by Sommerfeld, by Planck 
and by Landau and Lifshitz. From the students’ viewpoint, there are a great many 
obvious advantages to be gained through use of consistent notation, logical ordering 
of topics and coherence of presentation; beyond this, the complete coverage of 
the science provides a unique opportunity for the author to convey his personal 
enthusiasm and love for his subject. 

The present five-volume set, Theoretical Physics, is in fact only that part of 
the complete set of textbooks developed by Greiner and his students that presents 
the quantum theory. I have long urged him to make the remaining volumes on 
classical mechanics and dynamics, on electromagnetism, on nuclear and particle 
physics, and on special topics available to an English-speaking audience as well, 
and we can hope for these companion volumes covering all of theoretical physics 
some time in the future. 

What makes Greiner’s volumes of particular value to the student and professor 
alike is their completeness. Greiner avoids the all too common “it follows that ...” 
which conceals several pages of mathematical manipulation and confounds the 
student. He does not hesitate to include experimental data to illuminate or illustrate 
a theoretical point and these data, like the theoretical content, have been kept up to 
date and topical through frequent revision and expansion of the lecture notes upon 
which these volumes are based. 

Moreover, Greiner greatly increases the value of his presentation by including 
something like one hundred completely worked examples in each volume. Nothing 
is of greater importance to the student than seeing, in detail, how the theoretical 
concepts and tools under study are applied to actual problems of interest to a 
working physicist. And, finally, Greiner adds brief biographical sketches to each 
chapter covering the people responsible for the development of the theoretical ideas 
and/or the experimental data presented. It was Auguste Comte (1798-1857) in his 
Positive Philosophy who noted, “To understand a science it is necessary to know 
its history”. This is all too often forgotten in moder physics teaching and the 
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bridges that Greiner builds to the pioneering figures of our science upon whose 
work we build are welcome ones. 

Greiner’s lectures, which underlie these volumes, are internationally noted for 
their clarity, their completeness and for the effort that he has devoted to making 
physics an integral whole; his enthusiasm for his science is contagious and shines 
through almost every page. 

These volumes represent only a part of a unique and Herculean effort to make 
all of theoretical physics accessible to the interested student. Beyond that, they 
are of enormous value to the professional physicist and to all others working with 
quantum phenomena. Again and again the reader will find that, after dipping into a 
particular volume to review a specific topic, he will end up browsing, caught up by 
often fascinating new insights and developments with which he had not previously 
been familiar. 

Having used a number of Greiner’s volumes in their original German in my 
teaching and research at Yale, 1 welcome these new and revised English translations 
and would recommend them enthusiastically to anyone searching for a coherent 
overview of physics. 


Yale University D. Allan Bromley 
New Haven, CT, USA Henry Ford If Professor of Physics 
1989 


Preface 


Quantum Chromodynamics (QCD) was formulated more than 25 years ago and has 
since been a very active field of research. To calculate hadronic properties from 
QCD, however, is such a formidable task that progress has been slow and many 
problems are still not solved today. The equations to be solved are highly non-linear, 
one is dealing with formulas for infinitely many relativistic particles, and one is 
dealing with a quantum field theory requiring careful renormalization. Thus QCD 
presents one of the most challenging problems of theoretical physics. To avoid the 
extreme complexity of real QCD many phenomenological ‘QCD-inspired’ models 
have been developed, often with astonishing success. 

Presently, however, this situation is changing. The continuous slow progress in 
computational and analytic techniques has now reached a point where real QCD 
calculations have become feasible for a rapidly increasing number of problems 
in hadron physics. Together with the much improved experimental situation this 
should trigger an enormous boost for hadron physics in the years ahead. 

In this book we try to give a pedestrian approach to QCD, stressing the prac- 
titioner’s point of view. We start with an elementary introduction and review 
Quantum Electrodynamics (Chap. 2). Chapter 3 analyzes lepton-nucleon scattering, 
which offers so far the most successful approach to learning about QCD. Also the 
MIT bag model is introduced, which serves as an illustrative example for a QCD 
oriented model. In Chap. 4 we then turn to QCD proper and focus on the momentum 
dependence of its coupling constant, which is the most important property of QCD. 
We demonstrate explicitly how QCD is renormalized and how the running cou- 
pling constant is obtained. Chapter 5 is devoted to the application of QCD to the 
description of lepton-hadron scattering: the Gribov-Lipatov-Altarelli-Parisi equa- 
tions are derived, model calculations for the structure functions are presented, the 
very active and promising field of polarized hadron reactions is sketched, and the 
fundamental techniques of operator product expansion and renormalization group 
analyses are discussed. Chapter 6 presents applications to hadron-hadron reactions, 
most notably, the Drell-Yan process. The techniques discussed allow us to present 
a currently much debated problem, namely small-x physics. Chapter 7 is then de- 
voted to non-perturbative approaches to QCD, namely lattice gauge calculations 
and sumrule techniques. Our presentation ends with some remarks on the QCD 
ground state and its modification at high temperature and/or baryon density (the 
so-called quark gluon plasma) in Chap. 8. 

We have tried to give a pedagogical introduction to the concepts and techniques 
of QCD. Much had to be left out and we often avoided more formal considerations 
for the sake of better readability. 
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Preface 


In writing this book we profited substantially from a number of existing text- 
books, most notably J.J.R. Aitchison and A.J.G. Hey: ‘Gauge Theories in Particle 
Physics’, O. Nachtmann: ‘Elementarteilchenphysik’, B. Miiller: ‘The Physics of the 
Quark-Gluon Plasma’, P. Becher, M. Boehm and H. Joos: ‘Eichtheorien’, J. Collins: 
‘Renormalization’, R.D. Field: ‘Application of Perturbative QCD’, and M. Creutz: 
‘Quarks, Gluons and Lattices’, and several review articles, especially: L.V. Gri- 
bov, E.M. Levin and M.G. Ryskin: ‘Semihand processes in QCD’, Phys. Rep. 100 
(1983) 1, L.S. Reinders, H. Rubinstein, S. Yazaki: ‘Hadron properties from QCD 
sumrules’, Phys. Rep. 127 (1985) 1. 

We thank all members of the Institute of Theoretical Physics in Frankfurt who 
added in one way or another to this book, namely Dr. J. Augustin, M. Ben- 
der, Ch. Best, S. Bernard, A. Bischoff, M. Bleicher, A. Diener, A. Dumitru, 
B. Ehmsperger, Dr. S. Graf, Dr. C. Hofmann, A. Jahns, J. Klenner, O. Martin, 
M. Massoth, M. Maul, Dr. G. Plunien, Dr. D. Rischke, Dr. A. Scherdin, and 
E. Stein. 

Special thanks go to Mrs. A. Steidel who drew the figures, to R. Mattiello 
who supervised the editing process, and to Mark Seymour who did a great job as 
copy-editor. 

We hope that our readers will enjoy this book. 


Frankfurt am Main, Walter Greiner 
September 1994 Andreas Schafer 
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1. The Introduction of Quarks 


1.1 The Hadron Spectrum 


About 70 years ago, only a small number of “elementary particles”, thought to be 
the basic building blocks of matter, were known: the proton, the electron, and the 
photon as the quantum of radiation. All these particles are stable (the neutron is 
stable only in nuclear matter, the free neutron decays by beta decay: n — p+e™ +7). 
Owing to the availability of large accelerators, this picture of a few elementary 
particles has profoundly changed: today, the standard reference “Review of Particle 
Properties”! lists more than 100 particles. The number is still growing as the 
energies and luminosities of accelerators are increased. 

The symmetries known from classical and quantum mechanics can be utilized 
to classify the “elementary-particle zoo”. The simplest baryons are p and n; the 
simplest leptons e~ and y.~. Obviously there are many other particles that must be 
classified as baryons or leptons. 

The symmetries are linked to conserved quantum numbers such as the baryon 
number B, isospin T with z-component 73, strangeness S, hypercharge Y = B+S, 
charge O = T3+Y /2, spin / with z-component /,, parity 7, and charge conjugation 
parity a. Conservation laws for such quantum numbers manifest themselves by 
the absence of certain processes. For example, the hydrogen atom does not decay 
into two photons: e~ + p > 7 +7, although this process is not forbidden either 
by energy-momentum conservation or by charge conservation. Since our world is 
built mainly out of hydrogen, we know from our existence that there must be at 
least one other conservation law that is as fundamental as charge conservation. The 
nonexistence of the decays n > p+e~ and n— y+ 7 also indicates the presence 
of a new quantum number. The proton and neutron are given a baryonic charge 
B = 1, the electron B = 0. Similarly the electron is assigned leptonic charge L = 1, 
the nucleons L — 0. From the principle of simplicity it appears very unsatisfactory 
to regard all observed particles as elementary. To give an impression of the huge 
number of hadrons known today, we have collected together the baryon resonances 
in Fig. 1.1. The data are taken from the “Review of Particle Properties”. Particles 
for which there is only weak evidence or for which the spin / and internal parity 
P have not been determined have been left out. Note that cach state represents a 
full multiplet. The number of members in a multiplet is N = 2T +/ with isospin 
T. Thus the 13 A resonances shown correspond to a total of 52 different baryons. 

When looking at these particle spectra, one immediately recognizes the sim- 
ilarity to atomic or nuclear spectra. One would like, for example, to classify the 


! See Review of Particle Properties: Phys. Rev. D 45 (1992). 


1. The Introduction of Quarks 


Fig. 1.1. The mass spectra of 
baryons. Plotted are the av- 
erage masses of the multi- 
plets. For example, the state 
Nsjo+ at 1.68 MeV stands 
for two particles, one pro- 
tonlike and one neutronlike, 
both with spin 3 and posi- 
tive internal parity. The fig- 
ure contains 140 particle 
states in total 
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nucleon resonances (N resonances) in analogy to the levels of a hydrogen atom. 


The iv ground state (i.e., the ordinary proton and neutron) would then correspond 


to the Is, state, the states 3, 4, and ibe at approximately 1.5 GeV to the hy- 
2 
Se i de eee 


drogen levels 2p3, 2p1, and 2s1, the Siaiess3 a aes oes 


of the third main shell 3d, 3d3, Opa. 3P 1, 351, and so on. 


F Ly to the sublevels 


Although one should not take this analogy too seriously, it clearly shows that 
a model, in which the baryons are built from spin-} particles almost automatically 
leads to the states depicted in Fig. 1.1. The quality of any such model is measured 
by its ability to predict the correct energies. We shall discuss specific models in 
Sect. 3.1. 

We therefore interpret the particle spectra in Fig. 1.1 as strong evidence that 
the baryons are composed of several more fundamental particles and that most 
of the observable baryon resonances are excitations of a few ground states. In 


this way the excited states 5 and + are reached from the nucleon ground state 
N(938 MeV) ie by increasing the angular momentum of one postulated component 
particle by one. a can be coupled with 1~ to give a or 3°) As the energy of 
the baryon resonances increases with higher spin (i.e., total angular momentum of 
all component particles), one can deduce that all relative orbital angular momenta 
vanish in the ground states. 

To investigate this idea further, one must solve a purely combinatorial problem: 
How many component particles (called quarks in the following) are needed, and 
what properties are required for them to correctly describe the ground states of 
the hadron spectrum? It turns out that the existence of several quarks must be 
postulated. The quantum numbers given in Table 1.1 must be given to them. 

The three light quarks u, d, s can be identified with the three states in the 
fundamental representation of SU(3). This is initially a purely formal act. It gains 
importance only as one shows that the branching ratios of particle reactions and the 
mass differences between stable baryons show —at least approximately— the same 
symmetries. This means that the so-called flavor SU(3) can be interpreted as the 
symmetry group of a more fundamental interaction. 

Hadrons are therefore constructed as flavor SU(3) states. As in addition the 
spin of the quarks must be taken into account, the total symmetry group becomes 


SU(3) x SU(2). As an example we give the decomposition of the neutron into quark 
states: 


1.1 The Hadron Spectrum 


Table 1.1. Quarkcharge (Q), isospin (7, T3), and 
strangeness (S$) 


Int) = Ss (2Jatplat)fad) ~ jat)|adyiot) — laylary iat) 
 |at)lut)|dL) + 2)d1) la Lplat) fa) fa) 21) 
—|ut)|dt)ld) — Jut)ldL)|4t) + 2tubyldt)ldt)) (1.1) 


Particularly interesting for the topic of this volume are the corresponding decom- 
positions of the states 2~, At*, and A7: 


|27) =I|sT)IsTIst) 
JAt*) = |ut)lutput) , (1.2) 
|A~) = |d1)/d1)|d 1) 


To obtain ie spin quantum numbers of pagtonS, one must assume that the quarks 
have spin 4 5. This poses a problem: spin-4 particles should obey Fermi statistics, 
25) 110 AG quarks can occupy the same state. So the three quarks in {27 eA, 
and A~ must differ in at least one quantum number, as we shall discuss in hap: 4, 
Before proceeding to the composition of baryons from quarks, we shall first repeat 
the most important properties of the symmetry groups SU(2) and SU(3). 

SU(2) and SU(3) are special cases of the group SU(), the special unitary 
group in N dimensions. Any unitary square matrix U with N rows and N columns 
can be written as 


a 


ee (1.3) 


where H is a Hermitian matrix. The matrices U form the group SU(N) of unitary 
matrices in N dimensions. H is Hermitian, 1.e., 


fe Hi (1.4) 


Of the N? complex parameters (elements of the matrices), NV * real parameters for 
Hf and hence for U remain owing to the auxiliary conditions (1.4). Since U is 
unitary, ic. UtU = 1, det Utdet U = (det U)* det U =1 and thus 


ldet OJ =1 (1.5) 
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Owing to (1.4), tr {iT} = a (a real) and 

det U = det ie — eit _ gia (1.6) 
If we additionally demand the condition 

det? =4+1 , (1.7) 
i.e., @ = 0 mod 27, only N* —1 parameters remain. This group is called the special 
unitary group in N dimensions (SU(N )). 


Let us now consider a group element U of U(N) as a function of N? parameters 
oy (u = 1,...,n). To this end, we write (1.3) as 


Ui ¢:) = exp (et) (1.8) 
7 
where L,, are for the time being unknown operators: 
Shy = IO) (1.9) 
Obn |¢=0 


(> = (¢1,---,Gn)). For small ¢,,(6¢,,) we can expand U in a series (Il is the unit 
matrix): 


, we es » 
U(d) = 1-1)” bbyb, — 5 0 Sb pbbubyhy +... (1.10) 
p=l 


[yy 


Boundary conditions (1.4) and (1.5) imply after some calculation that the operators 
L; must satisfy the commutation relations 


[LiL] = cle. (1.11) 


Equation (1.11) defines an algebra, the Lie—Algebra of the group U(N). 

The operators 1 generate by means of (1.10) the group and are thus called 
generators. Obviously there are as many generators as the group has parameters, 
i.e., the group U(N) has N* generators and the group SU(N) N? — 1. The quantities 
Cy are called structure constants of the group. They contain all the information 
about the group. In the Lie algebra of the group a eruthic iy there is a maximal 


number R of commutating elements 1; (i = 1.. ,R) 
pl =O = lee Rae (1.12) 


R is called the rank of the group. The eigenvalues of the 1; are, as we shall See, 
used to classify elementary- -particle spectra. We shall now discuss the concepts 
introduced here using the actual examples of the spin and i isospin group SU(2) and 
the group SU(3). 


SU(2). U(2) is the group of lineary independent Hermitian 2 x 2 matrices. A well- 
known representation of it is given by the Pauli matrices and the unit matrix 
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wee) |, (mein ane io 1 0 
a= (4 ib mele pte oe JE (ep) 


These span the space of Hermitian 2 x 2 matrices, i.e., they are linearly independent. 
SU(2) has only three generators; the unit matrix is not used. From (1.3) we can 
write a general group element of the group SU(2) as 


3 
U(o) = exp (- a oe] (1.14) 


i=1 


(or, using the summation convention, exp (—i¢;6;)). Here @ = (1, ¢2, ¢3) is a 
shorthand for the parameter of the transformation. The Pauli matrices satisfy the 
commutation relations 


[6;,6;| = 2ieineoe (1.15) 
with 
0 for two equal indices, 


a — 1 for even permutations of the indices, 


—1 for odd permutations of the indices. 
Usually, instead of G;, the S; = ; 6; are used as generators, 1.c. 
(S;, 5) ] = iegSe 


According to (1.11), iej, are the structure constants of SU(2). Equation (1.15) 
shows that no generator commutes with any other, i.e., the rank of SU(2) is 1. 
According to the Racah theorem, the rank of a group is equal to the number 
of Casimir operators (i.e., those operators are polynomials in the generators and 
commute with all generators). Thus there is one Casimir operator for SU(2), namely 
the square of the well-known angular momentum (spin) operator: 


3 
Csuay = 57 (1.16) 
i=1 


The representation of SU(2) given in (1.13) (and generally of SU(V)) by 2 x 2 
matrices (generally N x N matrices) is called the fundamental representation of 
SU(2) (SU(N)). It is the smallest nontrivial representation of SU(2) (SU(N )). It 
is a 2 x 2 representation for SU(2), a 3 x 3 representation for SU(3), and so on. 
From Schur’s first lemma the Casimir operators in the fundamental representation 
are multiples of the unit matrix (see Exercise 1.1): 


3 Pee? 
‘ G; 3 
= 5 a ae | 1.17 
Csu2) (+) 4 ( ) 


SU(3). The special unitary group in three dimensions has 3” — 1 = 8 generators. In 
the fundamental representation they can be expressed by the Gell-Mann matrices 
Bi o6ag De 
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0 1 0 ; 0 -1i O ; I @ @ 
ue (i 00), ia (i 0 0) y= (0 a ie 
0 0 O 0 0 0 0 0 O 
0 0 1 : 00 -i : 0 0 0 
MS [0 0 7 eo € 0 O eo (0 0 ; Cis) 
1 0 0 i 0 O 0 1 0 
0 0 0 r 1 1 0 O 
iy=(0 0 -') ; a= F(0 1 0 
Df 6 3 \ 0 ome? 
The Gell-Mann matrices are Hermitian: 
M =i, (1.19) 
and their trace vanishes: 
{Ab =o. (1.20) 


They define the Lie algebra of SU(3) by the commutation relations 
[31 y] = 2ifin ds , (1.21) 


where the structure constants fj, are, like the €;, in SU(2), completely antisym- 
metric, 1.€., 


Sik = Six = fig - (1.22) 
The anticommutation relations of the di are written as 

{4,4} = 55 de ane (1.23) 
The constants dj, are completely symmetric: 

dix = dik = dij. (1.24) 


The nonvanishing structure constants are given in Table 1.2. 
As in SU(2), generators F; = 5 Ai (“hyperspin”) are used instead of the ); 
with the commutation relations 


[Fi Fi] = ital - (1.25) 


One can easily check that among the F; only the commutators [Fi, Fs] = 
[Fo, Fs| = [F3, Fs] = 0 vanish. As the Fi = 1,2,3, do not commute with 
each other, there are at most two commuting generators, i.e., SU(3) has rank two 
(in general SU(N) has rank N — 1), and hence two Casimir operators, one of which 
is simply 


; ; 2i fe sO 
C1 a ae ee ae (1.26) 


In the fundamental representation 
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Table 1.2. The nonvanishing, completely anti- 
symmetric structure constants fj, and the sym- 
metric constants dij, 


8 3 
(C)e= 7 (h), 0), = 55 (127 


From the structure constants fj, new matrices U; can be constructed according to 


(Or), = ifn (1.28) 
which also satisfy the commutation relations 
[ti, O;) =ifiee (1.29) 


This representation of the Lie algebra of SU(3) is called adjoint (or regular). In it 
(see Exercise 1.2) 


8 
S(O? Ya = S-Gae Tin 


i=l iV 
S73 fun = > inhi ae 
i H off 


= 30 


I 


(Cu 
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A form of the complete SU(3) group element according to (1.3) is (U (0) designates 
in contrast to U; the transformation matrix from (1.3)) 


Ue)=e OF | (1.31) 


where F is the vector of eight generators and @ the vector of eight parameters. 

After this short digression the group structure of SU(2) and SU(3), we return 
to the classification of elementary particles. As indicated above, the eigenvalues of 
commuting generators of the group serve to classify the hadrons. For SU(3) there 
is only one such operator among the T; (i = 1,2,3) that is usually chosen to be 
T; (the z component). The structure of SU(2) multiplets is thus onedimensional 
and characterized by a number 73. In the framework of QCD the most important 
application of SU(2) is as the isospin group (with generators 7;) and as the angular 
momentum group with, for examples, the spin operator 5;. The small mass differ- 
ence between neutron and proton (0.14% of the total mass) leads to the thought 
that both can be treated as states of a single particle, the nucleon. According to the 
matrix representation 


i 1/1 0 Us 
= 5) *)=% 3 (1.32) 


one assigns the isospin vector ¥, = ( q to the proton and YW, = G to the 


neutron, so that the isospin eigenvalues 73 = +3 are assigned to the nucleons: 
etl al 
is (4) 5 G) 5 (1.33) 
-~ (0 1/0 
OO) 39 


Analogously one introduces 


f 0 1 x 0 -1 
asl _ and aie ‘a (E33) 


such that the 
nm Le 
ln 5 7, (k=), 2,3) (1.36) 


satisfy the same commutation relations as the spin operators. One can check by 
direct calculation that raising and lowering operators can be constructed from the 7;: 


/ ee 8 ats 

a gGtin)=(9 9) 
: 
2 


— ax G35 
T= (7 = i?) = 1 0 
They have the following well-known action on nucleon states: 
T4%=0—, 74, =O, 
(1.38) 


Tae = Ue. ) ia, = (0 5 
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1.¢., the operators change nucleon states into each other (they are also called Jadder 


operators). From (1.3), we can give the general transformation in the abstract 
three-dimensional isospin space 


O() = O(g1, $2, 63) = een (1.39) 


where the ¢,, represent the rotation angles in isospin space. The Casimir operator 
of isospin SU(2) is 
aie ie (1.40) 


We can now describe each particle state by an abstract vector |773) (analogously to 
the spin, as the isospin SU(2) is isomorphic to the spin SU(2)), where the following 
relations hold: 


= Fr Dine), (1.41) 
73|TT;) = T3|TT3) (1.42) 


Thus the nucleons represent an isodoublet with T = 5 ail 12) = Sia The pions 
(n*, 1°) (masses m(1°) = 135 MeVc? and m(r*) = 139.6 MeV/c’, ie. a mass 
difference of 4.6 MeV/c”) constitute an isotriplet with 7 = 1 and 7; = —1,0,1. 
Obviously there is a relation between isospin and the electric charge of a particle. 
For the nucleons the charge operator is immediately obvious: 


a 
Q=7s+51 (1.43) 


in units of the elementary charge e, while one finds in a similarly simple way for 
the pions 
O=T7; . (1.44) 


To unify both relations, one can introduce an additional quantum number Y (the 
so-called hypercharge) and describe any state by 73 and Y: 


V\YTs;)=Y|YTs) , (1.45) 
T3|YT3) =T3|¥Ts) (1.46) 


In this way the nucleon is assigned Y = | and the pion Y = 0, so that (1.42) and 
(1.43) can be written as 


. hie 
Q=5' +f ‘ (1.47) 


Relation (1.45) is the Gell-Mann—Nishijima relation. The hypercharge characterizes 
the center of charge. It is often customary to express Y by the strangeness S and 
the baryon number B using Y = B +S. Here B = +1 for all baryons, B = —1 
for antibaryons, and B = 0 otherwise (in particular for mesons). Thus Y = S for 
mesons. To classify elementary particles in the framework of SU(3), it is customary 
to display them in a 73—Y diagram. The baryons with spin 4 constitute an octet in 
this diagram (see Fig. 1.2). . 
The spectrum of antiparticles is obtained from this by reflecting the expression 
with respect to the Y and 73 axes. The heavier baryons and the mesons can be 


Fig. 1.2. An octet of spin-5 
baryons 
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classified analogously. We introduced the hypercharge by means of the charge and 
have thus added another quantum number. SU(2) has rank 1, i.e., it provides only 
one such quantum number. SU(3), however, has rank 2 and re two commuting 
ae A; and Fz. We can therefore make the identification T; = F; and 

= 2/ V/3F¢ and interpret the multiplets as SU(3) multiplets. The SU(3)-multiplet 
re was introduced by M. Gell-Mann and is initially purely schematic. 
There are no small nontrivial representations among these multiplets (with the 
exception of the singlet, interpreted as the A* hyperon with mass 1405 MeV/c? 
and spin 4). The smallest nontrivial representation of SU(3) is the triplet. This 
reasoning led Gell-Mann and others to the assumption that physical particles are 
connected to this triplet, the quarks (from James Joyce’s Finnegan’s Wake: “Three 
quarks for Muster Mark”). Today we know that there are five quarks. They are 
called up, down, strange, charm, and bottom quarks. A sixth quark, the top, most 
probably exists but it has not yet been possible to detect it directly owing to its 
large mass. The different kinds of quarks are called “flavors”. The original SU(3) 
flavor symmetry is therefore only important for low energies, where c, b, and t 
quarks do not play a role owing to their large mass. It is, also still relevant for 
hadronic ground-state properties. 

All particles physically observed at this time are combinations of three quarks 
(baryons) or a quark and an antiquark (mesons) plus, in each case, an arbitrary 
number of quark—antiquark pairs and gluons. This requires that quarks have 


1. baryon number : 
2. electric charges in multiples of +4. 


Uneven multiples of charge i have never been conclusively observed in nature, 
and there therefore seems to exist some principle assuring that quarks can exist in 
bound states in elementary particles but never free. This is the problem of quark 
confinement, which we shall discuss later. Up to now, we have considered the 
SU(3) symmetry connected with the flavor of elementary particles. Until the early 
1970s it was commonly believed that this symmetry is the basis of the strong inter- 
action. Today the true strong interaction is widely acknowledged to be connected 
with another quark quantum number, the color. The dynamics of color (chromo- 
dynamics) determines the interaction of the quarks (which is, as we shall see, 
flavor-blind). 

In the following chapter quantum electrodynamics is reviewed. Readers familiar 
with it are advised to continue on page 69 with Chap. 3. 
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1.1 The Fundamental Representation of a Lie Algebra 


Problem. (a) What are the fundamental representations of the group SU(N)? (b) 
Show that according to Schur’s lemma the Casimir operators in these fundamental 
representations are multiples of the unit matrix. 


Solution. (a) The fundamental representations are those nontrivial representations 
of a group that have the lowest dimension. All higher-dimensional representations 
can be constructed from them. We shall demonstrate this using the special unitary 
groups SU(N). 


SU(2). As we have learned, its representation is characterized by the angular— 
momentum quantum number / = 0, 3 1, 3, ..., and states are classified by 
(ij) = |jm), m = -j,...,—j. The scalar representation is ; = 0. The lowest- 
dimensional representation with j # 0 would then be j = ‘. From it we can 


construct all others by simply coupling one to another 
I 1] eae ; 
5 x a - 5 | =[1]+1[0] , Ce) 
ee Sy Se I be 
2] * al* [a= [el - Eel + tal E- o 


“x” indicates the direct product, “+” the direct sum. The first two j = 5 represen- 
tations can be coupled to j = 0,1. Adding another j = s, it couples with j = 1 


to give j = 3, 5 and with ; = 0 to give only j = }. In total, as contains the 


representations [3]. [5]: [5]. Figure 1.3 depicts this angular momentum coupling 
graphically. It must be noted that a representation can appear more than once, e.g., 


[5] appears twice in ee and [1] thrice in er. 

In the next example, an alternative representation according to “maximal 
weight” is of interest. For this, all operators in the algebra that commute with 
each other are considered (Cartan subalgebra). Their eigenvalues classify states 
in a representation. In the case of SU(2) there is only one operator commuting 
with itself. This can be chosen to be any of the j;, usualy one takes j3, the third 
component of the angular momentum vector. Its eigenvalues are m = —/,..., +/. 
The “maximal weight” is mmax =. In direct products ([4]" the maximal weight is 
Mmax = 5, Which is the “maximal weight” of the “straight coupling” (see Fig. 1.3). 


SU(3). Its representations (multiplets) are classified by the eigenvalues of the 
Casimir operators. These give us, in the case of SU(3), two numbers [p, q]. These 
are in turn connected to the rank of the algebra, i.e., the number of commuting 
generators in the algebra. In general, the representations of SU(V) are character- 
ized by N — 1 numbers. Another possibility would be to classify representations 
by their “maximal weight”. As is known, each state in a representation of SU(3) 
(a multiplet) is labeled by the eigenvalues of the third component of isospin 73 
and hypercharge Y. The weight is given by the tuple (73, Y). A weight (73, Y) is 
higher than (73, Y’) if 
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Fig. 1.3. Multiple coupling 
of spins i to various total 
spins J 


Fig. 1.4. The Quark weight 
diagram 


Fig. 1.5. The antiquark weight 
diagram 
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=; 
1/2 } as 
Jel NX J=0 
1/2 ®1/2 > => 
j-3/2 \ ja1/2 
1/2 @ 1/2 @ 1/2 = 


AANA. 


I/2@12@12012 « ste 


ih or T= 1, and YoY (2) 


The highest weight in a representation is given by the maximal value of 73, and, 
if there is more than one, by the maximal value of Y. This is demonstrated by the 
following examples: 


(1) [p,q] = [1,9] 


This is the representation whose “weight diagram” is depicted in Fig. 1.4. The states 
carry the weights 


(ize Y) = (5-3) ’ (-}. :) ’ (0. -5) 


The tuple (5, 4) is the maximal weight. 


(2) [p,q] = [9,1] 


This is the representation of antiquarks with the following “weight diagram”. 
The states carry the weights 


Z. 1 1 1 | 
= (9.3). (5-3)+(-3--3) 


The state of maximal weight is ($,—4). 

In the case of SU(3), the trivial (scalar) representation is [p, g] = [0, 0]. The first 
nontrivial representations would be (1,0) and (0,1) of the same lowest dimension. 
By definition we thus have two fundamental representations. All others can be 
constructed from these two representations! To do so, we must construct the direct 


product of states 
(1, 0)?(0, 1)? - 
IT3()Y (1) T3Q)Y (2)) --- (3) 
ITs@)¥ (P))|T3() Y(1))|73(2)¥ 2) --- |73(q)¥(q)) 


Owing to the additivity of the isospin component 7; and the hypercharge Y, it 
holds that 
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i= 0) (4a) 
= gO) (4b) 
i 
Thus many-quark states have 7; and Y eigenvalues 
(CE, Ne ) 


Pp q p q 
2 bs 73) + S°T3@, 0 Y@+ Fo] ; (5) 
i=] f=ll f=i i=] 


In these, there is one state of maximal weight, namely the one that is composed of 
p quarks of maximal weight (5,4) and q antiquarks of maximal weight (5, —3), 


1.€., 


(73) max aot — ’ (1) max = a , (6) 
It characterizes a representation contained in (5). If we subtract it, there is a re- 
mainder. Within this there is another state (or several states) of maximal weight. 
They are analogously given tuples [p,q], i.e., a multiplet. We repeat the above 
steps until nothing is left, i.e., the direct product is completely reduced. In this way 
we can construct all SU(3) decompositions. 

We consider [p1, 91] x [p2, 92] = [1,0] x [0,1] and first add the two weight 
diagrams, i.e., at each point of the one diagram, we add the other diagram (see 
Fig. 1.6). 


ee le | = [8] @[1] 


We are thus led to a weight diagram whose center is occupied three times! The 
maximal weight appearing there is 


Cd, ae = ce 0) . (7) 
For [p,q], it follows from (6) that 
ec) = (8) 


corresponding to an octet with dimension 8. On subtracting the octet which is twice 
degenerate at the center, only the singlet remains 


(T3,Y)max = (0,0) , (9a) 
that is, 


[p,q] =[0,0] . (9b) 


Exercise 1.1, 


Fig. 1.6. Adding [1,0] and 
[0, 1] weight diagrams 
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Exercise 1.1. 
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We thus obtained the following result: 


Ol x ON 0: Cl (10) 
Note: Constructing [1,0] x [0,1] with this method, we obtain 
[1,0] x [1,0}=[2,0]+[0,1] . (11) 


On the right-hand side, [0,1] appears. Mathematically, we can construct [0, 1] 
from [1,0]. Thus one is inclined to call only [1,0] the fundamental representation. 
Physically, however, the right-hand side describes two-quark states and not, as does 
[0, 1], antiquark states. 


SU(N). Its solutions are classified by N — 1 numbers: 


[oie etna | (12) 
Analogously to SU(3), there is the scalar (trivial) representation 

[0,---,0] (13) 
and N — 1| fundamental representations 

[eo & 

(Ovi, Ole 

(14) 
[yee eau 


From these, all other multiplets in (12) can be constructed by direct products. 


Solution. (6) Schur’s lemma indicates that any operator H commuting with all 
operators U(a) (a = group parameter), in particular with the generators L,, 


EO \e0s nla) = ph culeo . 


has the property that every state in a multiplet of the group is an eigenvector and 
that all states in a multiplet are degenerate. C (A) is a Casimir operator of the group 
in the irreducible representation 4. 

Since G (A) commutes with 7, C (A) and H can be simultaneously diagonalized, 
iene (A), too, is diagonal with respect to any state of the irreducible representation 
faulanien of the group. Calling C(\) the eigenvalues of COs), C(A) has the 
following form with respect the irreducible representation of the group: 


CA)=CQ)IOA) , (15) 


where fl, is the unit matrix with the multiplet’s dimension. As the fundamental 
representation is by construction irreducible, (15) holds. In matrix representation, 
the Casimir operator has the following form: 


CA)IOD 0 0 
0 COMES 0 


0 0 C(A3) 13) 


Each diagonal submatrix appearing in it is of the form C(A) 1) and characterizes 
a representation (multiplet) of the same dimension as this multiplet. 
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1.2 Casimir Operators of SU(3) 


Problem. The regular (adjoint) representation of SU(3) is given by the eight gen- 
Erators (/;, 2 = 1,...,8 with 
(Cin = —ife (1) 


(U; are 8 x 8 matrices). Show that for C), one of the two Casimir operators of 
SU(3) in the regular representation it holds that 


8 
C) = )) U7 = 3llsxs (2) 
i=l 


Table 1.3. The eigenvalues of the Casimirop- 
erator C, for the regular representation 


Ofios + 2fina + ise = 3 
2firs + 2fras + 2fts7 = 3 
2firs + 2fsas + 2fte7 = 3 
2fras + 2fsas + 2fiar + 2fass = 3 
2fiss + 2fts7 + 2fsas + 2fass = 3 
2fise + fas + 2fS67 + 2fors = 3 
Ofiar + 2fts7 + 2fse7 + fers = 3 
2fass + 2férs = 3 


Solution. Each irreducible representation of SU(3) is uniquely determined by the 
eigenvalues of its Casimir operators. Each state in a multiplet has the same eignval- 
ues with respect to C). Thus this operator must be proportional to the unit matrix. 
This is checked here using an example. Using (1) it follows for C, that 


CVn ——> film = (3) 
ij 


From the table of fiz, one recognizes that fi, # 0 and fim + 0, which implies that 
= mh: 
(Ci)im =+ oi. 61m = 361m : (4) 
ij 
This proves (2). 
mS OS SO ee 


2. Review of Relativistic Field Theory 


2.1 Spinor Quantum Electrodynamics 


As a general introduction, this chapter reviews the basics of spinor quantum elec- 
trodynamics that are referenced to in the following. Section 2.2 will give a similar 
review of scalar quantum electrodynamics. Readers who are familiar with this 
material should continue with Chap. 3. 


2.1.1 The Free Dirac Equation and Its Solution 


The equation of motion for the free spinor field Y is the free Dirac equation (we 
Msematural units: 2 = ¢ — |): 

AO me 

me =(-1a:V—Bm)v . (2.1) 


Its solution is of the form 


Y=weP?* , (22) 
where 
p =p" =(p",p) Cs) 


is the momentum four-vector and w a four-component Dirac spinor. The spinor w 
is usually decomposed into the two two-component spinors y and xy: 


w=(%) . (2.4) 
x 


With this, the Dirac equation becomes a coupled system of equations for y and x: 


ml o-p 07) 
a el ee ay @ 7 ca 


where fl = Pe is the 2 x 2 unit matrix and & the vector of the 2 x 2 Pauli 


Oil 
matrices. Equation (2.5) possesses solutions of positive and negative energy. 


Plane Waves of Positive Energy. In this case 


9-~F=4/p?+m>od . (2.6) 
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Exploiting the covariance of the Dirac equation, we first give the solutions for a 
particle at rest for which 


aS = Mo ; Pp — 0 OZ) 
holds. The system of equations (2.5) then has the form 
g\ {ml 0 ~ 28 
mle) = (0 wn) (i) a0 
and leads to 


and 
w(p° = m) = a (2.10) 


The two linearly independent solutions for the two-spinor y are 


o= (5) Goin 


#=($) Grind , 


which clearly shows that the Dirac equation describes particles of spin i. For 
nonvanishing spatial momentum 


D0 ip bei peer ane (2.12) 


x can be expressed by ¢ using (2.5), and one obtains the spinors of positive energy 
in the form 


CAD) 


w={ sf ) ee 2.13 
=( «ep » sHl,2 . (2.13) 
E+mg 


Plane Waves of Negative Energy. These are characterized by 
p=- = —/p? +m (2.14) 


where £ always indicates the positive square root ,/p? + mg, i.¢., in this notation 
E > 0. To construct the solutions we proceed as above. For a particle at rest with 
p! = (p® = —m, p = 0) a system analogous to (2.8) leads to 


p=0 (2.15) 


and to the four-spinor 


w(p° = —mo) = @ (2.16) 
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respectively. For nonvanishing spatial momentum, i.c., for the four-momentum 
p” = (-E,p), » can now be eliminated and one obtains 


ee? 
w=( Him | (2.17) 


We give the following important definition, which can be understood from hole 
theory. A particle (electron) is identified with a solution of positive energy and 
positive momentum gp, i.e., 


ee ep — (Ep), (2.18) 


and an antiparticle (positron) with the solution of negative energy and negative 
momentum, i.e., 


UF aw ex = e(-P x) = ent Dp =, = —p) (2.19) 
The particle—antiparticle solution are therefore connected by the transformation 
pep . (2.20) 


Similarly, one expects for the spin that a missing particle of spin 7 corresponds 
to an antiparticle of spin |. In other words, electron solutions of negative energy, 
negative momentum, and spin | correspond to positron solutions of positive energy, 
positive momentum, and spin 7. For this reason one puts 


eal) and Pale) (2.21) 


The four-spinors w representing particles and antiparticles are now 


o-p x 
w= (Fy ) 2 ae a (2.22) 


With definitions (2.18-21) it is guaranteed that the quantities E and p, as well 
as the basis spinors x! and x” that appear in the solutions (2.22), always denote 
energy, momentum, and spin { or spin | of the (physically observed) antiparticle. 


2.1.2 Density and Current Density 
The density 9 and current density 7 of the Dirac field are, independent of the sign 
of the energy, given by 
=e (2.23a) 
ja=Uiav , (2.23b) 


and satisfy the continuity equation 


Sot V-f=0 (2.24) 


For any spinor of the form 


Y= wu(az,?t) (2.25) 
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it follows that 
o=w'ylu(a,p/?, (2.26a) 
j=viavlu(a,pP. (2.26b) 
Obviously, @ > 0 always holds, and this is independent of (2.25) designating a 


particle or an antiparticle solution. Similarly, 7 does not change its sign when 
moving from particle to antiparticle solutions. This is most quickly verified for the 


Z-component: 
: 1 
ie 0 ( 0 ie 0 _ _ 
oes : G bi (4) E+m ’ 
E+mg \ OQ E+m \ 0 


Ne 0 reed tas 0 
; P: ~ E-+nig 1 0 ay E+mg ] _ op: 
Gize+4 — @ é, 0 e = j5 a i : 
1 | 


A sign change of charge and current density is, however, desired. To put it in by 
hand one inserts an extra minus sign whenever an electron (fermion) of negative 
energy appears in a final state. This rule is very naturally included in the definition 
of the Feynman propagator. 


(2.27) 


2.1.3 Covariant Notation 


It is customary to introduce yy matrices, which replace & and B (we leave out the 
operator hats in the following): 


Glee 
Stee, (pa , F=loe . (2.28) 
PE SP Tl 


Here Il designates the unit matrix. The free Dirac equation (2.1) takes the form 


40 
Gas = nm) vy=0 9 
OT 
G9—m)¥=0 , (2.29) 


using the (Feynman) dagger notation (¢ = y"a,,). Density @ and current density 7 
can be combined to form a four-current density: 


jh a=Wyw , (2.30) 
and the continuity equation (2.24) can be written as a four-divergence: 


Oo 
aa =U (2.31) 
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y= pt? C22) 


designates the adjoint spinor. 


2.1.4 Normalization of Dirac Spinors 


It is useful to consider again the normalization of spinor wave functions. Let us 
first consider plane waves of positive energy, 


wi? — Nye Ps (2.33) 


We normalize such a a wave in a box of volume V in such a way that 


| d’x 9 =2E (2.34) 


holds. This normalization differs from the usual normalization to unity of quantum 
mechanics but is often used in field theory. Using the explicit form of the spinors 
w!? of positive energy yields the normalization factor 


aes = ca (2.35) 


Usually one absorbs the factor /£ — mo in the definition of the spinor w* and 
designates the spinors for positive energy by u(p,s): 


1 


u(p,s) = VE img ( ae 2) Sale ; 


a 2.36 
a . (2.36) 
Y a 0 ? yp ies 1 
One similarly introduces spinors u(p,s) for negative energy: 
eriD_ Jl 
u(p,s) = VEF ima ( FFG ) s=1,2 , 
A (2.37) 


0) 6) 


We again emphasize that the spinors u(p,s) are constructed such that E, p, and 
s = 1,2 in (2.37) correspond to energy, momentum, and spin projection { or | of 
the positron. It is easy to check that 


utu=vtv=2E (2.38) 
and 


(ee (2.39a) 
(p + mo)v =0 (2.39b) 
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hold. Equations (2.39a,b) are the momentum-space Dirac equation for the (free) 
solutions of positive and negative energy, respectively. Correspondingly one finds 
the Dirac equations for the adjoint spinors # and v: 


u(g—m)=0 , (2.40a) 
op +m)=0 . (2.40b) 
The normalization conditions for the spinors can be summarized as 
i(p,s)u(p',s') = 2mobssr (2.41a) 
u(p, s)u(p', 8’) = —2 mg bye (2.41b) 
or 
i etor =H1,2 
w' (p)yw"(p') = 2moebyrt , Er = , (2.42) 
—-1 for r=3,4 


We want to emphasize that another normalization of u(p,s) and v(p,s) can also 
quite often be found: 


= = é 2.43 
u Oman au Ta (2.43) 


The advantage of the normalization used here is its covariance. This is understand- 
able from (2.38): the densities u*u and vt v are proportional to the energy E and 
transform as 0-components of a four-vector. When we compute cross sections, this 
and the corresponding transformation properties of phase space and flow factors 
make Lorentz invariance obvious. 

With these conventions we can write electron and positron wave functions as 


W(e~) = Nu(p,s)e"?* (2.44a) 
Wet) =Nv(p,s)e?* , N=—= . (2.44b) 


These explicit expressions enable us to write down directly the transition currents, 
as we Shall see below. 


2.1.5 Interaction with a Four-Potential A“ 


The interaction of the field with an electromagnetic potential A” is introduced by 
the so-called “minimal” coupling to preserve gauge invariance. For an electron (of 
charge minus e), the minimal substitution is 


O ‘ 
aa =O Ole ae (2.45) 


Thus the free Dirac equation (2.1) is changed into (written in noncovariant form) 


.O a . . 
in’ =(-1@-V4+6mo+V)p , (2.46) 


where the interaction V is given by 
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A 


ee ea A (2.47) 


In covariant form, the Dirac equation with interaction (substitution of (2.49) into 
(2.29)) reads 


[iy"(O, — ied,,) — mo|W = 0 (2.48) 
and the interaction is written as 


pe A (2.49) 
2.1.6 Transition Amplitudes 


The transition amplitude (S-matrix element) of an initial electron state Yj(e7; p, s) 
with four-momentum p and spin projection s into a final electron state Y(e~; p’, s’) 
characterized by momentum p’ and spin s’ is in first-order perturbation theory: 


aaa / d'x Ui(e~sp',s' WV Ui(e;p, 8) 
=i i dtx wi (—ey"A Yj 
=j / dena (2.50) 
where 
J#(e-) = (—e)& y#" Y (2.51) 
are the electron (fermion) transition current densities. Using the plane waves (2.44a) 
this becomes explicitly 


(-e Sa", s') y#! ui(p,s) el? —P)* , N=N=eH= (252) 


ac) = 
and now allows the calculation of scattering process in lowest order according to 
(2.50). 


2.1.7 Discrete Symmetries 


We restrict ourselves here to a summarizing and tabulating the properties of the dis- 
crete symmetry transformations parity P, charge conjugation C, and time reversal 
T. 

Dirac fields can be combined into the following bilinear forms (currents), dis- 
tinguished by their tensor character: 


S(x) =W(x)W(x) scalar, (2.53a) 
VR(x) = W(x)y"W(x) vector, (2.53b) 
Wino V(x) tensor , (2.53c) 
P(x) =iW(x)ysW(x) pseudoscalar , (2.53d) 


A¥(x) = W(x)ysy"'W(x) ~pseudovector . (2.53e) 
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(kaa Cs; 


= PP Ge) 
—T#Y(—3) 
re(-x) 


The behavior of these currents under the transformations BeGe T, as well as under 
the mixed symmetry O = PCT, is given in Table 2.1 where ¥ = (¢, —2). 

We also give the corresponding transformations for the electromagnetic four- 
potential A,,: 


PA*(x)Pt =A"(x) , CAM(X)CT = AMX) , Gah 
PA*(x)Tt =A“(—x) , OA"(x)Ot = —A*(-x) , 


2.2 Scalar Quantum Electrodynamics 


2.2.1 The Free Klein—Gordon Equation and Its Solutions 


It is known that pions as spin-0 particles satisfy the Klein-Gordon equation. Here 
we compile the main results of pion quantum electrodynamics. Starting from the 
four-momentum vector and relativistic energy conservation 


pe =(E,p) , (255) 
pup" = 5? —p? = my (2.56) 


and the correspondence between momentum and momentum operator 

p® > p* =10" , (2.57) 
the free Klein—-Gordon equation follows: 

(up" — m3) o(@,th=0 , (2.58a) 
which can be written as 

(C+ ms) oa, t) = 0 (2.58b) 
using the d’Alembertian operator (quabla operator), which is defined by 

n=0,0%=—.-V* . (2.59) 
Plane waves of the form 


é(@,t)=Ne“P* = Ne e-P®) (2.60) 
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are solutions of (2.58) if condition (2.56) is satisfied. Therefore we also have 
solutions of positive and negative energy: 


Eee pe deme (2.61) 


The question of their interpretation is thus raised. To answer it, we shall derive 
expressions for the probability density @ and the probability current density 7 by 
multiplying (2.58) by ¢* and its complex conjugate-equation by ¢ and subtracting 
each from the other. This leads to the continuity equation (0, = 2) 


Ao+V-j=0 , (2.62) 
where 

o = i[¢* (0.4) — ,*)4] (2.63a) 
and 

j = -i[¢*(V4) -—(V9")4]_ (2.63b) 


In four-dimensional notation, this is concisely written as 

ay = , (2.64) 
with the four-current density 

j* =(@,3) = i[¢* 0") — (a"s*) @] (2.65) 


The three-current density 7 in (2.63b) is formally identical with that known from 
the Schrédinger equation. However, the probability density 9 contains, in contrast 
to the Schrédinger density, additional time derivatives. This has the consequence 
that @ is not positive definite, which can be immediately checked using plane waves 
(2.60), taking into account (2.61). In this way it follows for (2.63a) that 


o=2|NPE . (2.66) 
The probability current density (2.63b) is obtained as 
j=2|NPp . (2.67) 


Since E can be positive or negative owing to (2.61), the above statement about 
@ is obvious. To interpret 9 nonetheless as a probability, one must make use of 
the particle—antiparticle interpretation. By the Feynman-Stickelberg prescription, 
it holds that: 


A solution of negative energy for a particle propagating backward in time corre- 
sponds to a solution of positive energy for an antiparticle propagating forward in 
time. 


The Klein—Gordon equation describes both neutral and charged mesons. In the case 
of charged scalar particles we not only have to analyze their spatial propagation 
but also the assignment of charges as discussed next for the charged pions mt and 
m7. To this end we consider the scattering of a particle (e.g., a 77) off a potential 
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m* (in) 


Fig. 2.1. Double scattering of 
a particle (17) off a potential 


£4,X4 m*(out) 
Hee 


a*(in 

Fig. 2.2. Scattering backward 
in time: The particle here has, 
according to Stiickelberg and 
Feynman, negative energy 


ye *(out) 


1 


m*(in 
(in) by/X 
Fig.2.3 Feynman’s reinter- 
pretation of the scattering 
process shown in Fig. 2.2 


x (E>0,p) 


Fig.2.4 Emission of a a” 
with (E > 0, p) by the sys- 
tem S$ 


x*(-E,-p) 


Fig.2.5 Reinterpretation of 
the emission process in Fig. 
2.4 as an absorption process 


in second-order perturbation theory. The space-time diagram of such a process is 
shown in Fig.2.1. An incoming 7+ scatters off the potential at position x; and 
time ft; and propagates to position x2, where it scatters again at a later time 2) > hj 
and then moves on freely. According to Stiickelberg and Feynman there must be 
the possibility that particles are scattered backward in time (Fig. 2.2). Thus one 
must allow in relativistic quantum field theory for the processes shown in the these 
figures. 

We interpret this second process according to Feynman in such a way that 
particle solutions of positive energy propagate exclusively forward and particle 
solutions of negative energy exclusively backward in time. The 7* moving back- 
ward in time between f) and t; must have negative energy. It is equivalent to a 
7 (antiparticle) moving forward in time. This is obviously implied by charge 
conservation: only particle—antiparticle pairs can be created or annihilated. Fig. 2.3 
illustrates this reinterpretation of Fig.2.2. At ), a m+ 77 pair is created whose 7— 
— which is identical to the originally incoming 7* — is annihilated at t; and whose 
at propagates on. 

There is also another way to demonstrate the concept of a charged Klein— 
Gordon field. The charged currents for t+ and 77 at positive energy are obtained 
by multiplying the charge density (2.11), calculated for waves by positive energy, 
by the positive and negative unit charge (e > 0) respectively, that is 


J Mgt) = (+e) x probability current density 
for a * at positive energy. (2.68) 


Inserting the plane wave (2.60) into (2.63), we have 


j*G@*) = (+e)2|N/ (\/e" i: mis? (2.69) 


and 


j'(a-) = (-e)2|N/P (- VP + mir ; (2.70) 


Comparing (2.70) with (2.69), we see that it is obvious that (2.70) can also be 
written as 


jh) = (42 INP (—Vp? +m?,-p) 2.71) 


‘which equals the current density of a 7+ with negative energy and negative momen- 


tum. In other words, a 7~ thus corresponds to a 7* with inverse four-momentum. 
This correspondence can be expressed more precisely: if a system S emits 
am of positive energy E > 0 and momentum p (see Fig. 2.4), the energy of 
S is reduced by E, its momentum by p, and its charge by (—e). But all this is 
equivalent to the absorption of a 7* with negative four-momentum (—E, —p), as 
demonstrated in Fig. 2.5. We summarize this with the following statement: 


The emission (absorption) of an antiparticle with four-momentum p" is physically 
equivalent to the absorption (emission) of a particle with four-momentum —p". 
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2.2.2 Interaction of a 7+ with a Potential Ap 


Just as in the case of the Dirac equation, the electromagnetic potential A” is coupled 
in by the minimal-coupling prescription (7+ has the charge +e) 


BH — OH + ieAH (72) 


to preserve gauge invariance. If this is inserted into (2.58b), one obtains the Klein— 
Gordon equation with electromagnetic interaction 


(A + m2)¢ = —ie(0,A" + A"4, )O6+2AO=-VO . (2.73) 


In contrast to the Dirac theory a coupling term quadratic in A” appears. However, 
we shall neglect it whenever scattering processes are considered in lowest order. 
In this approximation the coupling potential reduces to 


V (x) = ie(8,A"(x) + A#(x)O,) (2.74) 
To calculate scattering processes, we also need the scattering amplitude. This is for 
scattering in first order of a potential V, as before, given by 


Si = -i [a's OV 6; (2.75) 


It is displayed by the graph in Fig. 2.6. 
We shall now calculate the transition amplitude (2.75). Incoming and outgoing 
m+-states are described by plane waves 


aS (2.76a) 
dp =NeePF* (2.76b) 


Together with (2.74), (2.75) becomes 


Si? = —iNiNe ‘i d+x e??#*(ie)(0,,A" + AYO, Je Pi* 


“hia eee / dty eAM(x) 


= —ieNiNApi + pppA"(q)  , (2.77) 
where the four-momentum transfer 
a Pie Pr (2.78) 


has been introduced. Also, in calculating (2.77), a partial integration of the type 


+00 lo.) 

cnbyg ee =a] — ea ee (2.79) 

dx’ —o0o dx 
HCD) 10.3) 

has been performed twice. Here the assumption has been made that contributions 

of the form gf vanish at infinity, 1.¢., 


CO 


fol =0 (2.80) 


al 


7th ere 


ie, oe 


Fig. 2.6. 7? scattering off a 
potential V to lowest order. 
The potential is denoted by 
the vertex x 
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This requires that either the potentials 4,, or the wave amplitudes decay fast enough 
at infinity. Exact plane waves do not have this property. But, strictly speaking, 
any particle is always represented by a wave packet. Even if it can be, for large 
distances from the scattering center and for large times before or after the scattering, 
arbitrarily delocalized, it will, however, decay asymptotically. Taking into account 
that using plane waves (2.76a,b) is just made to simplify calculations, the surface 
contributions can be neglected and the S-matrix element (2.75) can be written in 
a more convenient form: 


So =e / d*x f(0,,A" + A"0,,)¢i 


I| 


: ii d*x [0,004 + ¢20,61)] 4" 
a= i dx j(nt)A" Gea 
Here 


iulnt) = ie [bf (O.¢:) — (8.47) 4: (2.82) 


is the transition current density for the 7* meson. For plane waves (2.76a,b) this 
is particularly simple: 


iu(m*) = eNNe(p; + pp) AP PP™ (2.83) 


which also appears in (2.77). In the following problem (2.1), the steps discussed 
here are illustrated once more. 


NKLC055 —————aaa a 


2.1 The Matrix Element for a Pion Scattered by a Potential 


Problem. Consider the matrix element 


Me; = [es Je er (0,A"(x) + AM(x)0,,) Cy (1) 
Assume that the four-potential fulfills the conditions 

A°(x,t) 0 for t>+00 , (2a) 

|A(xz,t)| +0 for |x|— oo , (2b) 
and show that 
(a) / die? * 6, (A°e #7) = (—i(ppo) ‘| dret7A°e (3) 
(b) [es enn (Ae) =i [es er * Ae Pix (4) 


and therefore also 
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(c) jes ePr* (0,,A" + AA.) e Pix ~i(pr + pip ; [os ePr* 4H epi (5) 
hold. 


Solution. (a) A partial integration of the time integral yields 


oe) -+oo 


i) de Oe = ec aa = / dt A°ePi* g, elPe 
=a) —00 
+00 
= —i(p5)o ii die? (6) 
—o0 


The surface term vanishes because of the boundary condition (2a). 


(b) Analogously a partial integration over the spacial coordinates leads to (Gauss’s 
theorem) 


[es e/a (Ae) 


= ‘i dF. A ei@r-vi* _ [es e Vit 4. WV ebr* 


surface, |2|—+00 
Sipe / Bx cP Ae Pie (7) 


Owing to boundary condition (2b), the surface integral again vanishes. 


(c) Summarizing (a) and (b) we obtain 

/ d’x eP 9, (Ate Pi*) = -i(pp), i d’x et Abe ix (8) 
On the other hand we have 

em 17). * (9) 
i.e., 


Wee i d'x et* (9,44 + A#A,) oP 


= —i(pr t+ Pi)y jes PPX qt e Pit (10) 
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a" ,Py K"p2 
Fig. 2.7. A Feynman diagram 
for t+ K* scattering to low- 
est order (one-photon ex- 
change). The normalization 
factors are also shown 
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2.2.3 7*K* Scattering 


As a further example we now consider 7+K*scattering and again evaluate the 
transition matrix element Se Being a spin-0 particle, the Kt meson obeys the 
same wave equation as the pion. Since at and Kt are distinguishable particles, 
they need not be symmetrized and exchange amplitudes do not have to be taken 
into accout. The scattering reaction can be described in the following manner. The 
electric charge of the K+ creates a vector potential, by which the 7* is scattered. 
First we have to determine this vector potential, because it enters the scattering 
amplitude (2.75). 
A" obeys Maxwell’s equations 


DA" — a#(a,A") aj. (2.84) 


Here jd, denotes an electromagnetic current density which will be further specified 
later. It is well known that (2.84) can be simplified by choosing a specific gauge. 
One should remember that (2.84) remains invariant under gauge transformations 
of the form 


At =A OHA, (2.85) 


with an arbitrary scalar function A(x), i.e., A’” obeys the same equations (2.84) as 
A. One can therefore always choose the gauge A(x) in such a way that 


8,A" =0 (2.86) 


holds. Equation (2.86) is referred to as the Lorentz condition. By requiring condition 
(2.86) we have fixed a certain gauge and are now able to determine A”. In this 
Lorentz gauge the Maxwell equations reduce to 


By ee, (2.87) 


In order to derive the vector potential A” of K* mesons, the K* transition current 
has to be specified and inserted into the right hand side of (2.87). As already 
mentioned the K+ is a Klein—-Gordon particle just like the 7* and we can therefore 
construct j“(K*) in complete analogy to the pion current (2.82) or (2.83): 


j*(K*) = ie [93 (0"G2) — 0" yi)y2| 
= eN,Na(p2 + pails Po* (2.88) 


The notation is explained in Fig. 2.7, which represents x*K* scattering to lowest 
order. The formal solutions of (2.87) corresponding to the Kt transition current 
(2.88) are 


A# =O7VWH KT), (2.89) 
where the inverse quabla operator is defined by 
oto=1 . (2.90a) 


O-' can be identified by its action on a plane wave: 
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ious) —EU( ge 7") = ee (2.90b) 
Seek et (2.90c) 


Now the four-potential (2.89), which is created by the transition current (2.88), is 
readily obtained: 


iL. 1 : 
ke = aS) = —TyeNaNalea + payiel™ (2.91) 
Here the transferred four-momentum is 


q’ =(pa—pr)* =(p1— ps)". (2.92) 


Inserting this result into the scattering amplitude of (2.81) leads to 
Set Kt) = =i fats jure 
: ] 
=i / dx julm*)— j"(K) 
q 
: 1 : : 
= ie*NN2N3N4(p, + Pa)uaa(P2 + pa) i d‘x ei@3—P1) eils—pa)-x 


= —N,N)N3N, (277)* 64(p3 + pa — pi — 2) 


igt” 
x e(p1 + D3) ee, e(p2 + pa)v 
= —iN\N2N3Nq(27)* 6*(p3 + pa —pi — prFri- (2.93) 


The last step includes the definition of the reduced scattering amplitude F;;, which 
is mainly given by the current—current coupling connected with the photon propa- 
gator. Now we can interpret the factors occurring in this result (2.93): 


1. Every external line in a Feynman graph yields a normalization factor Nj. 
2. The mesons interact via exchange of a virtual photon, which is represented in 
the graph by a wavy line. This line corresponds to the photon propagator 
1 
Duv(q) = Inv D(q’) = oe (2.94) 


in (2.93). The last step of (2.94) shows how the photon propagator is represented 
in graphs (diagrams). The square of the momentum transfer q? is often referred 
to as the squared mass of the virtual photon. This is completely analogous to 
q? = ma, which holds for every four-momentum of a particle with rest mass 
mo. A free photon obeys the homogeneous Maxwell equations 


a oe (2255) 
This equation is only solved by a plane wave of the form exp(—iqx) if 
gq’? =0 (2.96) 


holds. But this condition shows that real photons are massless (mp = 0). Vir- 
tual photons, however, which are exchanged by electromagnetically interacting 


3] 
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particles, are characterized by q* # 0, and referred to as off mass shell. We 
should emphasize that the form (2.94) of the photon propagator is only valid 
within Lorentz gauge. It is defined by 


BD ls = = ge = 8) (2.97) 


according to the Maxwell equations in Lorentz gauge. We shall later discuss 
the form of the photon propagator in different gauges. 

3. There are two vertices in the graph for t*K* scattering. Since the virtual 
photon propagator D,,, is a tensor with respect to Lorentz indices, there must 
be four-vectors on the left- and the right-hand sides, in order to produce a scalar. 
In the case of spinless mesons, however, there is only one characterizing four- 
vector, which is the four-momentum. This fact and the symmetry of the initial 
and final lines at the vertex explain the factors e(p; + p3) and e(p2 + pa) in 
(2.93). The tensor character of the photon propagator is due to the photon being 
a spin-1 particle. 

4. The transition currents in momentum space (vertices) as well as the photon 
propagator have been defined with factors +i in a way that yields the cor- 
rect sign also at higher orders. The main advantage of this convention is that 
scattering amplitudes for arbitrary graphs can immediately be constructed. 

5. The four-momenta of the incoming and outgoing particles (the external lines 
in the graph) are subject to four-momentum conservation, which is taken into 
account by the factor (27)* 64(p1 + po — p3 — pa). 


2.2.4 The Cross Section 


We have already mentioned that plane waves (2.60) with probability density (2.63a) 
are not normalized as usual to one particle per volume V but rather to 2; particles 
per volume /, 1.e., 


a =|Ni 2B, (2.98) 


where we have made use of (2.66) once again. This makes sense because both 9 and 
E are the zero components of four-vectors. We have already become acquainted 
with the covariant normalization of Dirac spinors and its advantages in describing 
meson—meson scattering processes. Of course, one has to choose flux and phase- 
space factors correspondingly, since the cross section must not depend on the 
normalization scheme. Here we employ the normalization 


/ CRO =O, (2.99) 
V 


which leads to N; = 1//V. The transition probability per unit volume and unit 
time is given by 


Pa oe ee (2.100) 


Making use of the final result (2.93) and taking into account that the square of 
momentum functions , 6*, can be expressed as 
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[(2m)*5*(ps + pa — p1 — px)]” = 27) *5*(ps + pa — py — po (2m )*54(0) 
= (20)'6"(p3 + pa—py—poVT , ~~ (2.101) 


we obtain 
Pq? = (2n)* (ps + pa — pi — pr(NNQN3Ns)? [Fal (2.102) 


This transition rate is still proportional to the flux of incoming particles and the 
density of target particles. In order to eliminate this dependence we have to divide 
by these two quantities. The beam particle flux (projectile quantities carry index 
1, here, for example, 1 -particles) is defined as the number of incoming particles 
per unit area that can reach the target (Kt particles, index 2) per unit time. The 
velocity of such beam particles is v = v, — v2. The densities are normalized to 
2E/V particles per unit volume (see (2.99)) and therefore the flux factor is 


ZEy 


|= 2.103 
lai] = |e V ( ) 
For the density of target particles we obtain 
2E. 
a= (2.104) 


If the target particles are at rest, (2.104) assumes the value 2m)/V. All together 
(2.102) has to be multiplied by the factor 


| ages els 


es (2.105) 
|v| 2E 2E> 


In order to derive the cross section, one has to sum over all two-particle final states. 
If the volume V contains a particle, this yields an integration over the two-particle 
phase space with the voulume element 


3 
Qn P3 (Qn) d | oy (2. 106) 


According to the normalization employed above, the phase space factor is 


V Bp, Vi Bp, 


sek peeks 2.107) 
(27) 2E3 a)? 2E4 e ( 
which then yields the following cross section: 
Ve Vv Bp, Vi ap, 
de = Py, Re ee a 
2E,2E> |r| (27) 2E3 (27) 2E4 
3 3 
la 4 4 en ee d"p3 dp, 2.108 
= 2B IE lO O's + Ps ~ Pi — Pa) 39k, (Om) 2By 210) 


Since N; = 1//V, all factors V cancel and the cross section does not depend 
on the normalization volume. The Lorentz invariant form of the flux factor (see 


Exercise 2.2) is 


E,\E,|v| = /(@i- par —mimy . (2.109) 
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This identity holds only for collinear collisions. For non collinear collisions only 
the relativistically invariant expression on the right-hand side of (2.109) remains 
valid. We therefore introduce the Lorentz-invariant phase-space factor 


1 dp; 1 dp 
dLips(s; p3, pa) — (Qn) 54 (p3 + p4—Ppi — Pas ae, Qn A Real 10) 


where 
$= (pi +) (2.111) 
denotes one of the so-called Mandelstam variables. Equation (2.108) then assumes 
the form 
F 2 
de = esa (2.112) 


————— ——_— d Lips(s; p3, 


6 


2.2 The Flux Factor 


Problem. Verify that in the center-of-mass system as well as in the laboratory 
system the flux factor 4E\E |v| is given by the invariant expression 


4E\ E\|v| = 44/(p1 po) = mims 


Solution. In the center-of-mass system the momenta of projectile and target point 
in opposite directions, 1.e., 


ay i ’ Uj = oe ) 
/ : (1) 
Ey = m3 ji 4 j=): 


Therefore p, p = E)E, + p’, and we obtain 
(p1 poy _ mim; 00025) py _ mim, 
= E}(E} — mj) + 2E\Enp* + p* + (Eq — mj); 
= p’(E? + 2E\Ey + E5) 
= p(E, + Ey 


: 
P2 


= (Ine 
(E\ Er) Ep 


Pi 
Ee 


which immediately leads to 
Pi _ Pa 


4y/(p\ po)? — mims, = 4E\ ED EE 


=4E, Ey |v; —v2|_ (3) 


2.2 Scalar Quantum Electrodynamics 


In the laboratory system the target particle is at rest and we have 


E my p m,U 
= ———— 6 ——— 
V1—v?2 : v1 — v2 (4) 


fy=m. , py =0 


Then the scalar product p; - p2 is simply equal to mymy/V/1 — v2 and we obtain 


i 
4\/(p1 - po)? — moms = 4m mz are 


mim 


= ls 
V1—v?2 
a= Ey Eola (5) 


le| 


EXERCISE 


2.3 The Mandelstam Variable s 


Problem. Introduce the Mandelstam variable s = (p, + p2)* and show that 
4 (1 - poy — my m3 | = [s —(m + m)° | [s —(m, — m2) | 
holds. 


Solution. The Mandelstam variable s provides an invariant measure for the energy 
of the particles participating in the reaction. In the center-of-mass system, where 
one has p; + p, = 0, \/s is equal to the sum of all particle energies: 


s=(—1 +p) =p} +2pi- pr +ps 
Sey 4D oy Ea 


ikem 
2pi-pr=S—mit—mz . (1) 
The square of the flux factor then assumes the form 


(2 pi - po — 2mymy)(2 py - p2 + 2mymy) = [s — (mM + m)’] [s — (M1 — m)"] 
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CSE 


2.4 The Lorentz-Invariant Phase-Space Factor 


Problem. Show that the phase-space factor 


. Lea ae 
d Lips(s; p3, pa) = (2m)* 6°(p3 + pa ~ Pt ~ Pony 2E; (2n)> 2E, My 


is Lorentz invariant. 


Solution. The phase-space factor is apparently invariant under spacial rotations. 
We must therefore investigate its behavior under proper Lorentz transformations, 
which are induced by the matrix A(v,) with a boost velocity Up. Owing to rotational 
invariance one can, without loss of generality, put vp parallel to the z axis. This 
considerably simplifies the dependence of the particle coordinates in the system at 
rest pn (n = 1,2,3,4) on the new coordinates p,, in the moving reference system. 
In general this dependence is 


Di. — A(vp)Pn ; (2) 


with the inversion 
pn =A "(vp)p, = A(—vv)p, = (3) 


For the differentials dp*,, dp,, dp?, we obtain (y = 1/4/1 — vp): 


dp* = das 
n n 7 
i, — 7, 
dp? =  (dp;’ + |vpdE,) 
t zi (4 
= 400, (1 te ule 
pe 
= QP Fr 


Here we have employed the relations 


l : 

E, = pe = (p, + mz)? = YE, + |vvlpi’) (5) 
and 

dE, d ZIy2 : oe 

pet pz! [mn +On'Y + nV" = Fr (6) 


For the volume element dp, = dp* dp; dp: we therefore have 


BPPn x dp, 


Et Te (7) 


2.2 Scalar Quantum Electrodynamics 


It remains to prove that the four-delta function is a Lorentz scalar. By definition 
we have 


i dtps(p) = 1 (8) 


in any reference frame. Owing to the properties of the matrix A(v) the volume 
element is a Lorentz scalar too: 


faeces eer, ff — sap 
p= d'p’ = |det(\(—vp))|d"p’ = d*p’ (9) 


Op Iv 


APS xx ———_—L————SESE 


2.5 wtaxt and mtx Scattering 


As an example of the scattering of identical particles we study m*+72* scattering. 
The main modification compared to the s*K* scattering discussed above is the 
symmetrization of initial and final states. The total scattering amplitude has to be 
symmetric under exchange of the incoming or outgoing identical bosons. The direct 
graph of m+n scattering is depicted in Fig. 2.8. 

Substituting the final state p3 for p4 and vice versa leads to the corresponding 
exchange graph (Fig. 2.9). The complete scattering amplitude, is then 


Sat nt) = SY Girect) + Sf (exchange) 
Employing (2.93) S{? assumes the form 


fi 4 


(p2 — pay? (p2 — ps) 
= —i(27)*6*(p3 + pa — pi — P2) 
x< N\N.N3N4F ,4-2+(P1P23 P3Ps) : (1) 


Again F,,,,+ denotes the invariant scattering amplitude. All further steps can be 
performed in complete analogy to 7+Kt scattering. 


- + 
E*De me XD. EO 


I> 


6 + tae 
Pg 1 Pp Te, n* -Dq 
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Ps m* Py 


n/p) 1" po 
Fig. 2.8. A Feynman diagram 
for the direct amplitude of 
n+ a scattering in the one- 
photon exchange approxima- 
tion 


P3 Pa 


P1 P2 


Fig. 2.9. The exchange am- 
plitude of xt a* scattering 


Fig. 2.10. The interrelation 
between ata? and ata 
scattering 
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Fig.2.11. The one-photon 
exchange amplitude for nin 
scattering in detail 


T P- Pa 


-ie(p.+Pa) y 
-ig"*/(p,+Ps). 
-ie(Pa+ Ps) p 

T ,Pp 


Fig. 2.12. The detailed ex- 
change graph for 7* a scat- 
tering. Obviously this ampli- 
tude can also be understood 
as one-photon * a7 annihi- 
lation connected with ata 
pair creation 
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& 
a N Pa 


-ie(Pt Po) p 


i ps Pr 


A similar argument holds for +77 scattering, if we take the antiparticle in- 
terpretation into account (cf. the discussion connected with (2.14-17)). We can 
therefore make the identification shown in Fig. 2.10. Owing to the antiparticle con- 
cept disussed earlier we can interpret an incoming 7~ with four-momentum pp as an 
outgoing 7+ with four-momentum —py and an outgoing ~ with four-momentum 
pa as an incoming 7* with four-momentum —pg. Hence we can immediately write 
down the invariant scattering amplitude for 7+ a7 scattering: 


He (Palin Ped) — Fea dee — e) (2) 
which explicitly is 
—e*(pa + Pe)u(—Pa — Po)" 
eee : pe | es 
(PaPo PcPa) Ge + Dp? 
—e*(Da — Po)u(tPc — pa)” (3) 
(Pa + Pv)" 


A graphical representation of the two contributions more detailed than that given 
above is given in Fig. 2.11. The difference between the direct parts of the amplitudes 
for m+ m7 scattering (or t+K* scattering) and 7+ x7 scattering is only that of sign 
if the corresponding four-momenta are considered equal (because of the different 
masses of Kt and z~ they are in general not equal). The different signs of these 
two processes correspond to attractive and repulsive interaction, respectively. 


SC ———————— 


2.6 The Cross Section for Pion—Kaon Scattering 


Problem. Derive the explicit form of the differential cross section for electromag- 
netic 7*K* scattering in the center-of-momentum system (cms). 


Solution. According to (2.112) the cross section for 7*K* scattering is 


2 


do a 


Se ee 1 
4\/(pip2y — mpm; (1) 


where 
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2 
e 
Fa eae sia" (> 4a) ae 


q” = (p3 — pi)” = —(4 — pr)” 


and 


(2) 


(depo ed 5, 


ALips(s: papa) = Or)" 5's + Pa — Pi — Pa) oa oe aye OE, i 


denote the invariant scattering amplitude and the Lorentz-invariant phase-space 
factor, respectively. The cm system is defined by 


P= 2a Py — 0 (4) 


In this system the scattering process is described by the scattering angle Ooms (see 
Fig. 2.13). Now we transform the four-momenta to the cm system, 


Dy, =U) = ae = UE 


(5) 
jay a, (E3,p’) ’ De = (E4, —p’) ’ 


which leads to the total energy 
Pegg = 8) ed) Sa ae an 


= 4/p? + mi + 4/p? + mz 
= /p’ +m? + [p’? + m5 
= pr tmityp?tm . (6) 


Here and in the following we denote the absolute value of the spatial momentum 
by 


lpl=|p'|=p . (7) 


By integrating the invariant phase-space factor d Lips(s; p3p4) over the spatial mo- 
menta d?p4 we obtain 


ad 1 
[FE 6°(p3 + pa — Pi — P2) = —O(E3 + Eg— Ey — Ey) . (8) 
E4 E4 


The right-hand side of (8) contains E4 as well as |p,|. These two variables, however, 
are not independent of each other: they are connected by 


3G 
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Fig.2.13. a+Kt scattering 
in the cm system 
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Da Pets — 23 Ex, = \/ D4 + ms : (9) 


Next we transform d?p3 into spherical coordinates 
Pp; = p3dpsd2 , (10) 


where p3 = |p;| and dQ denotes the spherical angle into which the mt is scattered. 
Because of 


ES = ps +m} (11) 
we have 
E3dE3 = p3dp3 (12) 
and 
: 1 p3dE3 
: = ——6 E, — E,; — Ex)———dn 13 
d Lips(s; p3pa) (any? (E3 + E4 1 2) Ej (13) 


This formula is valid in any Lorentz system. Now we go into the cm system by 
making use of the relations 


ES=pot+m> , Ee=p +m (14) 
and 

E,dE; = EydE,y=pdp . (15) 
Introducing the free variable 

1 a (16) 


we also have, according to (15) 


i / 


P P 
dE’ = — —dp = =— : 
moe ae EE? E, dE3 (17) 
Now (13) assumes the form 
l P 
dL 5 =— ——A(F. a. R\V ES i 3 
ips(s; p3p4) enue Ege, 5 )e dk dQ (18) 


An integration over £’ then yields 


ales 
~ Gay Bone @ 


d Lips(s; p3pa) 


cms 


for the two-particle phase-space factor in the cm system. Finally the flux factor 
has to be rewritten in terms of cm variables. With the help of (5) and (6) we 
inimediately find that 


J (Pi Po)? — mim = yf (ErEa + p?Y — (Ef — p? EZ — p?) 


=pEcms .- (20) 
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The result for the differential cross section is then 


S| =a 
dQ|_.. (8% E ons? (21) 


By introducing the second Mandelstam variable ¢ the result (21) can be brought 
into an invariant form. ¢ is simply defined as the square of the four-momentum 
transfer: 


t=g=(~i-py=™-pay . (22) 
In the cm system we consequently have 
i—(0.p—p) =—(p—py 
ee tp) 
= —2p?(1—cosPoms) (23) 
which leads to 
ok = 2p7d cos (Or) : (24) 


Since the cross section for spinless particles is cylindrically symmetric around the 
beam axis, 1.e. 


dO — ee adicos (@5n5) ’ (25) 


we obtain the relation 
d x d 


ee 26 
ames doers — 
Therefore the two-particle cross section is, in invariant form 

I I 
oe IP 
dt 642 (pEcms)* 

2 
ee | @7) 


"64m (py + pr)? — mem} 


where we have inserted (20). Finally we introduce the Mandelstam variable s (see 
Exercise 2.3) and take p? = m? and p3 = mj into account. Equation (27) then 
assumes the form 


i | 28 
ae or DaG@een)7\ b= On | et? 


As already mentioned these expressions are valid for any scattering reaction with 
two unpolarized particles in both initial and final states. Now we want to express 
|F |? in the case of x+K* scattering by invariant Mandelstam variables. From the 


definitions 
s= (P1 Lp)e as (D3 + psy ’ (29) 
u = (p1 — pa) =(P2 — Bs” 


we derive the relations 
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(30) 
2Pi° P4 =m? +m —u 


With the help of these relations the invariant scattering amplitude (2) assumes the 
form 


FP = (=) (-uy (1) 


where we have transformed the fine-structure constant 


© l 
a any) C2) 
to so-called Heaviside—Lorentz units. In these units Gauss’s law reads V- E = p. 
It is particularly simple to transform (31) into the cm system, since we have, 


according to (29) and (5), 
s=(4, + Ey, 09 = ere 
u =(E, — Esp t+ p'y =(E; - Easy —(p t+ py 
= E? + E? — 2E\E, — (E? — m?) — (Ej — m3) -2p-p' 
=m? +m —2p?cos(Ooms) —2E1E4 - (33) 


The variable ¢ has already been written down in (23). 


2.2.5 Spin-1 Particles and Their Polarization 


In the preceding sections on the basic elements of scalar QED we discussed the 
scattering of charged spin-0 mesons. Their mutual interaction is mediated by the 
exchange of virtual photons (massless spin-1 vector bosons). The kind of virtual 
quanta exchanged is of course specific for each interaction. For example in pion 
Compton scattering, virtual pions are exchanged (see Example 2.8), and the weak 
interaction in lepton scattering is mediated by vector bosons (Z°, W+). One differ- 
ence between such particles is the number of internal degrees of freedom, which 
depends on their spin (or polarization). 


2.2.5.1 Massive Spin-1 Particles. Massive spin-1 bosons are described in the 


framework of the Proca theory. From the Lagrangian density of the classical four- 
vector field ¢’(x) 


1 Free 
L= ayer ae ata 5M bub" ’ (2.1 13a) 
PE Onn 10 yaaa (2.113b) 


the wave equation follows: 
O,F%+M7d4# =0 . (2.114) 


Taking the four-divergence of this equation, we find that 
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Oe — 0) (2.115) 


As it is assumed that M* 4 0 here, the divergence of g* vanishes, and (2.114) is 
reduced to the Proca equation 


(0+M’)¢d*=0 , d,¢4=0 . (2.116) 


We first consider the polarization vectors of these massive vector bosons. In the 
system of rest of such particles there are three possible positions for spin 1, i.e., 
three spin vectors, which can generally be chosen as 


e) = (1, 0, 0) 7 
e®? —(0,1,0) , (2.117a) 
E (0,0) 1) 


These obviously satisfy the orthogonality relations 
ef) Os . (2.117b) 


It is more useful to use the spherical representation e(\) with 


=e = (1,50), 
a) 0,01), (2.118a) 
2s y(t -i0) 
and 
e*(A)- €(X’) = bya (2.118b) 


instead of the Cartesian representation (2.117a). 

In the massless case, i.e., for photons, this change of basis vectors corresponds 
to the transition from linearly to circularly polarized hght. As is known from 
nonrelativistic quantum mechanics, 4 = +1,0 is the projection of the particle’s 
spin on, for example, the z axis. 

We shall now formulate (2.118) in a manifestly covariant way. For a spin-1 
particle in motion, four-vectors ¢“(A) must be found that transform into (2.118) in 
the rest frame. Setting in the rest frame 


aA)=0 , for A=0,+1 (2.119) 
and thus defining (in the rest frame) 
eM(A) = (6°), €A)) (2.120) 


the polarization vector in any other inertial system can be found by the Lorentz 
transformation. Since the four-momentum in the rest frame is given by 


o =e QTR) 


it follows that 
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eet) — 0 (27122) 


Equation (2.122) is basically a direct consequence of the condition 0,6" = 0, since 
it reduces the number of relevant degrees of freedom to 3. Since a general free 
solution of the wave equation (2.116) can always be written as a superposition of 
linearly independent solutions in the form 


geay= D> etre P™ , pr=M? , 
SU, sell 


(2.122) becomes evident. The normalization of polarization vectors is given by 
e*#(p; A)Eep(V3N)) =—bay - (2.123) 


Let us consider, for example, a system in which the particle is moving along the 
z axis with momentum p. Hence its four-momentum is 


pe, 0,0.) IP) = Po (2.124) 


and we recognize immediately from (2.122) that the tranverse polarization vectors 
in this system are the same as those in the rest system, 


eM(p;\=+1) , (24125) 


but that the longitudinal polarization vector must be given by 
1 
EM(p,A=0= a 22% 9:2) ’ (2.126) 


in order to satisfy (2.122) and the normalization (2.123). It turns out that the p 
and E dependence of the longitudinal polarization vector have very interesting 
consequences for massive spin-! particles such as the Z and W+ bosons mediating 
the weak interaction. The polarization vectors e#(p; A) satisfy the completeness 
relation 
ip v pv , P Ep ‘ 
SE ERNE OD = Sp a (2.127) 
d 

which we shall prove in Exercise 2.7. The factor on the right-hand side projects 


out the physical states and appears, as we shall see, in the propagator of virtual 
spin-1 particles. 


2.2 Scalar Quantum Electrodynamics 
DRESS ===: 


2.7 Polarization States of a Massive Spin-1 Particle 


Problem. The polarization vectors of a massive spin-1 particle with four-momentum 
p” and helicity \ are denoted by <“(p; A). It holds that 


BE (PEA NX )=—byy . (1) 


The minus sign occurs because these vectors are spacelike. Owing to Lorentz 
covariance, the sum over the polarization states 


So eX (ps Nev; A) = nuv(p) (2) 
BN 


has to be of the form 


Nuv(P) = Agu + Bpypv . (3) 
Find arguments for this fact and determine the constants A and B. Make use of 
scalar multiplications by p*, p”, and g"”. Note that g’”g,, = 4. 


Solution. The condition 0,,¢” = 0 for the wave function of a spin-1 particle 
leads to p*e,(p; A) = 0. p# and e#(p; A) are a system of four linearly indepen- 
dent, orthogonal vectors; i.e., any four-vector a can be represented as a linear 
combination 


fap) aye (p; A) (4) 
a 
Now we evaluate 


TO) — 5 lanohento A) + So aye™(ps Aeu(p; ) ep; A) 
MM 


a 


= SS c 0. Dibra Ev(p; A) (5) 
DU 


BN 


om iy aye, (p; A) 
r 


This result does not depend on the specific choice of the €,,(p;A) and shows 
that —n,,(p) eliminates the part of a given four-vector that is proportional to p”. 
Therefore 7,,(p) can only depend on p®, ie., a}(p) = —a"nuv(p). Since the 
E,(p; A) are four-vectors, the polarization sum 7,,,(p) is transformed like a second 
rank tensor. Any symmetric tensor of second rank that is built by a four-vector p” 
is of the general form 


Nur(p) = A(p?) guy aie B(p*)pupv . (6) 
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There are no other possibilities, because the only Lorentz-covariant quantities avail- 
able are gyy, Py» and Do. Here we have p* = M2 = const., and therefore A and B 
must be constants. Multiplying the polarization sum by p” yields 


P" nw = > pep; Nev(p; A) = 0 
Xr 


as Pp! (Agu =F Bp pv) S (A + Bp*)pv =) (7) 
A 
=e 


Hence the polarization sum assumes the form A(gyv — PpPv/M *). A contraction 
with g#” leads to 


ot wp) = 1" ule) = De” (3 ANEn(P;) 


x 
= iGay= = (8) 
5 
2 p? 
> 7° (p) = Ag", + Bo” =A (0, = F. 
= A(4—1)=34 
—A=-l1 . (9) 
The final result is then 
* P Pv 
eh; NevPs) = — (Gu + FEE) (10) 


2.2.5.2 Massless Spin-1 Particles: Photons. Photons do not possess a rest system 
aS massive vector bosons do, since from p? = 0 < |E| > 0 we immediately get 
p # 0 in any inertial frame. It 1s therefore impossible to proceed as for massive 
spin-1 particles, formulating the polarization vectors in the rest frame and then 
obtaining them in any frame by a Lorentz transformation, which was the method 
just discussed. To find the number of relevant internal degrees of freedom of the 
photon field we will use gauge invariance, which holds for massless, but not for 
massive, vector bosons. It will turn out that real photons have only two transverse 
polarization degrees of freedom. 

We first summarize. For a free photon field, the wave equation and the Lorentz 
condition are 


eye (2.128a) 
OA 0 (2.128b) 
This auxiliary condition can be always satisfied in a special gauge — the Lorentz 


gauge — and only in this gauge does the wave equation (2.128) have this simple 
form. For p* = 0 (real photons) its solutions are plane waves 


At =Nete ¥* , (2.129) 
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where N is a normalization factor and e the polarization vector of the photon. 
The Lorentz condition (2.128) leads immediately to the condition 


a) (2.130) 


for the polarization vector. Equations (2.128) and (2.130) are analogous to (2.116) 
and (2.122), derived for massive vector bosons. There 0,6" followed directly from 
the field equations (2.114) and p - € = 0 was first derived in the rest frame and 
then recognized to be covariant in general. Now (2.128) and (2.130) follow from 
an arbitrary choice of gauge for the photon field. The Lorentz condition (2.128) 
reduces the number of internal degrees of freedom to three. But as we shall see in 
the following, the gauge condition reduces this number to two. 
In the Lorentz gauge, one can still perform the symmetry transformation 


Aas AP —OPA=A¥ Qs) 
provided A satisfies the Klein-Gordon equation for the massless scalar field, 
Cy ee (7le2) 


Such regauging obviously does not change the Lorentz condition (2.128). For the 
plane waves (2.129), the regauging amounts to changing the polarization vector <# 
by a multiple of p”: 


A¥ — 04 A = Nee ?* — ade? 


: (2.133) 
=N (e+ Bpltye?* 
that is, 
eh eH om el 4 pes (2.134) 
Moreover, the condition 
a — 0 (2 SS) 


still holds since 0,4“ = 0 holds as well. The freedom expressed by (2.134) has 
profound consequences. To illustrate this, we consider a photon with the four- 
momentum 


oe =a ea) (2.136) 
and the polarization vector 
En (c°,e) : (2.137) 


which satisfy the Lorentz condition ¢-p = 0. Gauge invariance now allows us 
to add according to (2.134) any multiple of p” to e, still obtaining admittable 
polarization vectors. We can therefore always choose the gauge such that the time 
component of e” vanishes in (2.137) and the four-dimensional equation (2.135) is 
reduced to the three-dimensional equation 


e-p=0. (2.138) 
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This means that there are only two linearly independent polarization vectors for 
photons (massless bosons). For a plane photon wave propagating in the z direction, 
we can choose e!) and e®) from (2.117a) for linearly polarized photons and e(A = 
+1) and e(A = —1) for circularly polarized photons. 

This is the result — known from classical electrodynamics — that the electric 
and magnetic field strengths 


Fup = OvAy — WAn 


are purely transverse. Although photons are described by a vector field A” and 
thus must have spin 1, there are only two independent spin projections and not 
three, as one might naively expect. As we have seen, this result is rooted in the 
photons having no mass. If the wave equation (2.128) had a mass term, as in the 
Proca equation (2.116), the theory would no longer be gauge invariant and gauge 
freedom would be lost. 

We thus describe incoming photons with four-momentum p and polarization 
state \ by the wave function 


Leese 9 = 1s (2.139) 
and outgoing photons by 

He ee) ee ee (2.140) 
As in the (2.123) for massive spin-1 particles, the orthogonality 

é*(A) - e(X’) = —6y) (2.141) 
holds. Normalizing in the same way as with the pion wave function, we obtain 


1 

N Wi (2.142) 
as the normalization factor. 

In a certain sense we can associate the gauge system where (2.138) holds, 1.e., 
where photons are tranverse, to the rest system (2.118, 119) for particles with a 
mass. In this rest system e(A) - p = 0 also holds, since the momentum p does 
vanish there. 


2.2.6 The Propagator for Virtual Photons 


In view of the different fermion—boson scattering processes that will be derived in 
the next section, we now proceed to derive the pion propagator. This derivation is 
completely analogous to that for the photon propagator. The equation corresponding 
to (2.87) is 


(A+ mo) ox) =—J(x) . (2.143) 
The Green function for this inhomogeneous Klein—Gordon equation is 


(a = mo) C= ==) a ae (2.144) 
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By Fourier transformation, we obtain 


il 
CO ———————— 

(p*) aaa (2.145) 
where p* # mi has been assumed for virtual pions. We refer to standard QED 
textbooks for the detailed proof that the propagator is given by (2.145) and that the 
Feynman interpretation of waves with positive and negative energy corresponds to 


the +-1e prescription for treating the poles in (2.145). 


LO Se _ 


2.8 Compton Scattering by Pions 


Elastic photon scattering by a charged particle is called Compton scattering. In the 
case of a pion this process is written as 


yah oytat 


First we consider the direct graph (symmetrization is necessary!), which is de- 
picted in Fig. 2.14a. The lower vertex, which is separately shown in Fig. 2.14b, 
corresponds to the absorption of a photon with four-momentum ; and polarization 
€, and to the transition of the pion state from p, to g. The corresponding scattering 
amplitude is proportional to (cf. (2.81)) 


wie f atx df(t, g\ QA" + AMA, OC Pr) () 
Inserting the plane waves 

nec 

gpaelt™ , (2) 


[UE oxy pale —iky x 
Ae, 


into (1) leads to a vertex amplitude proportional to 


ae e(p) Duly ) (3) 
where 
g=pith (4) 


denotes the four-momentum of the virtual photon. Energy conservation is ensured 
by the delta function 


54(q — [2 = ky) : (5) 


An analogous procedure for the upper vertex in Fig. 2.14a (cf. Fig. 2.14c) leads to 
the vertex amplitude 


Fy = e(q + po)ves- (6) 


WD, Y ko, Ep 
4G 

a” py Vy, Ey 

(b) 

Ti, V ko, Ey 
ng 

(c) 
nm ,q 

se fe Vk, Ey 


Fig. 2.14a—c. The direct graph 
of «ty Compton scattering. 
The vertices of «ty Comp- 
ton scattering 
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7 Py Vik €y 
ay 

Go qae V ky, E> 

Fig.2.15. The exchange 


graph for my Compton 
scattering 
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with four-momentum conservation, 
d\(po+ha-q) . (7) 


Putting graphs 2.14b and 2.14c together we obtain the complete direct graph 2. 14a. 
Formally this connection is achieved by inserting the virtual photon propagator 


G—-po G ’ 


ae i 
TOO aaa (8) 


between the scattering amplitudes (3) and (6). The invariant scattering amplitude 
for the direct graph of Compton scattering by a pion is then 


FO = ee, -(p + Vm 5€3-(q+p2) , (9) 
még 


where energy conservation is ensured by 64(p2 +k) — pi — 41). Taking into account 
the Lorentz-gauge condition 


ey ky = 90 5 62:kn =0 (10) 
and introducing the Mandelstam variable 
s=QPa(rithy=@thy , (11) 
* we can easily transform (9) into 
4e7(e, - pi )(€3 - P2) 
meee Tee (12) 


— pe 
AY Mg 


Now we have to symmetrize with respect to the two photons (or the two pions). 
The resulting exchange graph is shown in Fig. 2.15. First the outgoing photon fp, 
€2 is emitted and later the incoming photon k,, ¢; is absorbed. In analogy to (9) 
the scattering amplitude for this process is 


FQ = Ce! + Pq age +P) (13) 
with 

gq =pi— kh =pr—k (14) 
If we employ the Mandelstam variable 

u=(rp—hy =@2.-hy=q? , (15) 


which represents the squared mass of the virtual pion in the exchange graph, and 
take (10) into account, the amplitude (13) assumes the form 


4e* (1 - p23 - 1) 


Foe 
Use u — me 


(16) 


This exchange amplitude is sometimes called the u-channel contribution (ampli- 
tude). 


2.2 Scalar Quantum Electrodynamics 


Now the question arises whether there are contributions to Compton scattering 
that are of order e? caused by the squared interaction term 


eA, AM (17) 


This interaction will directly lead to graphs of the form shown in igs 2 lGmie ato 
vertices with two photon lines. Such contributions are called contact terms. They 
can be interpreted using gauge invariance arguments. To this end we first consider 
the process shown in Fig. 2.17, where the initial state consists of one photon and 
one particle and the final state of two particles. One photon is absorbed and two 
particles are emitted in the final channel. Of course, one of the outgoing particles 
can again be a photon, i.e., the Compton scattering treated above is included in 
such a process. The corresponding amplitude (see Fig. 2.17) must be linear in the 
polarization e“ and can therefore be factorized into 


(18) 


where 7,, contains all the details of the process. In Lorentz gauge, the condition 


eT, 


ée-k =0 


must hold. As we have already discussed in Sect. 2.2.5.2 an additional gauge trans- 
formation 


Bie ee Ie [ye 


may be performed without changing any physical results. This transformation cor- 
responds to an additional gauge transformation within the Lorentz gauge. Since the 
amplitude (18) must be gauge invariant, we are lead to the condition 


=o (19) 


The total scattering amplitude for yr* Compton scattering derived above can be 
written as 


d 
(RS = Gea By 


= bee ee ele ie Se 
Sa Mo Ue mM 
= Ore ae . (20) 


According to the transition from (18) to (19) we have to replace €, by k, and 
evaluate 


Rey Ly 
The scalar products thar occur, 

Woh =S ath, Poin = =O Se) (21) 
then give 


ey fy 26-65 (pe — pi)» 
= Dele, , ky # @ . (22) 


5] 
Vikas Ey sae. 
V rk, E> hp, 


Fig. 2.16. The four-point con- 
tact graph for yr? > yat 


AE 


Fig.2.17. The graph of a 
general one-photon process 
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This result is surprising, because the total scattering amplitude (20) derived so far 
explicitly violates condition (19). If we also replace €2 by kz in (22), we obtain 


pee Ti ce (23) 


Again this result is not equal to zero. The only possible explanation for this obser- 
vation is that the amplitude (20) is not gauge invariant. But where did we make a 
mistake? We wanted to evaluate a process of second order in e, but so far we have 
not taken into account the contact graphs according to the interaction (17), which 
are of the same order. In order to restore gauge invariance and fulfill conditions 
(19) T,, (or Ty» in (20), respectively) must contain all the interactions of a given 
order. If the coupling constant e is interpreted as a variable quantity (which then 
assumes some fixed value), gauge invariance must separately be fulfilled in every 
order in e. We therefore expect an additional term F‘°) for the complete Compton 
scattering amplitude, 1.e., 


By OOS (24) 


where the superscript (c) denotes the contact term. Also F{ must be linear in 
and €; and by means of the replacements 


Sai 4 Ej =e, (25) 


it must yield (22) or (23) with the opposite sign. Only in this way can the gauge 
invariance of the scattering amplitude (24) be ensured. Apparently 


io: = —2e*e, -é (26) 


must hold. This scattering amplitude is caused by the quadratic interaction. One 
must understand that if we had in general ignored the interaction —e*A*, gauge 
invariance in second order would have demanded its existence. This is a first 
example of the power of gauge symmetry. A further comment on (26): this term 
is the only one that is linear in €; and €} and up to a sign equal to (22) and (23). 
There are no other terms fulfilling these conditions! 

Taking into account (20), (24), and (26), we get for the total invariant scattering 
amplitude for Compton scattering by a pion 


— m2 Be 
RY mo u Mo 


ok 4 Vv 4 Vv 
yp = e2ete (eute 4 MPa _ 2am 7) 
The factor 2 in front of the g,,, term is plausible, because each factor A, in Aa 
can represent one absorption and one emission process. Multiplying (27) by the 
four-momentum conservation (27)* 64(p2 + kp — p; ~ ky) and normalization factors 
then yields the complete Compton S-matrix element. 


ES —— Ee Eee ees 
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2.3 Fermion—Boson and Fermion—Fermion Scattering 


In this section we discuss a number of problems and examples to review and 
deepen our knowledge of QED. We shall encounter well-known subjects in new 
forms and also gain new insights. Our notation will get closer to that employed in 
high-energy physics. 


REI 


2.9 Elastic e~ * Scattering (1) 


Problem. Determine the scattering amplitude and explain the formal steps neces- 
sary to evaluate the cross section. 


Solution. The graph for e~ 7? scattering is of the following form (see Fig. 2.18). 
Most of the above notation is readily understood. Only the factor ++i in the transition 
current at the electron vertex, which has been denoted by (ie7,,), needs additional 
explanation. Reviewing our knowledge of QED, we start with the scattering am- 
plitude (2.50), i.e., with 


Si = Hi f atx jule)4" (1) 
where according to (2.52) 


Jule) = (-e)NN’ i(k’, s') yy u(k, sel“ (2) 


denotes the electron transition current density. The electromagnetic four-potential 
A# in (1) is created by the pion transition current density 


jhat) = (+e)N ND + py le, 6) 
According to (2.91) we have 


Ae — aah") | (4) 


with the four-momentum transfer 
(=) See (5) 


The scattering amplitude (1) in detail is then 
1 
[= “i [ae j0eD (-5) se 
ae Sy et i(k! —k)-x e? Np ,i(p—p’)-x 

= inn f atx i(k 15’ )yuulk,s)e | a lo +plte | 
— —iNN'NN'(2n)4 64(k' + p’ — k — p)(—e)iulk’, 8’ yuk, 8) 

pav 

x (-5) (+e\(p +p" 

q 

= —iNN'NN'(2ry 64(p' +k’ — p — KF (ps kp’) - (6) 
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e|,k’,s’ Tape 


“ie(p+p’) , 


e”,k,s np 


Fig. 2.18. The Feynman dia- 
gram for ea scattering in 
the one-photon exchange ap- 
proximation 
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In the last step we have introduced the invariant scattering amplitude 


Fyoi(kp; k'p') = (—e) [t(k’, s'Yyulk, s)| (-5) (te)[(o+p’»] - 


Only the spin variables occur in addition. Now we see from (6) that the above 
Feynman rules yield the correct total sign for the scattering amplitude if a factor 
+i is assigned to the vertex of the leptonic transition current. Figure 2.18 already 
contains this factor. Note that the spinor combinations (Wy,,u) are the components 
of a four-vector. Contracting this vector with (p + p’), yields a Lorentz scalar 
and therefore a Lorentz-invariant scattering amplitude. The derivation of the cross 
section consists in the same steps, which have been discussed in detail for KT 
scattering. Employing the four-vectors 


(nye = ok ae 
(2 a oa) ee, (8) 
we find the differential cross section to be 
Pz cee) 1 ede” 
do. = (20)6(k' + pp’ —k — agi A EN : 
CAE) EEE P) FE yaf0| Om? Qu! Om 2B © 


The scattering amplitude F’,,, can be easily evaluated if we insert the spinors (see 
(2.36)) 


u(k,s) = Vw +mo ae) (10) 
w+nig 


into (7). This procedure is quite tedious and, more importantly, does not yield the 
quantity observed in most of the actual experiments. The interesting quantity is the 
so-called nonpolarized cross section, which is obtained from (9) by averaging over 
the initial spins and summing over the final spins, i.e., 


Eee 
dg = 54 ent + doy, + doz; + doy) 


= 5 tos : (11) 


ga! 


These lengthy summations need not be performed explicitly. Instead, employing 
Feynman’s trace techniques enables us to drastically simplify the spin sunimations 


(al) 
— LEE Se 
2.3.1 Traces and Spin Summations 


Let us briefly review the basic facts about trace techniques. The trace of a matrix 
is the sum of its diagonal elements, i.c., 


tr{A} = DA , (2.146) 
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Baa 
Cyclic permutability holds under the trace 
tr{AB}=tr{BA} , 
(2.147) 
tr{ABC} = tr{CAB} = tr{BCA} 


The most important relations for traces over products of y matrices and Feynman 
“daggers” needed in this context are as follows. By using the anticommutation 
relation 


Co 2¢ Il 


the following traces can be easily evaluated: 


tr{I}=4 , 
tr{yw}=4 ou, 
it Sena (2.148) 


tr{db¢d} =4|(a-b)(c-d)+(a-d\b-c)—(a-c)(b-a)] , 
where use has been made of the fact that 
a} = —Pd+2a-b (2.149) 


holds (see Exercise 2.10). An expression for the scattering cross section in lepton— 
pion scattering was derived in the Exercise 2.9, There the square of the scattering 
cross section appeared: 


2 ve 
[Fel = (5) { [#&', sk, 8)][b + p'Y*} 
y { [2,5 wth, s)] bp +p)" . (2.150) 


Since F,,/ is a complex number (all matrix indices are summed over), we can 
replace the conjugate term {...}* by the Hermitian conjugate; we find that 


{[a(k'.s"yioulk, yp +0 b= { [ute syrbroul's 8’) +p} 
= { ak, syruck’,s |b +0} 2.151) 


since 


witn=w, 4 = (2.152) 


holds. The four-vector (p + p’)” has real components and is therefore not changed 
by the operations (...)* and (.. .)!. In performing the spin summation according to 
(11) in Exercise 2.9 we must calculate the following expression: 


gee Ne 
; 3 evr = 5 (5) 23 [ack', sulk, s)] 
eye? 


Gas? 


x [a(k, syywulk',s’)|\(p +p'"@ +P 


e2\? 
E (5) LTH, (2.153) 
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where we have introduced the so-called lepton tensor 
1 
Lu = 5 So ak, syyuulk, sak, syyuck', 5’) (2.154) 
SP Su 
and the so-called hadron tensor 
TY —(p+pyptp'Y . (2.155) 


The factorization of the scattering cross section in a leptonic and a hadronic part 
stems from the one-photon approximation. To higher order, the situation is more 
complicated. The middle term (the direct product of two spinors) 


S-ulk,s) ® i(k,s) = Y uplk, s)ity(k,s) (2.156) 


Ss 


which no longer depends on s (s is summed over), is a 4x4 matrix. Making use of 
the explicit form u(k,s) of the spinor and the fact that for two-component spinors 


oe 
See = digli +¢°¢7t 


1 0 
=(5)Go+(T)oo 
= 0) + (5 i)=a Q1sR 


holds, we can deduce that 


So uk, sulk, s) = ulk, Dink, |) + uk, Dak, L) 


Ss 


I _ _o-k 
= wimg 
W+iig wig 


=(¥+m) . (2.158) 


In Exercise 2.10, we shall perform this calculation in detail. Using this result, 
(2.156) can be expressed by (2.158) and inserted into (2.154), which leads to 


1 = 
Lu a > SS SS talk’, s VW yWaph a5 mo) a-y(Ww)ysus(k’, 5’) (2.159) 
SOY 0 


written in expanded matrix notation. Each single factor in this term represents a 
c number, and the factors can therefore be reordered arbitrarily. In particular, the 
sum 


So us(k', 8’) ita(k',s") = (if! + mo) sa (2.160) 


can be performed using (2.158), and the lepton tensor is thus reduced to the form 
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1 
Luy = 5 iS (H’ a6 Mo )salYwap(¥ = mo) p+(Ww)v6 
a,B,y,6 
1 


= st! + mow + mov} - (2.161) 


Using the trace formulas from (2.148) we obtain 


tr{(H’ + mo)yp(4 + mow} = tr{H’ YH Ww} 25 motr{ yyw} 
= Ak ky + kjk — kK’ Quy) + 4g gu » (2-162) 


If we take into account that the mass squared is 
ee) =k 2k? Oe kh) = 20m? Shek) | (2.163) 


this can be inserted into (2.152), and the lepton tensor can finally be written as 
1 
ee 2 (it +k ky + 3°4) é (2.164) 


This tensor not only is important for elastic scattering, but also plays a major role 
in most quark—parton calculations. We shall perform the contraction of L,,, with 
the hadron tensor T“” in the pion rest system (p* = (M_0)) according to (2.153) 
in Exercise 2.11 to calculate the cross section. Neglecting the electron mass (the 
ultrarelativistic limit), the result is 


da a? ae (5) 
== 2 So ee SO LS 
dQ 4k? sin*(9/2) k 2 


2 / 
= (5) (2.165) 
4w? sin'(@/2) w 2 
where 
ao (2.166) 
k! = |k’| = w! : 
and 
i! cin? { © (2.167) 
a oe oe aes ; Fig. 2.19. The definition of 
the e scattering angle in 
6 is the scattering angle of the electron (see Fig. 2.19). em scattering 


The preceding considerations that culminate in the scattering cross section 
(2.165) are based on treating pions and electrons as pointlike. We thus label the 
cross section “n.s.” (meaning “no structure”): 


de 2.168 
(rn a 


Today it is accepted that pions have an internal structure, being composed of 
quarks, antiquarks, and gluons. Leptons, on the other hand, are still considered 
to be elementary, i.e., without internal structure. This conclusion is drawn mainly 
from lepton—lepton scattering. i 
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2.10 Features of Dirac Matrices 


Problem. Start with the anticommutator 
yay } = 2¢°ai (1) 


and show that the following relations hold: 


(a) d@=-Bd+2a-b . (2) 
(b) YH — mo)(¥ + mo) = H + mo)(¥ — mo) 
=0 7 for k° =n, (3) 
(c) ALK) = (+m) (4) 
which eliminates the negative energy parts of an arbitrary spinor, and 
A_(k)=(¥ — 1), (5) 


which eliminates the positive energy parts of an arbitrary spinor. 
(d) Employ the explicit forms 


u(k,s) = /w+mo Ge) 
W+mig 


va(s) 2=()) 


o-k 


u(k,s) = fw + mo ( P| 


vi 


| (7) 
e-() 2) 


and show how the 4 x 4 matrices }°, u(k, s)u(k,s) and S>, u(k, s)u(k,s) depend 
on A,(k) and A_(A), respectively. 


(6) 


Solution. 


(a) dB + bd 


I 


any Doge = 0, Gna — ane oy aman 
GnPyG J Ja) he (8) 


from this equation follows in particular that ¢* = a7 1. 


(b) (¥ — moll) (¥ + moll) = (K* — ng) 1 
= (k- — mg 0 (9) 


(c) The wave function of a particle with positive energy and four-momentum Ki; 
can be written as 


I= Digi (10) 


2.3 Fermion—Boson and Fermion—Fermion Scattering 


Correspondingly a solution with negative energy and four-momentum k_,, is 


Ty) au(kisje* (11) 


Both wave functions must obey the Dirac equation, .e., 
(iV — mo) WORX) = (HF — mo) YO) 
Siok lyst (12) 
and 
(iY — mo) We) = — (HF + mo) PG) 
Equations (12) and (13) can also be put into the form 


Hox) = mol O(x) 


14 
YP) = — mr) a 
From (14) we immediately obtain 
AY = 2m 
A_G = -2myp ve) 
(@) yu, s)it(k,s) = Dae 
AL aa 
pci) De (fy) (0% p 7 ( a 
$ pst oi fit otk 
wr S (ee, ae yatta | 
Hane! ¢ SS KY g w-+mg 
(16) 


Now we employ the Hermiticity of the Pauli matrices, of = &, and make use of 
the identity >>, ¢° ¢°! = 1 (cf. (2.157)). Equation (16) then assumes the form 


1 =o 
(w+ mo) Eafe 6-ky* é (17) 


w+ig a (w+iig) 


But since we have 
(6 -ky = Shik (6:6; + 6)6;) = kikjoy 
= k* =u’ — ms, : 
the result becomes 


(w + mo) il —ao-k (18) 
a-k (—w + mo)1 , 


Employing the y-matrix representation 


Se) 


Exercise 2.10. 


60 2. Review of Relativistic Field Theory 


Exercise 2.10. Pell; ay gel a) 


we obtain the result 
S_ulk,s)a(k,s) = wy? — ky +19 


= (# + mo) = Ay(k) 


An analogous calculation for negative solutions yields 


~ u(k, s)o(k, s) 


Ay 


=(u+m) (9 ) (x! e.) 


wm ek 
=(w+imo) { tm — wtmo 
(ere a 1 


=wy —k-y~—m 
= ( — mo) = —A_(k) 


(19) 


(20) 


OS —E———EE——EE———EE——————SSSE 


2.11 Electron—Pion Scattering (II) 


Problem. Evaluate in detail the nonpolarized 7*e7~ cross section. Start with the 


previously discussed formula 


2 J l 2 s 5 ll? 
da = 4Ew|v] 2 > el dLips(s; k'p ) 
S05 


Determine da/d2 in the rest system of the pion (p" = (M,0)). 


Solution. We denote the four-momenta of the pion before and after the collision 
by p# = (M,0) and p = (E’,p’), respectively. k“ = (w,k) and k/# = (w',k’) 
are the corresponding four-momenta of the incoming and outgoing electrons. The 
scattering angle @ is the angle between the directions k and k’ and q = k’ —k 
denotes the momentum transfer. In the following we only consider high electron 
energies, i.€., since w,w’ >> m, the electron rest mass can be neglected. Therefore 


we have w = |k| and w’ = |k’| and the invariant flux factor is simply 


4/(k-p)* —m2M2 ~ 4Mw 


(1) 


According to the Feynman rules the spin average of the squared scattering ampli- 
tude describing the exchange of one photon is given by the contraction of lepton 


and hadron tensor: 
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1 5 4ra\? *y 
5 lFost| Sa | etl 


2 
SES q 


Employing (2.155) and (2.164) we obtain 


2 
fe Th 8 Ok p(k’ - aD, 
H (x Py tee 


In the ultrarelativistic limit, g? becomes 
q = (k i ay = (w Sie —(k = ky 
= —2ww'(1 —cos0) = —4ww’ sin? (5) 


4ra\? Ta \2 l 
(=) a eae) sin’ (2) 
and 
ip OE = 16M?ww! cos? (5) 


Now we have to evaluate the invariant phase-space factor: 
ed aea lee: fos 


dLips(s;k'p’) = (27)164(k' + p’ —k — 
ips(s;k'p’) = 27) o(k +p Poms DE! Qn) dus! 


1 


= BY Tie! —_ Pp ioe 
mane oh Ve te eee) 


FE 


Bp’ ak! 


Exercise 2.11. 


(2) 


(3) 


(4) 


(5) 


(6) 


In order to evaluate the cross section for the electron to be scattered into a given 
final state, we have to integrate over all final states of the pion. By means of the & 
function in (6) this is readily achieved (owing to momentum conservation only one 
final pion state is possible for a given final state of the electron). In the remaining 


integrand p’ must then be replaced by k — k’ = —q. Because of the identity 


El=\VM24+p"=J/M?+@ 
aw V/M2 + w2 + w!2 — 2ww!’ cosé 


(7) 


E’ is not an independent quantity either. Except for this factor there are no further 
dependences of the integrand on p’, including the scattering amplitude and flux 


factor. Finally w’ = |k’| leads to 


dee 
ow dad, 
Ww 


(8) 


where dQ denotes the spherical angle into which the electron is scattered. The w’ 
integration is performed by using the remaining energy 6 function, i.e., for a given 
scattering angle the absolute value of the electron momentum is fixed by kinematic 
arguments. Note that in the argument of the 6 function E’ depends on w’ as well 


(cf. (7)). Therefore we have to employ the relation 
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er fe gt ae ie 


-ie(p+p’) , 


a) 
Fig. 2.20. et xt scattering in 
the one-photon-exchange ap- 
proximation 


O(x = x;) 9 
OURS) 2 pe (9) 
(f(x) d 7’ va, 
where the x; denote the zeros of the function f(x). According to (7) we have 
d(E'-M +0'—-w) _ w!—weosd +E’ (10) 


dw’ FE’ 


Inserting now the identity E’ = M +w—w’, which has been derived by integrating 
over the 6 function, into (7) and (10), we obtain 


Mw —w’) =ww'(1—cos6) , (11) 
1—- 0) + M 
(E! —M tw —w/)= EO (12) 
or 
d Mw 
aie ‘) = E'w! 8) 


The (partially integrated) Lorentz-invanant phase-space factor now assumes the 
form 


Ww! 


1 
po de 14 
el ECVV © ee 


where w’ is fixed by (11). Summarizing equations (1), (4), (5), and (14) finally 
yields the non-polarized cross section 


( da ) a we (5) 
= = —. __ | _ eog aS 
dQ),  4w?sint (2) 7) Z 


URS: = ____ SS 


(15) 


2.12 Positron—Pion Scattering 


Problem. Show that the cross section for etzt scattering is, in the one-photon- 
exchange approximation, equal to that for e~ 2 scattering. 


Solution. The graph for e+ xt scattering is of the following form. The incoming 
positron with four-momentum k and spin s is described as an outgoing electron 
with four-momentum —& and spin —s. Correspondingly the outgoing positron with 
k’, s' can be interpreted as an incoming electron with —k’, —s’. Therefore we have 
for the positron transition current 

* = Sic Ure, 

ju(e*) = (—e)NN'O(K, s)yyulk’, s"\e Hk + (1) 
where v (k’,s") and 0 (k’,s") represent an incoming electron wave —k’, —s’ and 
an outgoing electron wave —k, —s, respectively. If we construct the scattering 
matrix element with j,,(e+), an additional minus sign is inserted according to the 
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previously introduced rules. Everything else remains the same as in e~ 7 scattering 
discussed in Exercises 2.9 and 2.11. The evaluation of the cross section, too, is 
analogous to that of e~ at scattering except for the spin average, where the sum 


Dok, silk, 8) = H + mo) (2) 
in the lepton tensor must be replaced by (cf. (2.154)) 
S" u(k, syo(k,s) = — mo). (3) 


This calculation has was made in Exercise 2.10 and leads to the trace 


tr {H' a mo)¥ AH = mo) Yu } (4) 
instead of 
tr {H+ mo)ywH + mow} - (5) 


Because of rules (2.148) we immediately recognize that these two traces are equal. 
Therefore the et + cross section is to lowest order exactly equal to the e~ at 
cross section. This result does not surprise us at all, since only the lepton charge 
changed its sign and the lowest-order cross section contains only the square of this 
charge. 
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2.3.2 The Structure of the Form Factors from Invariance Considerations 


We now assume that the pion has an internal structure that we do not know exactly 
but that can be parametrized in some rather general way, as we shall demonstrate 
shortly. The photon—pion vertex with an internal pion structure is drawn in Fig. 2.21. 
In place of some simple vertex, a circle is drawn, symbolizing the internal strcuture 
of the pion, while a simple junction indicates the vertex of a pointlike pion (without 
internal structure). 


NPIS A 


‘N\ 
/\ 
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To exemplify which kind of processes can be contained in the circle, we mention 
the two following graphs, drawn in the conventional framework without imagining 
a quark structure of the pion. 

Owing to the strong interaction (large coupling constant) such virtual processes 
can contribute considerably to the total scattering amplitude. As we shall see, even 
without detailed knowledge of the internal structure of the pion, general statements 
about the form of the required modifications of the vertex can be obtained from 
the Lorentz and gauge invariance of the theory. These two general requirements 
fix the form of the scattering amplitude for any internal structure imaginable. 
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Fig. 2.21. The general pho- 
ton-pion vertex. The circle 
indicates the internal struc- 
ture of the pion 
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Fig. 2.22a,b. Complex virtual 
processes founded on strong 
interactions and contributing 
to the structure of the yt 
vertex: (a) a virtual nucleon 
loop; (b) a virtual p® meson 
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For a pointlike pion, the transition amplitude is 
j(at) = eNN'(p + pt el’? (2.169) 


We now consider the current (2.169) as a matrix element of an electromagnetic 
current operator (Heisenberg operator) 


ae) (2.170) 
and write 
jenty = (at p' Vk@) |" p) (2.171) 


If (2.171) describes the special transition current of pointlike pions, we identify 
(n* p'jee,(0)|n*p) = eNN'(p + p'y 


Since the matrix element (2.171) is taken with plane pion waves, its x dependence 
is given by the exponential factor in (2.169). This will also hold unmodified for 
pions with internal structure, but we expect that the strong interaction modifies the 
right-hand side of (2.172), i.e., the four-momentum dependence: 


(xtp'V4,(0)|\rtp) = NN'T*(p,p',q) 


where the momentum transfer or four-momentum of the virtual photon qg can also 
enter. 

Taking a rather pragmatic point of view, we simply try to parametrize the 
four-current or [#. As I’ must remain a four-vector, we shall first discuss which 
general four-vector I’ can be constructed from the available four-vectors p, p’, 
and q. Owing to four-momentum conservation at the vertex 


(2.172) 


(2.173) 


p=pt+q, (2.174) 


only two independent four-vectors are available, which can be chosen to be 
(p'+p)y* and (p' — p)* = q* 


Both can be utilized in the construction of I. Additionally, both four-vectors 
(2.175) can be multiplied with an unknown scalar function. From the relations 

p =p? =M? 

p?=p'+2p-qtq #2p-q=-q , 


(2.175) 


(2.176) 


and 


q’ = 2M? —2p-p' (2.177) 


2.3 Fermion-Boson and Fermion—Fermion Scattering 65 
an 
it can be seen that only one nontrivial scalar can be composed of the four-vectors 
(2.175), namely p - p’ or, equivalently, g?, the square of the momentum transfer 
at the vertex. Using this, we can write the vertex function most generally using 
Lorentz invariance as 


P*(p,p',q) =e |F@)@ +p'* +Gq?)q"]_ (2.178) 


The scalar functions F(q*) and G(q’) are called form factors. 

To discover what statements can be made about the form factors from gauge 
invariance, we remember that the Maxwell equations are left invariant by the gauge 
transformation A’ — A’* = A# — 0# A, The Maxwell equations are in the Lorentz 


gauge 
OAH = Od a je (2.179) 


Since, owing to current conservation, only those A satisfying O.A = 0 can be 
considered, this gauge condition implies current conservation: 


Oj, =0 . (2.180) 


Charge conservation must obviously hold both for the transition current (2.169) of 
a pointlike pion, 


—i0, J" (nt) = qui*@t)y=0 , g-(Ptp)=0 , (2.181) 
and for the current 

Ga pl" Ors) —0 . (2.182) 
Both conditions thus demand in general that 

qul™ = que [F(q’\p + p’)* + Gq?)q*] =0 (2.183) 


The first term always vanishes since q - (p + p’) = 0 owing to (2.175). Only the 
second term will not always vanish — if g* # 0 — so that (2.183) can only be 
satisfied if 


CGe 0. (2.184) 


In other words gauge invariance of the theory leads automatically to the statement 
that all structural effects of the pion (mainly caused by the strong interaction) can 
be described by a form factor as a function of the photon mass q*. We thus find 
that 


©). =e’ +p! , Cvs. =eF Qe’ +P , (2.185) 


where the subscript “w.s.” indicates “with structure”. Since the charge e appears 
as a prefactor, (2.185) also contains the definition of charge in the sense that the 
form factor at vanishing four-momentum transfer (q? = 0) must be unity: 

P (0) =i (2.186) © 


The form factor is measured in scattering processes for all values of g?, both 
for q2 < 0 (spacelike four-momenta measured in e~ $* scattering) and q? > 4M? 
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Fig.2.23 The one-photon- 
exchange amplitude for e~ ~ 
scattering 


2. Review of Relativistic Field Theory 


(timelike four-momenta in the “crossing reaction” ete” — mtr). Naturally these 
measurements ask new questions of the theory in order to explain the form factor 
F(q2). For physical reasons, we are led to expect that F(q7) diminishes when \q?| 
is increased, since it becomes increasingly difficult to transfer momentum to the 
various constituents of the pion in order that it stays intact (elastic scattering as 
opposed to inelastic scattering). 


EXAMP_ —, 


2.13 Electron—Muon Scattering 


As an example of lepton-lepton scattering we briefly discuss e~ p.~ scattering, 
which is represented in the one-photon-exchange approximation by the following 
graph. Using the experiences of previous problems we can immediately write down 
the invariant scattering amplitude, which now depends on four spin indices: 


pv 
Fspesty! = Ce ie yates) (-5) u(p',r')ypu(p,r) 2 () 
Again the nonpolarized cross section is proportional to the square of this amplitude 
averaged over initial spins and summed over final spins, 1.e., 
aa! A 
Gy = 4 ) eer ; (2) 


Pee! 


We can perform the same steps as for e-a* scattering (cf. (2.153-164)) for each 
transition current separately. This simplification is caused by the factorization of 
the currents in the one-photon-exchange approximation. We obtain 


; S = @) Fas + mo)yu(H + mo} 


PS So! 


x [i {(p! + Moy" + My} 


D Z 
eS py 
=(2) tem 4 


Employing our previous results (2.164) we can immediately write down the electron 
tensor 


2 
liye =O bik ee eee aa ay| (4) 


and the muon tensor 
@? 
MM =2 [p'to" ie oo T9| ; (5) 


In order to obtain the cross section we have to evaluate the contraction of these 
two tensors Ly»M"”. The direct evaluation is straightforward but quite lengthy. We 
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prefer to employ the following trick, which follows from the current conservation. 
Because of g* = k’* — k¥ the electron current conservation 


OM ju(e”) a 0 2) 
gt [#(K’, s’)y.u(k, s)| = () (6) 


can be written as 


Tis ) (#’ —¥) u(k,s) =0 2 (7) 


Equation (7) can be explicitly obtained from the corresponding Dirac equations for 
u (k’,s’) and u(k,s), respectively, and is valid for all possible spin projections. 
But since L,,,, is a product of two transition currents, we immediately get 


ils = q Ly =0 . (8) 


This result is very useful because in evaluating the contraction L,,M“” we can 
omit all terms proportional to g. Therefore we are able to simplify the quantities 
p' =p +4 and to consider the so-called effective muon tensor 


2 
We So lapep" 4: Ta (9) 
which yields the same result for the contraction to be calculated, i.e., 


Up lO? hye (10) 


A straightforward but cumbersome calculation yields the following result for the 
nonpolarized cross section in the rest frame of the muon (p# = (M,0, 0, 0)): 


wey ae i gq’ tan’ (5) (11) 
da \aa/,. 2M? 


where 6 denotes the angle between k and k’. The following remarks should be 
noted: 


Il, (da/dQ), . is the no-structure cross section known from e77T scattering 
(cf. (2.165) and (2.168)). It is modified by an additional term proportional to 
tan*(@/2). This effect is caused by the spin-4 nature of the muon. The muon 
not only has a charge but also a magnetic moment. The latter 1s automatically 
taken into account by the Dirac equation. In other words, compared to e~ aT 
scattering we observe an additional scattering by the normal magnetic moment 
in the case of e~ ~ scattering. 

2. The electron rest mass was neglected in the kinematics of (11), i.c., we con- 
sidered only the ultrarelativistic limit. 

3. We wrote down the e~7+ as well as the e~ ~ cross sections in the rest system 
of the 1+ and ju, respectively, which can hardly be realized in experimental 
setups. Later this kind of cross section for structureless particles will be useful 
in the discussion of the quark—parton model. One has to understand these cross 
sections in order to acknowledge the physical content of parton dynamics. 
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Example vq 13. 4. 


Review of Relativistic Field Theory 


The crossed reaction ete~ — jst is frequently investigated in electron— 
positron collisions in the context of so-called colliding-beam experiments. It is 
also important for testing the quark—parton model, if compared with the reaction 


ete — hadrons 
An analogous calculation leads to the cross section 
io a 
—=-—~(l+cos'#) , (12) 
q 
where all variables are defined in the center-of-mass system of the ete~ pair 


and all masses are neglected (ultrarelativistic limit). 9 denotes the angle between 
the axis of the incoming and the axis of the outgoing particles. 
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3. Scattering Reactions and the Internal Structure 
of Baryons 


3.1 Simple Quark Models Compared 


In the first chapter we showed that the baryon spectrum by itself already suggests 
that baryons are composed of quarks. However, the interaction between quarks 
cannot be easily deduced from the energies of the states, since different models 
yield nearly identical and well-fitting descriptions of the mass spectrum. Such 
models include the flavor-SU(6) model, the MIT bag model, the Skyrmion bag 
model, and potential models with nonrelativistic quarks. Luckily lattice calculations 
are now good enough to demonstrate that the correct model, namely QCD, gives 
equally good results. 

The flavor-SU(6) model postulates that the up, down, and strange quark species 
are eigenvalues of an internal symmetry group, namely SU(3). To include spin and 
thus the splitting between the spin—} and spin-3 multiplets, this group is extended 
to SU(6) D SU(2) ® SU(3). This symmetry is then broken in such a manner 
that the mass terms that appear depend only on operators that can be diagonalized 
simultaneously. In this way we obtain mass formulas that describe mass differences 
in a multiplet. The simplest expression is the Gursey—Radicati mass formula: 


1 
Maarby te|rr+i~4¥"| +45 +) (aly 


Y, T, and S are the hypercharge, isospin, and spin of the baryon. Using the four 
parameters a to d we can fit the lowest baryon resonances very well. With 


a = 1065.5 MeV, b = —193MeV, c = 32.5MeV, and d = 67.5 MeV , (3.2) 


for example, the numbers given in Table 3.1 are obtained. To describe the other 
baryons as well an internal angular momentum must be introduced, 1.e., we suppose 
that quarks inside baryons can fill states with any angular momentum. As the 
rotation group is O(3), we are thus led to the SU(6) ® O(3) symmetry group. 
Indeed we can describe the full baryon spectrum starting from the SU(6) @ 
O(3) mass formulas. Owing to the size of the symmetry group, many different 
contributions appear, making the procedure rather tedious.! Also the discovery of 
every new quark, such as the charm and bottom quarks, demand an extension of the 
flavor-SU(6) model, leading to yet more complicated and unsatisfactory models. 


1 For a discussion, see M. Jones, R. H. Dalitz, and R. R. Hougan: Nucl. Phys. B129, 45 
(SAD). 
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Table 3.1. The Gursey—Radicati mass formula 


Mass from (3.1) Experimenta] data 


939 MeV 
1116 MeV 
1189 MeV 
1318 MeV 


1230-1234 MeV 
1385 MeV 
1533. MeV 
1672 MeV 


The extremely large masses of the heavy quarks signal that flavor symmetry is 
heavily broken, rendering such models much less attractive. 

In the MIT bag model, presented in Sect.3.3, quarks can occupy all states 
satisfying the specific boundary conditions. Such states exist for any angular mo- 
mentum, i.¢., the single-particle spectrum of the quarks contains all states known 
from atomic physics: 81/2, P1/2; P3/2, 43/2, 4s/2, --» - In principle, many-particle 
states with definite spin and parity could be constructed from this, thus deriving the 
corresponding masses from the bag boundary conditions. However, this procedure 
gives disastrously bad results. To improve these, additional residual interactions 
(like the one-gluon exchange) and other corrections can be taken into account, but 
satisfactory baryon spectra are obtained only after introducing a sufficiently large 
number of parameters.” 

Also the Skyrmion bag model, which is based on totally different assumptions, 
yields similar results. There the baryon number is regarded as a topological quantum 
number. We shall not investigate this model further but shall illustrate the basic 
idea with a simple example. As we remarked in Sect. 1.2, spin and isospin are 
isomorphic. In particular, the regular representation of isospin, e.g., pions, with its 
three isospin unit vectors |x°), al) ele) and allat) —|z~ )) is isomorphic 
to angular momentum. As angular momenta can be represented by vectors in three- 
dimensional space, pions also can be interpreted as vectors in three-dimensional 
isospin space. A very interesting construction is now obtained by coupling the 
direction of this isospin vector to the position vector, for example by demanding 
that the isospin vector t at position x points in the direction t = x/|x| in isospin 
space. In this way we obtain a pion field consisting purely of 7°s along the z 
axis and of a mixture of 7°, +, and m~ at other positions (see Fig.3.1). This 
construction is termed the hedgehog solution (because the isospin vectors point 
outwards like the spikes of a hedgehog). To reverse this orientation of the pion 


2 See, for example, T. A. De Grand and R. L. Jaffe: Ann. Phys. 100, 425 (1976) and 
T. A. De Grand: Ann. Phys. 101, 496 (1976). 


3.1 Simple Quark Models Compared 


7\ 


field, one would have to change 7(2) in an infinite spatial domain (at |x| — oo), 
which would require infinite energy. Thus a single hedgehog is stable, and the 
number of hedgehogs can be identified with the baryon number. More precisely, a 
topological quantum number is defined that specifies how often 7(|a|) covers all 
isospin values for |x| — oo. The different states with topological quantum number 
I are then identified with the different baryons. 

Potential models simply solve the Schrédinger equation for nonrelativistic 
quarks including a spin-spin and spin-tensor interaction. The basic Hamiltonian is 


el ye s Fe 7 ose ~ B(si DS) = 1 =} 


+U(ry) . (3.3) 


The coupling constants K, as, the masses m;, and the (weak) residual interaction 
are fitted to the baryon ground states,*and excited states are then predicted. As 
Table 3.2 shows, the predictions obtained in this way coincide rather well with 
experimental values.‘ 

In conclusion, completely different models describe the mass spectrum equally 
well, which implies that nothing can be learned about the underlying interaction 
from baryon masses alone. Also other parameters, such as magnetic moments, 
do not give more information. However, there are experimental results which are 
really sensitive. These are the so-called structure functions deduced from scattering 
reactions. Their definition, measurement, and meaning will be discussed in detail 
in this chapter. Structure functions are sensitive to the details of the interaction to 
such an extent that, contrary to the situation with the mass formulas, no current 
model yields a really satisfactory description. Only a complete solution of quantum 
chromodynamics could achieve this. 


3 See, for example, N. Isgur and G. Karl: Phys. Rev. D19 2653 (1979a). 
4 See A. J. G. Hey and R. L. Kelly: Phys. Rep. 96, 72 (1983). 


Fig. 3.1. The schematic form 
of the hedgehog solution 
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3. Scattering Reactions 


Table 3.2. A test of the potential model 


1520-1555 MeV 
1640-1680 MeV 
1515-1530 MeV 


1650-1750 MeV 
1407 + 4 MeV 
1660-1680 MeV 
1720-1850 MeV 
1519.5 + 1 MeV 
1685-1695 MeV 


u 


3.2 The Description of Scattering Reactions 


To learn about the internal structure of nucleons, we must consider the scattering of 
particles as point like as possible, such as the scattering of high-energy electrons, 
muons, or neutrinos off nucleons: 


Cf 2 Gey) Ne ee (3.4) 
v(E > 1GeV)+N-e... , (3.5) 


Since highly energetic leptons have a very small wavelength, namely \ = 1/E < 
0.2 fm, and do not possess a resolvable internal structure, the cross sections of 
these reactions depend solely on the internal structure of the nucleon. As electron 
scattering takes place mainly by photon exchange, it senses the electromagnetic 
charge distribution, whereas reaction (3.5) occurs through the weak interaction 
and gives information about the corresponding distribution of “weak charge”. By 
comparing the results of different scattering reactions, we thus obtain a nearly 
complete description of the internal structure of the nucleon. The internal structure 
of baryon resonances and heavy mesons cannot, of course, be determined in this 
way because of the small lifetime of these particles. Although some information 
can be obtained from their decay properties, only the structure functions of the 
proton, neutron, and pion are known. 

We shall now discuss the scattering of an electron off a nucleon. This is often 
discussed in textbooks on Quantum Electrodynamics, leading to the Rosenbluth 
formula. We shall shortly repeat this discussion and introduce a new, more practical 
notation for the process of Fig. 3.2. Since QED is Lorentz-covariant, the vertex 
function I’, (or, more precisely, the matrix element #(P’, 5’) Ay u(P,S)) must be 
a Lorentz vector. The most general structure of I), is thus 


Ty = Ay, + BP 4+CP, +iDP™ ayy +iEP’ ayy, (3.6) 
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2 ta 

q 
Yu Ut (P,P yu 
P je 


where the quantities A, B, ..., E depend only on Lorentz invariant quantities. Since 
all these invariants can be expressed in terms of Mg and q?, 


Ee 2 oP Me 


I 1 
PE as (2) AN ret joa 
G.7) 


A = A(q’), B = B(q*), etc. holds. From the demand for gauge invariance, it 
follows, on the other hand, that 


qhiu(P’)T,u(P)=0 . (3.8) 
Substituting from (3.6) yields D = —E and C = B and thus 
U(P') Py(P',P) u(P) = WP) [AG + BGP! + Py 


+iD(g2\(P' — Dion u(P) . (3.9) 


On physical grounds we demand that the transition current must be Hermitian. For 
(3.9) to be invariant under the transformation (.. )T|P,, > P!, A, B, and D must 
be real. Using the Gordon decomposition, the second term on the right-hand side 
can be expressed by the first and the third terms, and we get 


H(P')T,(P!, P) u(P) = WP") AG? Vp + iB@?)4” ou] MP) 3.10) 


The absolute square of this expression enters in the cross section 


Wee > Ce) T u(P)]|" [a(P’) Dy uP)| 


spin 


= tr{ Ay = iBQ* ory + My\dry + iBg? ove P+ My)} . GAD 


After some lengthy calculation we find that 
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Fig, 3.2. Elastic electron—nu- 
cleon scattering 
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Wy = 4(A + 2MyBY eee + PLP, — (P+ P’— My) Suv | 


5) 2 lg i ee 
a [44 + 2MyB)2MnB + 4MxB Ve ap 
N 
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Replacing P/, by qu + Py yields 


2 
q 


2 
BE () yes vale Be ae || = 
2M? 

X(qQut2Pyqut+2P.) , (3.13) 

and using 
1 1 
Pudy tbiuGa st Zour y = 5 Iu +27 Gp 2b) = 5 4udy (3.14) 

we get for (3.13) 


dv 
Way = —2(A + 2MyB)°q? (ee - aw) 


P. Pe 
i (Q4ee Reg \4 (, 2 an | @ ES wna | . (3.15) 
In the last step, we have used the fact that, owing to (3.7), P-q/q? = i, We now 
introduce two new functions W,,W and the variable Q* = —q? and write the 


elastic scattering tensor as 
a 
Wi = (dort BE) meQ?) 


ee P-q\ W2(Q’) 
ae (, - 4a | (P, — qv ze ) M2 : (3.16) 


This structure is immediately evident if one considers that, owing to gauge invari- 
ance, 


Gig ate (3.17) 


If we consider instead of elastic scattering special inelastic processes like e+ N — 
e+N-+7, more momentum vectors can be combined and the general structure of 
W,,, becomes more complicated. A simple expression can again be obtained if we 
sum over all possible processes or, more precisely, over all possible final hadron 
states, since this sum can again only depend on P and q. The only change is that 
the Lorentz invariants g? and q - P are now independent. One thus obtains the 
following general form for the inclusive inelastic scattering tensor: 


incl. Gud 
ane = (-a + | W\(Q,v) 


eg P-q\ W(Q*,v) 
a @ — qn | (P. - 9A) =e (3.18) 


3.2 The Description of Scattering Reactions 


We 


with the inelasticity variable 


pe 
ee oe Ga) 
My 


To obtain the differential cross section, we must multiply W,,,, with the correspond- 
ing tensor for the electrons 


1 
le = 5 {GY +m) Yn + yy} 


= 2 [puP, + PvPy — GuvP-P'+Gum| . (3.20) 


Equation (3.20) can be obtained by setting 4 = 1, B = 0 in (3.12). (The factor 
5 comes from averaging over the spin directions of the incoming electrons.) The 


other factors appearing are the coupling constant and the photon propagator 


2\2 4 
(5) =f CoM 


Finally, this must be multiplied with normalization and phase-space factors (cf. 
Example 3.1). The final expression for unpolarized electron—nucleon scattering in 
the laboratory system is 


do E'o? 
— = Ee 3.22 
dE'd2 ~~ -EQ* g (3.22) 
Here E and E’ are defined by 
Pu=(E,p) , 
(BED (3.23) 


and the electron mass has been neglected (the extremely relativistic approximation). 
Substituting (3.18) and (3.20) into (3.22), this yields 


oa E'o? : 
dE'd2 ~~ ~EQ4 20p Pp 9 pp) 


Wd P-q ag ero 
« [om + Ee) + (P, at) (Po anh) sea 


(3.24) 


Because g’W,,, = 0, we were able to replace p/, by Pu, and we have again 
neglected the electron mass in comparison to Py and p,,. We shall set it to zero in 
the following. Taking into account that 


Oe gs pp (3.25) 
and 
2p-q=2p-(p—p')=2m"-2p-p'x-Q , (3.26) 


we obtain 


Fig.3.3. Inclusive inelastic 
electron—nucleon scattering 
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We look at the scattering in the laboratory system, in which the nucleon is at rest 
before the collision, 1.e., 


Pog P (pop M.(iee ee: 
P,, = (Mw, 0), eee) Saito) SE SS) 


eye! (ee) 
My My My 


In addition we introduce the scattering angle @ of the electron in the laboratory 
system; thus 


p-p! = |p||p'|cos(6) = EE" cos(6) (3.29) 
and 
7 
Q? =2p -p' =2(EE'—p-p’) = 4EE' sin’ (5) ; (3.30) 


Finally we use definition (3.19): 


a E’ 2 : 2W. 
eo = ma { AB" sin’ ( ) W, + 2Mg (E = =} pace 


2) M2 
= [ace sin (5) zy : W. } 
2 a 


E! 2, ; a) 
= ae {ae sin? (5) Wi + [ae =2Fy— IEE ame (5) ws} ’ 
(3.31) 


Because v = (P+ q)/My = (P -p —P -p')/My = E —E’, the last term simplifies 
to give 


: 6 W. 0 
2 2 2 
2MSEE' [ — sin (5)] M2 =e cos? @ Wp ; (3.3 1a) 
and we obtain 
eases) Ny ae : Z 2 

AG ee? O° 2 sin (5) W, (Q’,v) +cos (5) Wr(O | 1 3.32) 
This is the final expression for the inclusive unpolarized electron—nucleon scatter- 


ing cross section. The functions W, (Oz. v) and W, (Oe v) are called the structure 
functions of inclusive electron—nucleon scattering. To avoid confusion, we write 


YF NID 


N| 


3.2 The Description of Scattering Reactions 


them in what follows as WfN (Q?,v) and WN (Q?, v). Experimentally one mea- 
sures for a definite electron beam energy the direction and energy of the scattered 
electrons and sums the total reaction cross section for each (0, E ’) bin. From this 
one obtains W°N (er v) and WN (ce v). 

What now is the advantage of (3.32)? So far we have only managed to eliminate 
one of the three parameters E, E’, and 6. While d?a/dE’d2 can in general be any 
function of E, E’, and 0, we have to express it by arbitrary functions of Q? and 
v. The importance in (3.32) lies mainly in the fact that the structure functions can 
be calculated from the microscopic properties of the quark model and that then 
the variables x and Q? are the relevant ones. In leading order of a, the structure 
functions turn out to be Q? independent and the residual Q? dependence can be 
used as a most sensitive test for the quark interaction, i.e., for QCD. 

We can be expressed by 


WNP, 9) = 5 / dx => INP ONG) (3.33) 


pol. 


where |N(P)) designates the state vector of a nucleon with momentum P and J 
the electromagnetic current operator. 

We shall discuss the derivation of this relation in Example 3.2. In the laboratory 
frame P,, = (M,0). Also, we can orient the coordinate system such that q points 
in the z direction. Then from (3.18) it holds that 


Woo = (eB : ) Wi (Q?,v) + (: im) W,(0?,v) (3.34) 
and 

LA == COD) (3.34a) 
with 

Ty a (3.35) 


For example, for W; (O°, v) we obtain 


(Ov) = = f ais lS INP HACOAOING)) (3.36) 


pol. 


The right-hand side can (at least in principle) be computed for any quark model, 
and its correctness can thus be tested by comparing the result with the experimental 
values for W; and W. 

We shall illustrate the meaning of the nucleon structure functions for a very 
simple, and inadequate, model in Exercise 3.9. This model is indeed so simple that 
we do not need to use (3.36) but can choose a simpler way. 

Before we discuss the experimentally determined properties of structure func- 
tions and their meaning, we give the analogous result for neutrino-nucleon and 
antineutrino—nucleon scattering. These formulas again hold in the rest system of 
the nucleon, i.e., the laboratory system 


Va 
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oa Ga | eee Se 2 (9 UN (2 
- ee = |W. : 
Oe ae a OY) eae Oe) 
3 7 
7 a ae (5) wen (.») G37) 
ao Ga) ewe EN? 2 we (Q?,v) 
Wn ore (SE a Ce Gy ME AO 
oN 
BoE ee Ve 
+ zz sin (5) we (*.)| : (3.38) 


Here Gr is the Fermi coupling constant of weak interactions. The derivation of 
these relations is to be found in Exercises 3.3 and 3.4. 

An important assumption we have made tacitly up to now is that single-photon 
and single-W exchange, dominate the cross section. This assumption is safe because 
of the smallness of the coupling constants. For strongly interacting particles the 
situation becomes more complicated. Such reactions will be analyzed in detail in 
Chap. 6. 


Re —-————_——EEEE ESS Sa 


3.1 Normalization and Phase Space Factors 


We start with the relation 


ce lkle 7 
° = 4Ewlv | 2 


Ck’ Bp’ 


(2n)32w’ (27p2E’ (1) 


S_ los |? 2m) (kK! + p’ — k —p) 
Gas 


where (E, p), (E', p’), (w, k) and (w’, k’) denote the four-momenta of the incoming 
electron, the outgoing electron, the incoming nucleon, and the outgoing multi- 
hadron state, respectively. Now we have to integrate this expression over k’ and, 


in contrast to electron—pion-scattering, also over w’, since w’ is no longer fixed by 
k’: 


dp” | 2 
ee dk! pie eee” ; ‘ 9) —2 6477,/ Pie : 
a8 


Obviously, the dimension of the integrals has changed by one, implying that the 
structure function has got an additional dimension of |/energy. This is why we 
shall later on define the dimensionless structure function F, as F| = W, My. The 
integral on the right-hand side is equal to e*L4"”W,,,/Q*. Note that the nucleon 
normalization factors 2w and 2w’ are included in W,,, and that L,,, contains the 
factor 1/2, which is due to spin averaging (see (3.20)). 


dp ! ef 


= eee 
c 4EE' |v Onror Wu : (3) 


For our case (a massless electron incident on a resting nucleon) 
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lwlSe= 1 3 (4) 
Furthermore we employ 

Bp! = (p'P d\p'|dQ! = BE” dE’ dQ (5) 
and in this way obtain (3.22): 


ao igs E' a 
ee. Se eee = pv : 
ee | ote = ee (6) 


— > ——>—_—_E=E EES SS 


3.2 Representation of W,,, by Electromagnetic Current Operators 


The coupling of the exchanged photon to the nucleon can be written in a general 
way as 


Tay Anon, (1) 


where for the moment no assumption about the structure of Jl) has been made. 
Now we consider the corresponding current matrix element between the initial 
nucleon state with momentum P,, and an arbitrary hadronic final state X with 
four-momentum Px ,,: 


(X(Px) |Fu@.)| NPY) = (X(Px) |4,(0)| NPY) cP PO (2) 


In order to evaluate the inclusive cross section, (2) is squared and summed over 
all X-states: 


S> (NP) 


X,Py 


J,(0)| X(Px)) (X(Px) |4.0)| NPY) (3) 


In addition we have to average the spin of the incoming nucleon, since this quantity 
is not observed. Finally energy-momentum conservation is ensured by a 6 function, 
which is due to the integration over x: 


Wav = 5 > d, (NP) |Ju(O)| XCPx)) (X(Pad [Z(0)| NPY) 


pall X,Py (4) 
x (20) 64(Px — P —@) 


gq denotes the momentum of the virtual photon (see Fig. 3.3). At the end of this 
subsection more detailed arguments for the form of (4) will be given. In particular 
the factor (27)?, which occurs instead of the usual factor (27)*, deserves an ad- 
ditional explanation. The summation of the projection operator |X(Px))(X(Px)| in 
(4) has the form of a complete projection operator. But the completeness relation 
cannot yet be employed, since the argument of the 6 function depends on Px . 


Example 3.1. 
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3. Scattering Reactions 


Using the integral representation 
diye 
4 Spey ee ee Waa 5 
(Px —P -a)= | Ge 6) 
we can write (4) in the form 
=3> Ux [ey WOV.O|Xeo) 


er x - 
—i(Px—P)Y eig-y 


iq-y , (6) 


yy fay 


pol. X,Px 


where Jy) has been obtained by means of (2). Now we are able to employ the 
completeness relation 


S> |X@Px))(X(Px)] = 1, (7) 


X,Px 
which yields the expression for W,,,(P,q) given in (3.33): 


Ww =>, | oy Be 


pol. 


Jiy)J(0)| N(P)) (8) 


In addition we note that the expectation value of the commutator of the current 
operators could be used in (8), i.e., 


=> | de 


pol. 


[J.~)J.0)]| N(P)) - (9) 


In order to show the equivalence of (8) and (9) one has to prove that the following 
expression vanishes: 


[ey elf) ( 


= faye 


J(0)J,(y)| N(P)) 


X,Px 
Dye /,(0)| N@P)) 
X,Px 
= (2n)* S > 64(Px - J,(0)|N(P)) (10) 


X,Px 


The energy 6 function requires that Ex = Po — go = My —(E — E') < My holds 
in the lab system. However, such a state X does not exist, since the nucieon is the 
state of lowest energy with baryon number |. Therefore (10) vanishes and (9) is 
proved. 
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FOX R CUS FSR tj 


3.3 The Nucleonic Scattering Tensor with Weak Interaction 


Problem. Repeat the discussion leading from (3.6) to (3.18) assuming that parity 
is not conserved, i.e., that I’, consists of Lorentz vectors and Lorentz axial vectors. 
Take into account that time-reversal invariance still holds. 


Solution. In this case the transition current is of the general form 
HP ih ue) = B(Pi, + P,)S + iC(P), — Pu)S +AV,+D(P” Le ly 
qe (PP i BPP )P iC (P,P, )P +d’ A, 
ge) le ee ea fe Gee (Beep eee, ioe (1) 
with real functions A, B, C,... and with 
S=u(P)u(P) , 
P=iu(P')iysu(P) , 
eS uP), Aen) (2) 
Ay =u(P')ysu(P) , 
Topp = BE Gye (C2) 


Writing down (1) we have assumed that the transition current is real. The right-hand 
side must therefore be invariant under the transformation 


Gee - 
Time inversion yields 

ee ee A ee (4) 
and 

a Pa Pp (5) 


The transition P «+ —P’, P°® « P” is due to the complex conjugation of 
u(P") I), u(P), which replaces the momentum P/, by the negative value of P,, and 
vice Versa, 1.¢., sei ++ —P,,. Because t — —t there is an additional change in the 
sign of the zero component. This is easily understood, because under time reversal 
the direction of motion changes and initial and final states are exchanged. The 
energies, however, remain positive. 

Under combined transformations (4) and (5), (1) assumes the form 


a(P')I,u(P) > B(P" + P*)S —iC(P* — P*)S + AV" — D(Pi + P,)T#” 
(=P) = Bb (Pie pp iC (pe PH ype A’ 4h 
(PAs envap lag ie (Pp = Pu)ewap lage 6) 

Only the spatial components of the current vector should change sign under 


time reversal. In order to conserve T invariance (6) must therefore be equal to 
i(P') I u(P). Employing €,vog = —e"”*? we have 


8] 
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Exercise 3.3. C= p= 3 = Ue (7) 


Because of the Gordon decomposition, E can again be replaced by 4 and B. In an 
analogous way D’ can also be eliminated using A’ and C’. In order to derive this 
identity we consider the expression 


ii(P’) (2m 1 (Eta) a oF Per e| 7 | u(P) 


i 
=o (8) 
Differentiating this relation with respect to a” yields 
= See G Se peeile” Brey 5| u(P) 
= —2MyAy — i(P), — Pu)P — 5 Eve [on PP ae (9) 
which represents te desired result. Consequently we have reduced (1) to 
TE! OMA) Tear nS cen oe 1@ (2 ea AAy . (10) 


Wy» then becomes 


Wav = tf [4 + B(P!, + Py) 


Pe Ve 
+ Alyns a GICs -P,y9| Aw + BP! SEP) 
+ Mn 
Aa, =C'(P) =P, | 
Ws (a Ys IVE 


satel [Ayn + BOP + P| + Mn) [41, + BP, + PL)|P + Mao} 


~ 4M2 
1 
+ aa [A’ yy + CPi, + Pu] (CP + Mn) [—A’y, — C'(P; P,)| G+ My) 
N 
1 
+ att A sh AWh + AWA WIshh - (11) 
N 


The first two traces do not have to be evaluated explicitly. It is sufficient to know 
that because P’, = q,, + P,, their contribution can only be of the form 


Juv V\ + PP V2 + (Pudu + Pudu)¥3 + qq (12) 
In the case of the last trace the identity 

tr{ysdbdd} = 4ie€ vagal" bY c® a8 
holds. Therefore the hadronic tensor is of the form ~ 


Wav = QV + PuPrV2 + (Puqu + Podu)Y3 + GuquV4 + i€pvopP Gq" Vs 7 (3) 


3.2 The Description of Scattering Reactions 


We have derived (13) for elastic lepton—nucleon scattering. In the case of inelastic 
OS including particle creation, dy = P/,— P,, 18 no longer valid. g - P’, 
q’ and q - P then are independent quantities. HOWere the results again are quite 
simple if one sums over all possible final states, i.e., over the final states of the 
reactions 

PAP Ven NCE) cap a) + XS 


De(p) + N(P) > et(p — q) +X uf 


Therefore the inclusive inelastic scattering tensor for parity-violating lepton— 
nucleon scattering is 


Wuv =Guv VO’, v)+ PyuPy V(Q?, Ve (Pudy + Pygu)V3(Q?, v) 


(15) 
qr Gudv VQ’, v) ar leleoph ge VO. v) 


EXERC SS 


3.4 The Inclusive Weak Lepton-Nucleon Scattering 


Problem. The coupling of the charged vector bosons Wie of the weak interaction 
to leptons is described by (see Sect. 4.1) 


7S ex) W(x) the . (1) 


Ata 


Derive from this equation the leptonic scattering tensor L,,,. Employ the result 
of Exercise 3.3 to evaluate the differential cross section for the inclusive weak 
lepton-nucleon scattering. 


Solution. Since the neutrino 1s massless and the electron mass can be neglected, it 
is helpful to choose the following spinor normalization. 


ul(p)ug(p) = 2E bap, 
So u(p)i(p) =p +m=p (2) 


spin 


The leptonic scattering tensor is then 


Law a £ So tr{ Hpyyul _ ys)e(p’, s)e(p’, sw —75)(p)} 


= Leelby( — 9d" w( —29)} 
£ (s{ortr} = {owt} ) 


g (iz PPG icuvepP“p"®) (3) 
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Exercise 3.4. 


3. Scattering Reactions 


Since the neutrino is always left-handed, there is no averaging of the initial spin. 
In order to obtain the trace in the second line of (3) we have summed over all 
neutrino spins and made use of (2). This procedure is correct, because the operator 
(1 — ys) cancels the contribution of the non physical right-handed neutrino state. 
In analogy to (3.22) the differential cross section then becomes 


: ie I >t gy? 
ado, 2 ee oe (4) 
dE'd2Q = (4nPE \q? — My BN: 
The differences can be explained as follows. 


1. The propagator for massive W bosons differs from that for massless photons. 
For |q?| < M¢, we can use 


i = oat 5) 
q—-My) — My 
This yields Fermi’s theory of weak interaction. 
2. The coupling constant of the W bosons to the nucleons is usually chosen to be 


g/V2. 


In order to evaluate (4) we first show that gq’, and q”L,, vanish: 


q* Ly =9 (Q-p' Pu +4 PPL — PP W — Epes "Pp °p”) 
7 cs ae q? 
f 
=9 — “FP + Pv + yr — Pr) =0. (6) 


Here we have employed 


¢ 
Ge Pe Pp ot cere 
Be ie (7) 
. = — d fe = —-—— 
Bde NGG 5) 


With help of Equation (15) from Exercise 3.3 it therefore follows that 
LW ig = (Gari Pu iemage eg Ia) 
=g lp’ P= 4p P)Vict (2p ei peae le 


+ £06 Ewv6yP°g?P “4? Vs] (8) 
With 
p=(E,p) , p'=(E',p’) , P=(M,0) , (9) 
and 
5 Envy = S12 (906 GBy — Gary 988) ’ (10) 


this assumes the form 


3.2 The Description of Scattering Reactions 
y l 
LP Wu = “lav + MZ (228" + 7) V> =2(p -P q? —P -g P -4)¥s| 
Zalee 2 eee 2 q° 
=95q9V+2My | EE aa V> —2Myn | Eq e295 |r). (11) 
Again using (3.30), we find that 
q? = —Q” = —4EE' sin’ @ (12) 
2 
leads to 
LHYw.. = 20 EE! 2 v 2 2 0 
pu = 9 — 2sin > V; + Mx cos 2 V> 
saad, v / 
+ 2Mn sin 5 (E+ EVs). (3) 


In order to provide all structure functions with the same dimension we define 


V2 V; 


ee 
1 ] 2 M2 5 2M (14) 
and obtain 
Po E” g4 ) 0 
ee cae 2 Dale 2 
qE dO AES | sin (5) W\(O*,v) + cos @ W(O°,v) 
E+E’ 0 
= + sin? (5) wo.) (15) 
Finally we substitute the so-called Fermi constant of weak interaction: 
eae (16) 
4,/2Mi, 
do GRE” “2 2 2 2 
dE on? asin (5) W,(Q*,v) + cos (5) Wr(Q°, Vv) 
E+E’. 0 
= 7 sin? (5 Ca) (17) 


This is identical to (3.37). In the reaction 7+N — e+ +X the incoming antineutrino 
corresponds to the outgoing electron in the reaction v-+N — e~ +X, Le., p and p’ 
are exchanged. Since the third term in L,,, is antisymmetric under this exchange, 
the sign of W3 changes. 


We shall now discuss the experimental structure functions of electron—nucleon 
scattering. These functions will have a particularly simple form when v is replaced 
by x = Q7/2vMy. This quantity is called the Bjorken or scaling variable. We shall 
first consider some of its properties. For elastic scattering (3.19) and (3.7) give 

2 = Se) 
Q pee Sle (3.39) 


Sm,  2P oq | 42 


85 


Exercise 3.4. 


86 


3. Scattering Reactions 


Since the nucleon is the lightest state with baryon number 1, we know in addition 
that the invariant mass of the final state 


My = /(P +4) (3.40) 


must be larger than My. If this were not the case, there would be a state X (of 
arbitrary structure) with baryon number | into which the proton could decay, by 
emitting 7 quanta, for example. 

From (3.40) it follows that x is always positive and less than 1: 


Q? go" 
ery Tea = Ea ean | (eH) 
(Ear ree +O x weary lat 


Q? is always positive, as can be seen from (3.30), and 
ice cele, (3.42) 
Additionally, it is customary to include a factor of v in the definition of W and 
W3 and a factor of My in the definition of W,. We thus write 
MyW;{N(Q?, v) = (Oe) ’ 
TU (Oi (Og (3.43) 
vWSN(Q?,v) = F3\(Q’, x) 


Frequently, the parameter Q* is replaced by a new quantity, the inelasticity param- 
Glen 


y=u= (3.44) 


y is dimensionless and specifies which fraction of the lepton energy in the laboratory 
system is transferred to the nucleon. The value of y thus lies in the range 0 < y < 1. 
The meaning of Q?, v, and x is also illustrated in Fig. 3.4. It can easily be checked 
(see Exercise 3.5) that 


cc eee fo 
dE'dQ = 2nMyEy dxdy 


(3.45) 


In this notation, (3.32) (see Exercise 3.5) becomes 


Po | — &8tMyEa? 
= 4 
dy dy | QO 
The first measurements of inelastic electron—proton scattering at high energies were 


performed in 1968 at the Stanford Linear Accelerator (SLAC). These and subse- 
quent expcriments have yielded two important results: 


SFO) =e (: == | FNO.2)| - (3.46) 


2 


1. For sufficiently large values of Q?, i.e., for 0? > 1GeV?, ee and FOS do not 
depend significantly on Q?, but only on x. This behavior is termed Bjorken 
scaling. 

2. In this domain (i.e., for Q? > 1GeV’) it holds to good approximation that 


ba 


3.2 The Description of Scattering Reactions 


deep inelastic 
scattering 
Q* and v large 


—— 
M**-M? 
2M 


EXERGSE ee 


3.5 The Cross Section as a Function of x and y 


Problem. Derive (3.45) and (3.46). 
Solution. Equations (3.44), (3.39), and (3.30) yield 


plas 3 eee 
eee ar 
6g ei (§) : 

REI 9 ESE Diy D 


Owing to the cylindrical symmetry of the problem we have in addition 


da _ d2a és 
dE'dQ ~~ dE’27 sin(6)d0 
Therefore we only have to evaluate the Jacobi determinant 
Ga 1 OG) \ed-o 
dE'dQQ ~~ 2nsin(6) | OE’, 8)| dedy 
2E sin? ( 2 ' _pf ! . 
_ (eee) eigsin(os())| 1 eo 
2m sin(@) dx dy 
= 0 
l 2E’ ~—sin(@) Wo 
~ Insin(@)(E —EMy 2 dxdy 
mee: do G) 
~ ItMyEy dx dy 


This is identical to (3.45). With the help of the definitions introduced in (3.39-3.44) 
the double-differential cross section for electron—nucleon scattering consequently 


becomes 
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Fig. 3.4. The physical mean- 
ing of the different domains 
of x, Q*, and v. For elastic 
scattering only, 0? = 2M, 
holds, otherwise Q* and v 
are independent 
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an 2s oe [2 ae (5)F FeN(Q?,x)4+— ce cos’ (2) peng? 29] @) 


Here we have employed (3.32) and (3.43). Now we replace @ by x and y: 


wah GSW us 
2 = 
au oe : . 
a 8aMyyEE! ae ae 
_ 8nMyEo? 


a it ty : S(O? | , © 


which yields (3.46). 


These results are illustrated in Figs. 3.5 and 3.6. In Fig.3.5 it can be seen that 
at least for medium values of x the measured points are practically horizontal. In 
the following we shall discuss the physical meaning of this. In Chap. 5 we shall 
discuss how the Q? dependence of the structure functions for large and small x 
can be understood in the framework of quantum chromodynamics. 

These two unusual properties can be easily reduced to the common physical 
cause that the scattering is off pointlike spin-4 constituents of the nucleon. These 
constituents are termed, following R. P. Feynman, partons. What do we know 
about this kind of scattering? 

The scattering cross section for the scattering of electrons off a pointlike parton 
of mass M; and charge q;e can be constructed from the results for electron—muon 
scattering, namely (2.165), Equation (11) in Exercise 2.13, and the fact that 


2(E — E')M =2vM = Q? = +4EE' sin’ (5) ; 
yielding 

i, 2E 0 

= fe eine 

ay (5) 
Putting all this together gives 

et = ogi a cos” : i Naas () 

dQ 4? sin* ($) 1+ 4% sin” ($) g 2M? 

2 (8 2 ea 70 
ag? 1 cos G) an at sin s) 


AE sin (Q) 1+ HE sin? (8) 


(3.47) 


This cross section is computed in the laboratory system as the rest system of the 
parton. The laboratory system, however, is quite unsuitable for our needs since 
here partons cannot be treated as free particles because they are held together by 
the interaction to which this volume is dedicated. Thus we do not know at all the 


3.2 The Description of Scattering Reactions 


Structure Functions 
SINGLET (proton + neutron) NON - SINGLET (proton - neutron) 


0 a 
10, Fe *o0er<0.1 10°! 


I oe 
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B 0008) 2<7<0.3 


ion a mem 0.2<x<0.3 


5 10° E0107) vv Verte 0.3<x<0.4 
BS yy vvveew 037-04 by 
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10 [hy acl B * Basset, )0-4<x<0. 
* & xxxno—r fd <0-5 10 { 
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107 VY Wrerwevvry ae 
6<x<0.7 
-2 0.7<x<0.8 5 
y p. . 
e 0.8<x<0.9 
3 3 
we 10 100) 10 100 
Q? (GeV /c)" 


initial momenta of the partons; they are definitely not at rest. There are, however, 
frames of reference where the initial momentum is known. These are all frames 
of reference in which the nucleon is moving very fast. The momentum of the ith 
parton is then 


Peo Pat or, max(AP,,) < max(P,) (3.48) 
u u 


The unknown momentum fraction AP;,,,, which comes from the interactions of the 
partons with each other, is much smaller than the momentum from the collective 
motion. To describe electron—parton scattering sensibly, (3.47) must be transformed 
into a different Lorentz system.> This is done by rewriting it using only the invariant 
variables 


a 
P= =p =P) | (3.49) 
OP se FNS Se es a0 


These quantities are called Mandelstam variables. In the laboratory system 


> Here and in the following we omit the parton index i of the mass and momentum variables. 
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Fig.3.5. The 3 structure 
functions for electron—proton 
and electron—neutron scat- 
tering have been combined 
into Fj? + F3" and plot- 
ted against 0? The Bjorken 
variable x is defined as 
x = Q?/2vMy (see Review 
of Particle Properties: Phys. 
Lett. 170 (1986)) 
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Fig.3.6. The ratio of the 
structure functions /; and 
F, within the scaling re- 
gion provides a test of the 
so-called Callan-Gross rela- 
tions (see (3.82)) 


0 On 0. ce 0.6 0.8 
x=q ?/2Mv 
2 iF baa? 6 
QO —4EF ‘sin (5) : (3.50a) 
s=2p-P+M*=M(QE+M) , (3.50b) 
u=—2p'-P+M?=-—M(Q2E'-M) . (3.50c) 


We thus use (note the cylindrical symmetry) 


do _ irda 1 dQ? do 35] 

dQ 2n sin(@)d0 ~ Insin(@) dd dQ? Cou 
From Pj, = Pu + Pu — Py: it follows that 

M? =P? =(P,+pu—Pi,) =M?+(QE-E)M-Q? , (3.52) 


or, after solving for E’, 


Peel 
E'=E I oe sin? (5) (3.53) 


For the derivative dQ*/d@ we obtain, with (3.50a) and (3.53), 


ae" —Abe sin (5) cos (5) - F2ysin (3) 0083) ag sin? (5) 
do 2 2 [1+24 sin *(8)] 2 


2 


= 266 no )1- 
M [1 ein ?(9)] 
2EE' sin@ 


mc + 23 sin “15, 


For do /dQ? we therefore find according to (3.51) that 


(3.54) 
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do neg | af @ OP fae 
dO? => EE’ 42 sin’ (2) eos (5) + 2M2°" (5) 0 (3.55) 
We further insert, according to (3.50a,b,c), 
pelt 8 Se 
- =2M, ° - 3M, 
: 0 QO? O?M? 
2) I 
Sin -~)} =o = — 
(5) 4EE’ — (u— M?) (s— M2)’ oe 


2 5) Q?M? 
So) ae || eee rr es Ee 
Cos (5 alg Gone =e) 5 


so that after appropriate substitutions, (3.55) becomes 


a = ee se l eee Q 5 Q i 557) 
age 5m, aM) Ga MP) (6) MP) 


The quantities u; and s; refer to the ith parion. With this, we have succeeded in the 
first step. We must now choose an appropriate laboratory system and substitute the 
parton masses. It is now a major statement of the parton model that one obtains 
a good description of experimental results when one assumes that partons are 
massless. For M; — 0, (3.57) simplifies to 


| 2m ad 
gh meetin IO (3.58a) 
alge o4 2uj Si Sj 
In addition, it holds that 
CO 5 =p ap — 2 Pn Py 


= 29-9 =e) = a S00 (3.59) 
and therefore 
4 bl ae 
OE ey Tea (3.60) 
2u; 5; Sj 2s? 
Thus (3.58a) becomes 
ie, _ a (3.58b) 
do? Co Ds: 


For our frame of reference, we now choose the so-called Breit system. This is 
characterized by the property that q,, is purely spacelike and points in the z direction 
(see Exercise 3.6): 


= =e \ = Mie 
vin = (0,0,0, q ) (0, 0,0, Q ) ? (3.61) 
Pee )0,0,-P) , P > My 


Since we neglect the momentum fraction of the partons stemming from the parton— 
parton interaction, for consistency we must also neglect the nucleon masses: 
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Pin =& (P,0,0-—P) . (3.62) 
The cross section for the scattering off a parton in the Breit system thus becomes 

do; _ 4no?g? (@ +P) +" = or hy err) 
dQ? Q4 20 

_ 4ma2g? ((G:2p- PY + Gi2p"- PY 

ere: ~ OQEp PY 

£ Ana’q? (Generar ar P)'+(p' — Py 

ee (p+ Py 

2 
= Ana?q? (s*+u? . (3.63) 
(Oe 52 


s and u are now Mandelstam variables for the whole nucleon. We recognize that 
da/dQ? is completely independent of €;. To compare this expression with (3.46), 
we must write in the Breit system not only the elastic scattering cross section for 
pointlike particles but also the inelastic scattering cross section for particles with an 
internal structure. To this end, (3.46) is rewritten such that only Lorentz-invariant 
quantities appear. For M4 < u,s, Q? (see (3.56) 


u g 
eave Te 
(3.64) 
E-E' _s+u 
a ee 
and 
Q? Oe 
i) Aa Ce 


Equation (3.46) is thus nearly in invariant form. One only has to substitute s for 
15,2 
do 
dx dy 


Arsar 


2 
or aac - (: -y- ai FO») . (3.66) 


eN 


Because My <s the second term can be further simplified. This expression must 
now be compared to the sum over partons i of (3.63). To this end, we must first 
rewrite (3.63) as a double-differential cross section. 

To do this, we start from the momentum conservation P/ = P; + q of the 
scattering parton, 1.e., 


Ox PP” =(P: +4) =(GP +4) = MM? +26P-q+q? . (3.67) 
When the parton mass vanishes, this implies that 
QO? 
ap a (3.68) 


If we observe scattering characterized by a Bjorken variable x, this means in the 
parton model that the interacting parton carried a fraction £; = x of the nucleon’s 
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total momentum! So the variable x has a simple meaning (however, only in refer- 
ence frames with very large nucleon momentum). 
Owing to (3.68), (3.65) can immediately be written as a double differential: 
Po Ano? q? s? +-u? 
ose ao e pee = (3.69) 


The transition from Q? to the desired variable y occurs with the aid of (39) 
(3.44), and (3.56), according to which 


Q? =2P-qx =2MN(E — E')x =2MyEyx =syx (3.70) 
and we thus obtain 
a2 d 2 d2 3) Diet wet 2 
GO CE 5 Al ER a (3.71) 
dx dy dy |, dx dQ? (Of Se s+u 


Here, in the last step, we have put x = Q?/(s +u), according to (3.65). To obtain 
the total cross section in the parton model, we must sum (3.71) over all partons i 
and all possible momentum fractions €;. The single summands must be weighted 
with their proper probabilities /;(€;): 


1 
aa 2na’q? s* +u? Oe 
= © | esse Ge 5a -yZ* 


do 
dx dy 


eee ine Ysa 


ZS 
= Ser aia t] D fieeiaix er) 
with 
2 
Sap ui 
g -1P +1 =y? 2 42= (244) aoe 
eens ay Te, 
Ss AY 
gs? + u2 


according to (3.64). In addition the normalization 
1 
/ déifi(Ei) = 1 (3.73) 
0 
holds. Comparing (3.72) with (3.66) shows that in the parton model it must hold 
that 


) yet O22) +( — y)Fs‘(Q?,x)| = pe I} DL fieeiaix (3.74) 


Ss = const 
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Equation (3.74) holds for all scattering reactions, i.e., for any value of E, EZ ‘and 
6. We use this fact by letting the parameter s = 2MyE, which was fixed up to 
now, vary: 


sas’. Gas 


Simultaneously, we substitute 
< Ss 2 
CS —2= 1 Oo ee — ae (3.76) 
s 


x and y are not changed under the simultaneous transformations 


P t 12 2 
8” sp ory ae Q = Q (3.77) 
gt § Situ’ stu 


Ws 


Since the right-hand side of (3.74), computed in the parton model, depends only 
on the variables x and y, it follows for the left-hand side that 


xy2FN(Q?,x) + (1 —y)FEN(Q?,x) = const for all O” (3.78) 
or 
(Ou) — i eee (Cr) eae ae (3.79) 


The structure functions in the parton picture thus no longer depend on Q?. Since 
we have neglected here both the momenta coming from the binding of the partons 
and the nucleon mass, (3.79) should hold for sufficiently large values for Q?. This 
has indeed been experimentally observed as discussed above. Equation (3.74) then 
becomes 


2 by2F Ne) + (1 — FENG) = fy? +20 —y)] S@a?x . G80) 
By comparing powers of y, we find that 
1 
FING) => Dfi@a? . FN@)= CAG)? , (3.81) 


and 
EGO) = OBEN GN (3.82) 


This is the Callan—Gross relation. 

We have thus seen that deep-inelastic scattering processes can be explained 
by the basic assumptions of the parton model: the hadron is built of pointlike 
constituents whose interaction energy with each other and whose mass is small 
compared to JO? > 1GeV. The physical foundations of (3.81) and (3.82) can 
also be illustrated from a different point of view: we can assume that partons are 
massless. There are no dimensional quantities in electron-parton scattering except 
for the momenta. On the other hand, we know from (3.46) that F eN and FEN are 
dimensionless. Expanding FfN(Q?,x) in powers of Q?, 
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ee ame mm 
dFeN(0, x) Talay) 

do? 2 dQ’y 

it follows that (dFfN/dO?)(0,x) must, on the one hand, be dimensionless (since 
it does not depend on Q?, x is dimensionless, and there are no other dimensional 
quantities), on the other hand, it must have dimension [length]? to cancel the di- 
mension of Q?. It thus follows that (dF~N/dQ*)(0,x) = 0. Repeating the same 
arguments for higher derivatives, it follows that FfN(Q?,x) = FeN(0,x) and thus 
we get (3.79). While the scaling, i.e., the sole dependence on x, must hold for 
all massless partons, completely independent of their properties, the appearance of 
two structure functions and (3.82) of course depend on the Feynman rules. We 
have already seen that three structure functions are present in a parity-violating 
interaction (see (3.37) and (3.38)). On the other hand, we obtain only one structure 
function for scalar particles, i.e., F) = 0 (see Exercise 3.7). In addition to deep- 
inelastic electron—nucleon scattering, photon—nucleon scattering also yields infor- 
mation about structure functions. In Exercise 3.8, we shall show that the relation of 
the cross sections for transverse and for scalar photons, in particular, is of interest, 
since it tests the Callan—Gross relation (3.82). As can be seen from Fig. 3.6, it holds 
very well experimentally. Therefore it suffices to investigate scattering reactions 
as a function of F2(x). For this reason, Fig.3.5 shows only F(x) ~ (F;? + FS"). 
In Exercise 3.9 we shall finally compute the structure functions following from 
a simple constituent-quark model. Independent of the special assumption of each 
model, all such computations yield the following results. 


lO, (On) om Cen 832) 


1. If one assumes that the nucleon is composed of three quarks, the one-particle 
distributions f(x) are typically maximal for x = 1/3 and, accordingly, the 
structure function F(x) for somewhat higher values of x. 

2. Designating the structure functions averaged over protons and nucleons by 
Fo(x) = $[F3°(Qx) + FS"(x)], where 


GS) = Cares 
== C205 ee 


(here it is assumed that all three quarks in the nucleon have, owing to their 
negligible masses, the same wave function), it follows that the integral 


A if 
3 fae roy=F5 [aero (545 FS stetsts) 
=3 [ager = [as S fix)x 


is unity, i.e., the whole momentum of the nucleon is carried by the quarks. 


(3.83b) 


Compare here Fig. 3.11. Obviously, the experiments yield different results. 


1. F(x) is maximal for small x, i.e., there must be charged partons carrying only 
a small momentum fraction. It is natural to identify them with virtual quark— 
antiquark pairs. A careful analysis of electromagnetic and electroweak structure 
functions indeed justifies this assumption, as we shall see below. 
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2. The integral F(x) is experimentally much smaller than unity, namely approx- 
imately 0.45. Half of the nucleon momentum is thus carried by electrically 
neutral particles. This is an important point since it is the most direct evidence 
for the existence of gluons. We shall return to this point in Sect. 4.2. 


It may be added that more refined models are also not able to give a satisfying 
description of the experimental data in Fig.3.10 starting from the quark—quark 
interaction without ad hoc assumptions. It is possible, however, to describe the 
relationship between two structure functions. We can, for example, calculate very 
well the relative change of F» for different values of Q*. We shall discuss this in 
Chap. 5. The reason for this only partial success is that the calculation of structure 
functions itself is a completcly nonperturbative problem and thus very difficult, 
while the Q? dependence is calculable by summing a few classes of graphs, i.e., in 
perturbation theory. One usually introduces distribution functions for the various 
quarks and antiquarks: 


ES) RS): (3.83c) 


Equation (3.81) then becomes 


ie as 13 [u(x) SF u(x)| sp ; [d(x) ae d(x)| 
(3.83d) 


et ; [e(x) + ex) oF ; [s(x) ap s(x) | \ 


The crucial point is now that the structure functions for the reactions vy, +n — 
e +p, ¥et+tn — +n, etc. involve different combinations of u(x), u(x), d(x), and 
d(x). (The weak charges of the quarks are not proportional to their electric charges.) 
Therefore quark distributions can be deduced from the different structure functions. 
We shall not pursue this further here the basic idea should be clear. In Fig. 3.7, 
however, we have sketched approximately what the parton distributions look like in 
a proton. Most interesting is the fact that quark and antiquark distributions coincide 
for x — 0. This can be understood if both are virtual excitations (so-called sea 
quarks), generated by the quark—quark interaction. The obvious divergence of the 
functions u(x), d(x), and q(x) for x — 0 thus indicates that the interaction is large 
for small momentum transfers. 


Reece or es x(x) 
quark distribution functions 
for protons with g(x) = 0.4 
3((x) + d(x)). We recog- 
nize that the contributions of 
the valence quarks x(u(x)-— sg.) 


q(x)) and x (d(x)—q(x)) van- 
ish for x — 0. Hence virtual 


quark—antiquark pairs domi- 
nate for small values of x 0.2 0.4 0.6 0.8 1” x 
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3.6 The Breit System 
Problem. Prove the existence of a Lorentz reference frame where (3.61) holds. 


Solution. We start with the laboratory system. Here 


a = (qo, @) 5 Oe 2 0 ; (1) 
P,=(M,90) . 


First we perform a rotation in such a way that q is parallel to the z direction. 


Vi = (90; 0, 0, 93) ’ 9693 Sal 


yp) 
P! = (Mv, 0,0, 0) @) 


Now we boost the system in the z direction, i.e., we transform to a reference frame 
moving with the velocity 


=e (3) 
This is possible because the momentum transfer q,, is spacelike, 1.e., 


O=4q; -q >0>G>a - (4) 
Then in the new reference frame 
Go 045,00, 4, — 2d) 
= +(0, 0, Oo q3 om B45 


v7 
- (0.0.0.4 1-45) =(O0 yar). (5) 
q 


3 


with 
, =i2 
b= 228 and apes fbr) : (6) 
G aq. 
Under this tranformation the nucleon momentum becomes 
P!, = y(My,0,0,—@My) (7) 
Since we consider reactions where Q? and 
! t te ? ai 
(ee ee 8) 
My My 


get very large, but their ratio x = Q? /2Mnv remains constant, 
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en oe 7 Q? =e. WOR 
dey marr al 1 ie TIT : (9) 


must hold. Equation (9) can only be fulfilled for G ~ 1, y >> 1. Hence 


2 Wt ~ ~ 
Payy=¥2 , Pla (P,0,0,-P) . (10) 
This is (3.62). In the Breit system the nucleon (and with it all partons) and the 
photon move in the z direction towards each other. In the final state the scattered 
parton carries the momentum (x denotes the initial momentum fraction of the 


parton, i.e., P!, = ne) 


f ” wo A Ge QO? " 
Ph mat an = ( 5 (SN ay 


Z (Fao, (2) (11) 


Obviously the spatial momentum of the parton is flipped to its opposite direction 
by the reaction (see Fig. 3.8). In the Breit system the parton is simply reflected. 
We shall come back to this in Example 3.8. 


i 


Pu 


4, << 
Photon WAADRKADADNAS Parton 
> 


f 
Py 
Fig. 3.8. Photon-parton interaction in the Breit system. The initial photon and parton carry 


the four-momenta g, = (0,0,0,./Q2) and & = 3(,/Q?, 0,0, —/Q?), respectively. The 
final parton then has the momentum ee = 1(,/O?, 0,0, ./Q7) 


SRS [SSE as} 


3.7 The Scattering Tensor for Scalar Particles. 


Problem. Repeat the steps leading to (3.18) for scalar particles. 


Solution. We start with (3.6). In the case of scalar particles all terms containing 
‘y-matrices vanish: 


nee EN Ca, (1) 
Equation (3.8) then yields 

qiuiy,= C0" —P)Pi= 0 = ae (2) 
Ty, =BPL+Py) . (3) 
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This is rewritten by replacing P/, by P, and q,: 
1 
Li, — ee (P+ 541) 


2 
=2B (P.- 4 LP) 


=o (P, = wnat) BQ?) . (4) 


Relation (3.7) has been employed in the last step. For a free scalar field one simply 
has 


u*(P)u(P) =const . (5) 


Now W,,, follows directly from I7,: 


pe ae 
Wav = const X (?, = une | (, — Wy “| BAO ae (6) 


Up to now we have considered the elastic process. To obtain the equation equiv- 
alent to (6) for the inclusive inelastic case, we again have to replace B?(Q7) by 


BAO™, v) = W,(O?, V). 


Pe Pe 
Wy» = const X (, — wnt) (By dp =) W(Q?,v) . (7) 


Comparing this result with (3.18) shows that there is only a W function but no 
W, function for scalar particles. Consequently (3.66) then becomes 


d2 4 2 
met ee (8) 


with a corresponding structure function F(Q7 x). 


CAAEL—-  —————> SSS 


3.8 Photon—Nucleon Scattering Cross Sections for Scalar 
and Transverse Photon Polarization 


For scalar as well as for transverse polarized photons the spin 4 vector is perpen- 
dicular to the photon momentum. With 


Cin = (v, 0, 0, q3) (1) 


the spin unit vectors can in the laboratory system be chosen as follows. For the 
transverse case 


ely = (0, le 0, 0) ? Sn = (0, 0, 0) (2) 


eS 
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Example 3.8. 


Scalar polarization is defined by 


I 
E0,n = (93,0, 0, "To (3) 
Clearly 
Er.uq" = (4) 
and 
ler,ne™| =! for A=1,2,3 . (5) 


In the case of photon—nucleon scattering we get 
o(yN — X) = const x €),,6,,, We” (6) 


for the inclusive cross section, where €),, denotes the polarization vector of the 
incoming photon. By means of (3.18) 


Pu a (Mn, 0,0, 0) ) (7) 
or(yN — X) = const x W; (Q?,v) (8) 


can be derived in the laboratory system for transversely polarized photons and 


as(yN > X) 


i a 
= 43 + % Mas \" Wr (Q?, 


2 
= const x Bz (Gx v) + ae (o] ) (9) 
for scalar photons. Inserting (3.43) now yields 


or(yN — X) = const x pen (O- 
Mn 


? 


2 (10) 
os(yN — X) = const x 1 | _peN (92 93 MN pen - 
SY hc) My 1 (O') +o FS (O°, v) : 
Because 
C= 4, = (11) 


the factor in front of FsN (Q?, v) can be simplified to 


q3Mn _ (0? +”) My Balding 


Or Oy Vv 2x H (12) 


In the scaling region vy >> My we therefore obtain 


3.2 The Description of Scattering Reactions 10] 
ot(YN > X)I,2,92c1Gevy? = const x ar Sakae (13) Example 3.8. 
a 
os(YN — X)I,2 2 92s(1Gevy2 = Const x Waloe ENG) 1 ED os (14) 
N 


Because of the Callan—Gross relation (3.82) os should therefore vanish. In fact 
Fig. 3.6 was obtained by analyzing photon—nucleon scattering. It should be noted 
that on the other hand F\(x) = 0 holds for scalar particles (see Exercise 3.7). 
We would therefore expect o¢/os — 0 for scalar partons. But this contradicts 
experimental observations, i.e., all models are non-physical, which represents the 
charged constituents of the nucleon by scalar particles. These results can easily be 
understood within the Breit system. To that end one only has to remember that for 
transverse photon polarization the spin is either parallel to the direction of motion 
or opposite to it. More precisely this means that 


, l 
ef Son — 120) 7 » ©°¢= 41g (15) 
and 
i f 1 
Ey = Ein ~ aw) Ss gla (16) 


Here S denotes the photon spin. According to Fig.3.8 the partons do not carry 
angular momentum and consequently the photon can only be absorbed by the 
parton, if the spin component in the z direction of the latter particle is changed 
by 1. But this is impossible for scalar particles and leads to oy = 0. Massless 
spin-4 particles, however, encounter a completely different situation. For these 
particles the spin component parallel to the direction of motion can only assume 
the values +1/2 and —1/2. The corresponding spin states are known as positive and 
negative helicity or as right-handed and left-handed particles. Helicity states are 
defined by the projection operator (1 + ys) /2, left-handed and right-handed states 
by the projection of the spin onto the momentum axis. For ultrarelativistic particles 
positive helicity corresponds to right-handed particles, that is the spin points in the 
direction of motion, and negative helicity corresponds to the spin pointing in the 
opposite direction. The vector -y,, conserves the helicity, i.e., left-handed particles, 
for example couple only to other left-handed particles (see Sec. 4.1). Since the 
direction of motion of a parton is changed into its opposite in the Breit system, the 
spin must consequently be flipped at the sans time (for sufficiently fast partons, 
i.e., for sufficiently large Q7). Therefore spin-5 partons are only able to absorb a 
photon if S, is equal to +1, 1.¢., if the photon is transverse. In this case oy is 
nonzero (see Fig. 3.9). 

Scalar photons (the Coulomb-field, for sos, consists of such photons) have 
zero spin projection, i.e., here og = 0 for spin-5 partons and os # 0 for spin-0 
partons, which is the opposite of the situation encountered by their transverse 
counterparts. 
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Fig.3.9. The role of the 
spin in photon-parton inter- 
actions. Owing to the con- 
servation of angular momen- 
tum, spin-4 partons can ab- 
sorb only transverse pho- 
tons and spin-0 partons only 
scalar photons (for relativis- 
tic partons, i.e., up to correc- 
tions of the order of m?/Q*) 
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3.9 A Simple Model Calculation for the Structure Functions 
of Electron—Nucleon Scattering 


We have already stated that the structure functions W; (Q?,v) and W2 (Q?,v) of 
(3.36) can be derived from any microscopic model. This procedure, however, is 
quite cumbersome, but it allows predictions for values of Q* and v? smaller than 
(1 GeV)’, i.e., for values beyond the scaling region. If we are interested only in 
the restricted information provided by F2(x), then there is an easier way. In this 
case we can start directly from (3.81): 


FIN) = > Ai)a?x (1) 


The only input needed is the functions fj(x), i.e., the probabilities that the par- 
ton with index i carries a fraction x of the total momentum. We are going to 
eveluate these probabilities in an extremely simple model by making the following 
assumptions: 


1. The nucleon consists of quarks. 
2. The wave functions of up and down quarks are identical, which yields 


PAG \= 2 a) fon (2) 


Averaging the structure function over the proton and neutron gives 
1 


FING) = 5 [Fi"@) + FE) 


a 5) 2 2 
“2 (G) +(3) [rons 
= fey (3) 


3. We employ Gaussian distributions for the internal wave functions in position 
space, 1.e., we set 
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3(-Ge)} ; 


with Jacobi coordinates 
= (2 = Zan ? 


1 
Su = g = 3 (22 = 2) 
bb 
1 
= 3 (221 5 By 

Here Wp(r,s) is the three-quark wave function, while the quark positions and 

the proton momentum are denoted by the four-vectors Z), Z2, 23, and P,,, re- 
spectively. 


Statements | and 2 are quite clear but (4) needs further explanation. First one has 

to take into account that the center-of-mass motion separates, i.e., the center-of- 

mass coordinate Z,, = F(z +z) +23), must not occur in (4). Then the differences 

between the quark coordinates are assumed to be Gaussian distributed. This can 

be archieved by employing Gaussian distributions for r and s. Formula (4) can be 

better understood by writing down a part of the exponent in its explicit form: 
Os aaa | 


= ao a = é (323 — 62923 + azn + 42? + Ze 1. Ze — 42,2) — 42z,;23 + 22223 ) 


a 
2 2 2 
= 3 (z; apy ar Be = Bi, = — 2322) 


a ; [Zi —nyY +(4-—3yY+@—- 23)" | : (6) 


We could think of employing spatial Gaussians only and plane waves with respect to 
the time coordinate. This represents the completely noninteracting case and ensures 
energy conservation at any time ¢. Consequently each quark carries exactly one 
third of the total energy. In an interacting theory the energy of every parton is a 
function of time and varies in general around a mean value. One can simulate this 
effect by using another Gaussian like 


exp (-F (r¢+ r?)) (7) 


which is clearly a useful assumption. Expression (7) ensures that the three quarks 
populate neighboring positions at neighboring times and therefore describe a bound 
state. Unfortunately a function that is localized in space and time is not Lorentz 
invariant. In order to restore Lorentz invariance in (7) we now use the fact that the 
proton momentum in the rest system is simply 


P, =(M,0,0,0) . (8) 


We therefore obtain in the rest system 
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exp = (73 ar r?)) = G90 (5 Gi = sat : r?)) ’ (9) 


where W has been normalized in such a way that 
je os 5a) (10) 


holds. Starting with (4) we now determine the mean square charge radius of the 
proton, which is given by (P,, = (M, 0, 0, 0)): 


(A\o= [or d's S° qi(zi — ZP OR, 8) (11) 


With the help of the center-of-mass coordinate Z = 3(Z1 SS ae ey) et 


1 2 2 
S-ai(zi — ZY = Fe = Zy + ale = ap te Ge Zy 


1 A 2 
— 959241 — 22-23 + 57 222 =2)— 23) 57 (223 — 2-2) 


l 
= 55( 423-3 - 3 +421 -Z2 
+4z, +23 —2z) +23 +227 + 823 + 22? —8z)- 2, — 822° 23 


+4z, 23 + 227 +225 + 8z? — 823-2 — 82z3:-224+ 42, 22) 
1 
= me OZ, Nhe: 23) 
1 > 


In the center-of-mass system this yields 


pe as 4 —2p2 _a,2 
(= 5 (Ga) [even] e+] favare tet 


oo 
ana a2 1 
= An J drrt+e7 2" = — 
6nV/ 37 | a oe 
0 
Thus we have to insert the value 
I =) 
aS —— & Sit (14) 


(77). 


for a. From (4) we then get 


a. ea 2 nla © eX? 
Ww * = mer, eles a 
PU,S,2) oe 5 } 2( Fr 


aoe) : 


and 
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jer d*s d‘Z Wh(r,s,Z) Unease) = 1 (16) Example 3.9. 


for the total wave function, where VT denotes the integration volume for Z. In 
order to understand the following note that the one-particle Wigner function 


tee 
fij@a = i} ag en Pau yt (2, 5%) M4 (2 4 5%] (17) 


yields the probability for finding a particle at a position Z,, with a momentum P,,. 
Here W(x) denotes the one-particle wave function. Now it is easy to evaluate from 
(15) the distribution function f(x) of, for example, the first parton: 


itZ Pa) =n fate Pi fat, f ate 


x Wh(r,s,Z) 


Up(r,s,Z)I,, ie 


1 
fh ll i — os eB 


(18) 


1 
Z1,p751 pts Up 


The normalization constant N is determined later. The probability of finding a 
parton with momentum p = xP at any center-of-mass coordinate Z is 


fis) = | 2 AZ,xP) 
=n f ate ceo [ez d'‘z> d4z, 
] 1 ] ] 
x vt (+,s -+ qe + 3) Wp (+s — are — i) 


=N / Cee 2) / d*Z dz d*z; 
2 
1 Pe 
x oo E (7? -2/ "| 
2 2 

<(5?- Sie =? 19 
+3(. (52) J+ (> i (19) 
The functional determinant 
1 -l 
=) eal 
Z 
is equal to one. By employing (16) we can reduce (19) to 


2 
ieoy= y fate exp (-iP, (x — +) exp (¢ Gi —2 (7) | VAD) 


Since this expression is Lorentz invariant, we can again evaluate it in the rest 
system: 


a! 
On4VT 


4 
=i (20) 


| Or, 5) 
(22, Za) 
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Fig.3.10. The experimen- 
tally observed Fy structure 
function of deep inelastic 
electron—nucleon scattering 


Hi [ee exp (—iM v9 (x — +)) exp (¢ Cr =p v’)) 


2 
=N (=) exp (—3E (x-4)*) (22) 


Now we recognize the following. For the simple quark model considered here 
the distribution functions are peaked around x = 1/3. This can immediately be 
understood, because it only means that each quark carries on average one third of 
the total momentum. Figure 3.10 shows, however, that the experimentally observed 
distribution functions increase monotonically for small values of x. This means that 
every charged particle has less momentum than one would expect from our simple 
quark model. Consequently there must be more partons in a nucleon than those 
three, which correspond to valence quarks. 


ees 


Because of the approximations leading to (22) x can become larger than 1 and 
even assume negativ values. In this case, however, f(x) is more or less zero. These 
difficulties are mainly due to assumption (4), which allows for arbitrarily large 
parton momenta (being the Fourier transform of a Gaussian distribution, (22) is 
again a Gaussian). Consequently /\(x) should be normalized according to 


oS 2 
i= [ fear =n (©) = (23) 


3M2 2 2 
fix) = 4/ 5 exp (-30 € - 3) ; (24) 


3.2 The Description of Scattering Reactions 


The function 


PNG) = 5 [FPO + FPO) 
=e a x fi(x)x (25) 


obtained in this way is depicted in Fig. 3.11. The qualitative deviation from exper- 
imental results is considerable. The failure of our model, however, yields valuable 
information about specific features of the quark—quark interaction, which help to 
obtain better results. In addition note that 


[e 6) Co 
1\ /3M@2 3M? 
3 = a ati 2 
J fico af («+5) ea 2? (po?) a 


1 
=3(045)=1 (26) 


holds. Therefore the three quarks together carry the whole proton momentum. 
Owing to our assumptions, this must obviously be true, and therefore (26) represents 
a test of our calculation. 


EEN (x) 
1.0 


*Experiment 


0.5 


0 0.5 1.0 x 


In the next section we shall discuss a more refined model for the nucleon, the 
MIT bag model. In Sect. 5.6 we shall see what the structure functions of this model 
look like. In fact they do not agree much better with the data than our results. We 
shall then also see how by adding Q* evolution from QCD ad hoc the results 
become much more acceptable. 
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Fig. 3.11. Comparison of the 
experimentally observed F2 
structure function of deep in- 
elastic electron—nucleon scat- 
tering with our simple model 
calculation 
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3.3 The MIT Bag Model 


Before we turn in the following chapters to today’s prevailing theory of quark— 
quark interaction, we shall first discuss a specific *bag model’, the MIT bag model, 
in more detail. Since no free quarks have experimentally been observed, one imag- 
ines that the quarks are tightly confined inside the hadrons. Inside of this confine- 
ment volume they behave mainly as free particles. All bag models must be regarded 
as pure phenomenology. It is at present unclear how strong are any relations of 
such models to QCD. Should the confinement problem one day be solved from the 
QCD equations (which we shall discuss in the next chapter), it might turn out that 
the model assumptions of the MIT bag are unphysical. Besides this basic problem, 
there are also problems inherent to the MIT bag model. The rigid boundary con- 
dition can lead to spurious motions, e.g., oscillations of all quarks with respect to 
the bag, and is not Lorentz invariant. 

These disadvantages are set off by the great advantage that nearly all interesting 
processes and quantities can be calculated in a bag-model framework. Sometimes 
there are quite far-reaching approximations involved, but in total these recipes 
allow for quite a good phenomenological understanding of subhadronic physics. 
This might be found more satisfactory than a strictly formal theory of quark—quark 
intcraction which fails to predict many physically interesting quantities owing to 
mathematical problems. 

We shall now formulate the MIT bag model. We start from the fact that the 
quark—quark interaction makes it impossible to separate colored quarks. This is 
most easily implemented by specifying some surface and demanding that the color 
current through it vanishes. This color current is analogous to the electromagnetic 
current: 


‘A as 

J = Ges Gy ga“ Yu («: (3.84) 
Ed 

with the eight color-SU(3) matrices A. The indices stand for the three colors (‘red’, 


‘blue’, and ‘grcen’). Let the chosen surface be characterized by a normal vector 
n,. Then the desired condition can be written as 


nO 7 OS 0s eee (3.85) 


| surface 


By introducing a four-dimensional normal vector we have reached a covariant form, 
but this does not correspond to a general covariance of the model because we must 
still specify the bag surface. Indeed we restrict ourselves to purely spatial surfaces, 
1c. The 


—-n- J* 


=). 

R=R(8,) (3.86) 
To simplify (3.86) further, color independence is demanded of the internal quark 
wave function, 1.¢., q;(v) = q(x), i =r,b,g. In this way we obtain the “quadratic 
bag boundary condition’ 


n aq| =) : (3.87) 


R=RO,p) 
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ee aes 


The expression n - y has the property that its square is the negative unit matrix: 


1 
(n-y) = ning slay + y%) = nin ll = —(ny -t=-1 . (3.88) 


Its eigenvalues are accordingly +i. Each quark state can be expanded into the 
corresponding eigenvectors, and the nice thing is that for just these eigenstates 
(3.87) is satisfied. From 


Reve ias (3.89) 


it follows by Hermitian conjugation that 


(qin-yy = ig, , 


7 _ (3.90) 
> GQ ,n-y= ig, 


If one multiplies (3.89) by q, from the left and (3.90) by qy from the right and 
adds both equations, then it follows that 


Gln oat = (3.91) 


and correspondingly for the eigenvalue —i. By restricting ourselves to eigenvectors 
of m--y, we can thus always guarantee that (3.87) is satisfied and must only solve 
the much easier linear equations 


gy == 14 ee G22) 


The disadvantage of this procedure is that other solutions of (3.87) that are not 
eigenvectors of n --y are in this way excluded. 

We shall show in Exercise 3.10 that eigenvectors to the eigenvalue —i are just 
the antiparticle solutions to those with the eigenvalue +1. We can therefore restrict 
ourselves to one sign. Normally we choose 


in(O, yp) - == eos 

WE) Vales = 2) ae i (3.93) 
as the particle solution. 

In principle we can choose any bag shape, i.e., an arbitrary function R = R(6, ~) 
and a corresponding normal vector n(@, ). The simplest shape is naturally a sphere, 
ies 


R(6,~)=R=const , n@O,y)=e , 


(3.94) 
=> —ie,-yq(|x| = Rk) =q(|z| = 2) 


Obviously there now remains only one parameter that is not fixed by the model 
assumptions, the bag radius R. Since it is unsatisfactory to choose K arbitrarily 
for every hadron, we introduce another boundary condition. This is obtained by 
demanding that the pressure of the quarks on the bag surface be constant. The 
model assumption leading to this is that the vacuum around the bag is a complex 
state exerting some kind of pressure on the bag. If this exceeds the interior pressure, 
the bag shrinks; otherwise it inflates further. How we can think of this pressure as 
arising is discussed in Sect. 7.3. 
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CLS  ——_—_——_———————__—————SSSS 


3.10 Antiquark Solutions in a Bag 


Problem. Show that a quark wave function obeying the equation 

in - ¥(x)q@x) = —q(x) (1) 

R=R(),¢) 

corresponds to antiquark solutions that fulfill 

in y(x)qQx) = Gx). (2) 
Solution. We have to recall that antiparticle wave functions are CPT transforms 
of the corresponding particle solutions: 

(= OR (3) 


In the standard representation this is 


CPT... = pin (inn Ht ; (4) 
Applying (4) to (1) we obtain 
G(x) = CPT| —in- a0] 
= Wi72 linaGn -¥*)(q@x)) | } 
= wire [Cin inn (ae) ] 
= yinn(in -7*) line (q(x)) | ; 
=in-y0i72 lin 73 (a@x)) | ; 
=in-yG(x) . (5) 


Here we have repeatedly made use of the fact that +, and 3 are real and that 2 
is purely imaginary. 

The antiparticle solutions therefore fulfill the modified boundary condition (2), 
i.e. we have only to determine the solutions of (1) in order to obtain the quark 
spectrum in the MIT bag. 


————— ESS 


To calculate the bag pressure we start from the energy momentum tensor for 
Dirac particles 


i eee 
Puy = ss 9 a te Woyy 4 @.95) 
q 
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Using the boundary condition (3.93), which in its most general form is 


mya ~ aia surface 
(3.96) 
ae 
a 4 surface 
it follows that 
ihe oO ri) 
a, as 52 je ee jane 
le : surface Dag age ae 4 
4 surface 
1 0 = 
i a) ‘Ones = 44 surface Cze 
With (3.91) it also holds from (3.89) that 
q =(0 . 
surface (3:28) 


The gradient in (3.97) therefore points in the direction of the outward normal. 
According to the usual definition the absolute value of nT7,,,, 1s just the pressure, 
so we conclude that 


eae 


==7,2 (3.99) 


surface 


Since n, = (0,—n), the force exerted on the volume element by the pressure is 
directed outward. The Dirac pressure (n? = —1) 


1 O 
Pp =e ae er ae S > ad (3.100) 
q 


surface 


is positive. For n” = (0,n) this becomes with n”0/0x” = (0,n) (0/8x°, V) = 
n-V 


1 e 
pet 22%: : (3.101) 


surface 


According to the model, this quark pressure must equal a constant exterior pressure 
B, 


1 
B=aon-V) dal 3.102 
a 7 nh R=R(O,~) ( 


Equations (3.102) and (3.94), together with the convention that the quarks are to 
be considered free inside the bag, dcfine the MIT bag model. By introducing the 
new parameter B, the radii of all hadron bags are fixed. 

In the following we shall investigate spherical bags. This is for sure the most 
obvious assumption for hadron ground states and has the additional advantage that 
the solutions can be found mostly analytically. We are thus looking for solutions of 
the stationary free and (for the time being) massless Dirac equation. The finite-mass 
case is discussed in Exercise 3.11. 
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pv =0 (3.103) 


with the boundary conditions 


(3.104) 


=B . (3.105) 


Owing to the spherical symmetry of the problem, an expansion into spherical 
spinors suggests itself, for example, as in the solution of the hydrogen problem: 


—({ 97)Xk@ 9) ~iEt 
-o ( yee) a aoa 


The operator @ - p is then 


« O 5 ie ae 
a- p= —ia,— +i (6K — 1) (3.107) 
Or r 
with 
Kxt =-—Kxt . (3.107a) 


The operator K = P(X. L + 1) has eigenvalues —« and «, with « being defined 


1 1 


f= —j =  10r f= 7 = — 
; 7 (3.108) 
Po for wi 
QO G : 
With a, = @ 0 ) we obtain from (3.103) 
P Q G 0 | B n 
(2 °) (gets Sk unee (3.109) 
Ansatz (3.106) then yields by virtue of 
Op Ne NS (3.110) 
the two equations 
d lh sae 
(5 +7-*)r= 2.00) (3.11 1a) 
and 
Mik wl 8 
| aa ee g(r) = -E f(r) > (3.111b) 


or 
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eles 


d st l—K = 
Er) im f=9 (3.112a) 
and 
d l+« 
(a5+ Er Jo=4r ; (3.112b) 
We replace Er =: z and take the derivative of (3.112a) with respect to z: 
@ il-K l-Kd d l+4 
(3 - - +e \f=ge-- ae (3.113) 
From (3.112a) it follows that 
Uae ie | Wasi el = ie 
pees ira ae 2 of (3.114) 
and consequently 
d? 2d  «K(l—s&) 
etem oa ats ae 


This is exactly the differential equation satisfied by the Bessel function: as f and g 
may not diverge more strongly than | /r at the origin, we must choose j, functions: 


é = forK <0 
J) = const x jer) , 2 Re eee (3.116) 
Analogously it follows that 
- Sa tor 8 
ec const «jeri et — { 2 ee (3.117) 


The factor from (3.117) can be absorbed into overall normalization. It remains to 
determine the relative factor from (3.112): 


fir) =jED) , lr) = ein), 3.118) 
a (5 +S ) ine) = ese) (3.1198) 
d 
(3 + S* ) cide) =n) , (3.119) 


For & < 0, (3.119) gives for c = 1 only the usual recursion relations between 
spherical Bessel functions of order ¢ and 2 = 2 —sgn(x), while for & > 0, (3.119) 
leaistoe — —1. 

The wave function of a massless quark in an MIT bag is thus 


E jel Er) x#(0, #) oe 
am ( aeeres xt AO, * jae ot) 


The normalization will be determined later. First we must check if a wave function 
of the structure (3.120) can satisfy the boundary conditions at all. We start with 
the linear boundary condition (3.104). Using (3.120) and (3.110) it reduces to 
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gee ee 


—ije(ER) x2,(9, 6) isgn(k) j(ER) x= (9, 9) 


or 
je(ER) = —sen(x) (ER). (3.122) 
Thus the linear MIT boundary condition can indeed be satisfied and yields an 
eigenvalue equation for ER. For « = —1 we obtain for example the solutions 
ER ee 2.043.159. 39678578. re. (3123) 


From the asymptotic expansions of the Bessel function, some interesting properties 
of the quark spcctrum can be read off. 


1. For a given k, e.g., K = —l, the levels become equidistant for large energies. 
This follows immediately from 


I l 
jv(z) = — cos (< — m n) oles =e) (3.124) 
Z 


For & = —1, (3.122) therefore asymptotically becomes 
cos (ER — =) =cosiER—7m) or tan(Zk)=—1 , G.l2Z3) 
which is obviously periodic in ER. 


2. The smaller |«| becomes, the higher the lowest eigenvalue lies. For very large 
values of v, 


Sa (=) ree auI26 
= = od 4 . 
Ta D207 2 i ( ) 


Condition (3.122) can only be satisfied if 
WES) | ie 

je-1(ER)| ee /e 

=> z>>|x|-1 


&K 


>| N 


(3.127) 


The smallest eigenvalue is thus always larger than || — 1. These two properties 
can also be seen in Fig. 3.12, which shows the lowest-lying energy states. 


What about the quadratic boundary condition (3.105): can it also be satisfied? 
Inserting (3.120) into (3.105), we obtain 
ld ; 
B= 5 Na Ve(EaR) X00, 8)* xe@, 4) 
q 


— (ER) X.,0, 9 X50,8)] (3.128) 


Equation (3.128) can only be satisfied if the right-hand side no longer depends 
on @ and ¢. This is only the case for « = +1, or when for higher « states the 
q sum runs over all j¢ quantum numbers (shells). As we are primarily interested 
in qq and qqq systems (mesons and baryons), we can neglect this last possibility. 
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171-22-33-44-55 6 K 


The quadratic boundary condition can therefore only be satisfied for |«| = 1. For 
\«| = 1 it holds that 


] 
sleep ay Llsizeny (gee ele 
ee Ni = ee (3.129) 


and from this (3.128) becomes 


1 2) a d 
B= Ae 2M (in EaR Ease F5 pa gq R) 


d 
— jz (EQR)Eg—— SIE ®)) : 32120) 
byV"4 4 d(EqR) lg" ( 
In the case that all quarks are in the lowest state with « = —1, it follows from 
(3.122) that 
re in ER) z io(ER) = —/\ (ER) = —jo(ER) (3.131) 
d d 
ER ER ER) — =j2(ER) — =jo(ER 
ERY! = aeRy" ) = jo(ER) sink ) = ) 
2 2 
= jo(ER) — gp E®) = jo(ER) — pploER) ' (3.132) 


and therefore 


1 ; | 
B= a Newt Na2E jo (ER) (1 = a) (3.133) 
where N, indicates the number of quarks in the bag. 
In Exercise 3.11 we shall show that 


ER 


NeW = oT 3.134 
B=] 2R3(ER — 1)/2(ER) ( ) 
and consequently 
1 iB 4  NQgER 
Aaa aoe 2 See pals 
B a, NaRs or rea ( ) 


Equation (3.128) thus yields for any quark content the corresponding bag radius. 
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Fig. 3.12. The lowest-energy 
eigenvalues of the quark 
states in the MIT bag. R de- 
notes the bag radius 
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CB. ———E_—=—L_—=SESE=EEaEEEE_E aS 


3.11 The Bag Wave Function for Massive Quarks 


Problem. Show that the bag wave function of massive quarks is 


van Jee(PT) less (1) 


ize Sentx) jz, Pr) x". 


with 


pe =f=1 io e<@ 

- K for KS0 

- =— ior @<o 
K-11 for t>0 


Show furthermore that the normalization condition 


if Pr vty =) Co) 
bag 
leads to 
N= 2 
— «S2E(ER +6) +m |je,(PRIIR (3) 


R = bag radius 


Solution. Adding the mass term to (3.103) yields 


i@—m)’=0 . (4) 


Correspondingly (3.109) becomes 
Pa a eee Ol) eG 
-i(? 5) (ge te 8k) tom) y= ew 6 (5) 
(3.111) then becomes 
d lL 
(+. +2 - *)s0) — (E ~m)g(r) = 0 (6a) 
and 


d li noe ake 
(f+44 =) ay +E myn) =0 (6b) 
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Now we insert g(r) = je,(pr) and f(r) = —[p/(E + m)]) sgn(«) Jz,{pr) and 
evaluate the left-hand sides of (6a) and (6b), respectively: 


a wisn 
alae sgn(k) (aes aes me a —*) ino") —(E —m)jz.(pr) =0 (7a) 
and 
d i) dois 
p ( cn as a *) jean) - Pp sgen(k) jz, (pr) = 0 (7b) 


With the help of recursion relations (3.119) (c = —sgn(k)) we then obtain 


p? 2 
Fp itelOr) — <A glpr) =0 (8a) 
and 
p sen(k) jz,(pr) — p sen(k) jz, (pr) =0 . (8b) 


In addition one sees directly that (1) transforms into (3.120) for m — 0. The 
modified linear boundary condition (3.122) 1s now 


Je,(pr) = —sen(s) far) - (9) 
By means of (9) we then evaluate the normalization integral: 


l= [er wip 
bag 


2 


= [or fio eas 


y Alo) eee (10) 


Employing the differentiation and recursion formulas of the Bessel functions 


jue) = —jal2) — jn) 

4 te (11) 
ieee = he) — jn(Z) , 

ee ONO 


tT (2) 


Jnqi) = mi (12) 


| | an 
Vette) trae) — 


we get 


Exercise 3.11. 
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Exercise 3.11. = G (120) ns) joss) 


= oe (120) ~ ins) ns) +27 2 inter( —jn41(Z) ag * (z)) 


~ in-ie)( —**FinssG) tnt) — (7S Ain-1@) nl) fines) 


Zz 
= 32? (i200) ~ ins) jnast2)) 


2n . : an 
42° exo —jn(Z) (inst) +h) a *n-u(2) inal) 
: 2n . mp ae Ml, 
= 327 te) +2°| Be) - +20) 
= Oe IG) (13) 
This relation allows a direct evaluation of integral (10): 


Rel. 
l= Nee Vé(0R) — je, —1(PR) je. +1R) 


2 


P D) : : 
at ae (12.08) — it, 1).it,408)) 
(14) 
Equation (14) can be simplified using (9). For « < 0 we have (see (12)): 
GeaCerl . Vaan]. 

EG lil 

Je, +1(pR) = Je(PR) , 

20 le 

Je,,-\(pR) = DR Je, (PR) — je, +1(PR) 
(15) 


2é,.+1 E+m\. 
=( pR op ) ean) 


; 2le+3. 
2) oR Je, +1(PR) — je, (pR) 


a Ce 
PR P 


= it (pR) 


Equation (14) therefore becomes 


R3 
= NF i2,0%))2- (Ae ¥ ae ee 
2 PR Pp Pp 


pe (1 eteen)| 


+/- =, 
(E +m) pR p 
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R3 
= N?—j; (pR [2-20 (SF tere 
D ire ) K p?R (E+m)R 


E+m 3 E+m | 


E+m 1 ) 


Uo Game’ fam | aeee 


Re 2E 4E—2m  4£E2 


p?R p? 
2R* , 
ay pilte PR) (2x +m-+ 26*R , (16) 
Hence 
= 2 : (17) 
R\je,(pr)|\V2KE + m+ 2E2R 


For « > 0 an analogous calculation yields 


ee No 
E+m 


Dope ig) = = je.(PR) , 
5 Woe ae J . 
yeh) DR Je,(PR) — je,,-1(PR) 
2 le a! Ne (18) 
Jt,,-2(pR) = Je, —t(PR) — Je, (PR) 
pR 
(J i | ) 
= + 1 }je,(pR 
( P pR BBP’ 
Equation (14) now has the form 
R? 20.+1 E+m\E+m 
riater| i ( pR. ) p 
2 
2 E +m 2é,—1 )| 
+ ——_—~ | —_— +] 
(E al Pp pR 
pe 2E 2m 4E? 
= N2—j2 2£,.—— Son a 
| PR’ PR p? 
phe op 2 
= prltePr) (2ne +m-+2E°R : (19) 


Therefore also for K > 0 N is also given by (17). The corresponding normalization 
factors for massless quarks are obtained by setting p = & and m = 0 (see (3.134)). 


nee 


Even in the simplest case, however, (3.135) leads to difficulties. From this equation 
a nucleon (three almost massless quarks in the ground state) and a pion (one quark 
and one antiquark) should have almost the same radius 


Is 


Exercise 3.11. 
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1/4 
w= (5) = 1.107. (3.136) 


This result does not agree with physical reality. The prediction for the pion mass 
is correspondingly much too large. In order to obtain a more realistic model we 
therefore have to go beyond the simple assumptions made so far. Before turning to 
MIT bag-model applications we want to discuss the necessary additional assump- 
tions. The main problem is the nonphysical equation (3.135). This can be changed 
by introducing additional pressure terms with different R dependence. Let us first 
consider the total energy, where the effect of these new terms can be seen most 
clearly. So far the total energy consists of two terms: the volume energy due to the 
external pressure B and the single-particle energies: 


4 
BB+ y= Fy Re const (3.137) 
q 


For Dee Wg —> Nqwg we immediately recognize that a variation with respect to R 
leads to (3.135). The first term added is 


ES 7 2=—const . Cues) 


Equation (3.135) then assumes the form 


x Ngwg — Z 


R4 
4nrB 


(G.139) 
A sufficiently large value of Z therefore allows us to adjust the mass and radius 
difference between mesons and baryons. Physically this new term is interpreted as 
the Casimir effect.The bag yields a lower bound for the zero-point energy of the 
gluon field. The smaller the bag, the bigger the zero-point energy of the vacuum 
oscillations. It is therefore clear that Ey vanishes for R — oo and diverges for 
R — 0. (For very small values of R, however, the bag boundary condition no longer 
makes any sense, because it is only an effective description of very complicated 
microscopic processes. Hence R must not assume values smaller than the typical 
length scale of the reactions considered.) Strictly speaking, we know neither the 
explicit functional form nor the sign of Ep. The results of simple model calculations 
do not justify (3.138) and are in addition completely unreliable, since the self- 
interaction of the gluons (i.e., the non-Abelian structure of QCD, see Chap. 4) has 
only been treated in a rough approximation. Equation (3.138) should therefore be 
considered a phenomenological correction term with unknown physical origin. 
The next problem is to describe the mass splitting within the baryon multiplet. 
Since all strange particles are considerable heavier than those with S — 0, the 
introduction of quark masses seems to be a reasonable first step. Therefore in the 
following we make use of the massive eigenfunctions and the corresponding energy 
eigenvalues derived in Exercise 3.11. The masses of u, d and s quarks are treated 
as free paramcters. This generalization, however, is not sufficient to describe both 
the relatively small splitting between © and N and the huge splitting between K 


® See G. Plunien, B. Miller, and W. Greiner: Phys. Rep. 134, 87 (1986). 
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and z. A further correction is necessary that assumes different values for mesons 
and baryons. We therefore introduce the following interaction between the quarks: 


R 
iby dr 
Hae 5) (c)- 6, a 142 fF musy (3.140) 
Gi 0 


with 


hee ia for a baryon 
4 for a meson 


ju; and a, denote the magnetic moment of the quark with index i and the coupling 
constant of the color interaction. 

Equation (3.140) is obtained by taking the color magnetic interaction between 
the quarks into account. For a more detailed treatment of these matters we refer 
to Chap.4, where the QCD equations are discussed. At this point it need only be 
mentioned that the derivation of (3.140) is not consistent. Again the gluonic self- 
interaction has been neglected. The electric and magnetic parts of the remaining 
interaction (which then look exactly like the electromagnetic interaction) are treated 
in a different way. In order to justify (3.140) we must therefore postulate that all 
contributions except the one-gluon exchange are described by the bag boundary 
condition. Since a, is treated more or less as a free parameter (within certain limits), 
(3.140) can also be interpreted as a phenomenological correction. Summarizing the 
above arguments we find that the total energy assumes the form 


= AT 13 p Be Eg 2 


3 3 R 


ag) (3.141) 
The bag radius is determined by 


JE ele 

—=0 , Bye ees (3.142) 
and all features of the specific bags can be obtained by using the wave functions 
introduced in Exercise 3.11. 

A total of about 25 to 30 experimentally observed values for masses, magnetic 
moments, averaged charge radii, axial coupling constants, and so on is available 
for fitting the six parameters B, Z, Qc, Ms, Mu, and mg. The agreement achieved in 
such a fit is in general better than 30%. 

Let us start with the masses. Figure 3.13 depicts both the theoretical and the 
experimental values for the following set of parameters:’ 


B=(146Mev)’ , Z=1.84 , a =22 , 


(3.143) 
m,=O0MeV , ma=OMeV , m= 279 Mev 


Clearly all the masses except that of the pion are quite well described. In general 
the modified MIT model, which has just been introduced, provides a satisfactory 
description of the light hadrons except for the pion. One possible way out of this 


7 See de Grand et al.: Phys. Rev. D 12, 2060 (1975) 
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Fig.3.13. The MIT-bag- 
model fit for the lightest 
mesons and baryons. (from 
P. Hasenfratz and J. Kuti: 
The Quark Bag Model, Phys. 
Rep. 40, 75 (1978)) 
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s+ +s EXPERIMENT 
== BAG MODEL 


PREDICTIONS 
MASSES USED 
TO DETERMINE 
MODEL 
PARAMETER 


J=3/2 J=1/2 
BARYONS MESONS 


problem is a combination of the bag model with a specific treatment of the pions. 
But we are not going to discuss these so-called hybrid bag models. 

Instead we evaluate the averaged charge radius and the magnetic moment of 
the proton within the context of the MIT bag model. The squared charge radius is 
defined as 


1 a 
Poa 7 fan fen fen Wi (OP)\Y, . (3.144) 


Here W, denotes the proton wave function, which can be decomposed into quark 
wave functions as follows: 


, (u = 5 = a (2u' aut) —ul(1)ut(2)d7(3) — ul (ul (2)a7 3) 
— ul(ijd! (2)ut(3) + ul (1)2d4(2)ut (3) — ut (1d? (2)u"'(3) 
— d'(1jul(2jd!(3) — at ajut(2ydt (3) + 2d!(1)u!(2)d"(3)) wee (3.145) 


ul(1) denotes the wave function of a u quark with 4p = +1/2 attached to quark 
number one. The structure of (3.145) follows from the flavor symmetry group. 
Taking the spin into account we have to deal with SU(6). Inserting (3.145) into 
(3.144) and employing the quark wave functions (3.120) (owing to (3.143), the up 
and down quarks are assumed to be massless) leads to (see Exercise 3.12) 


(yy) = 053 he (3.146) 
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The bag radius R follows by minimizing (3.141), yielding R = 1 fm (the parameters 
have been correspondingly adjusted). Hence 


\/(r2\on = 0.73 fm, (3.147) 


which agrees with the experimental value to within 20%: 


A (exp Ose 0.03 im . (3.148) 


The magnetic moment is obtained by evaluating the expectation value of the cor- 
responding operator: 


[tO> 


ee Es (3.149) 


2, 
Hy — Jen [en fen val ay (¢ T; x au) VY, . (3.150) 
i 


We again insert the wave functions (3.145) and (3.120). A detailed calculation, 
which will be performed in Exercise 3.13, yields 


ol _ 19 
UK 


(3.151) 


? 


where fix = e/2m, denotes the nuclear magneton and m, the proton mass. 


CS — SE 


3.12 The Mean Charge Radius of the Proton 


Problem. Evaluate the right-hand side of (3.144): 
(7? eh = t fan fan fers Wi (Or? Up (1) 
e 


Solution. Since r2 does not change the quantum number j,, all spin orientations 
yield the same value. Therefore we can restrict our calculation to one specific case, 


1 
WU, (u = ;] = (2u'(1)u!(2)d*(3) 
—ul(1)d'(2)u!(3) — d'(yul(2)u'@)) (2) 


The charge operator Or? acts on one quark at a time. For the proton it can be 


replaced by 
Or? > Or? + Ore + Oars (3) 


Equation (1) then becomes 


P23) 
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1 1 
Exercise 3.12. (r?\ch = : / er, ij Br. i arse (2u'(1)u!(2)d4(3) 


if 
—u!(1)d!(2)u! (3) — d!(1)u!(2)u!(3)) 
x (Oir? + Qord + Osr2) (2u' (ul (2)d4(3) 
—u!(1)d"(2)u!(3) — d'(1)ul(2)ut(3)) (4) 
All quarks are assumed to be massless and in the same state (namely the Is state), 


1.¢., we do not distinguish between up and down quarks. Therefore r? and r? can 
in the integrand be replaced by r?: 


Oirt + Oore + Osr} > (Qi+Q2+ Osi =erf . (5) 
Now the integrals over r2 and r3 can easily be evaluated by using the orthogonality 
relations 

3} st Ke 6 q, q’ =U, d 6 
diag (2) q (2) = 6qq/ SS s,s'=T, | : (6) 

] 
(r*)en = i Pri rts (4uM(uld) + ultajutay +d "ady) . 


Owing to the assumption made above, the wave functions of u and d yield the 
same contributions, and (7) simplifies to 


Os = fan fon reull(aula) (8) 


Now we insert the explicit form of the wave function (3.120) and skip the index 1 
in the remaining calculation: 


(a =N? far far Laenxd rd +E ENA 2 (QD. (9) 


Because of the orthogonality of the spherical spinors and because of (3.134), (9) 
assumes the form 


R 
ER 
hs SR yEw | or Ben +e) (10) 
0 


The remaining integral can again be evaluated by means of the recursion relations 
or simply by inserting the explicit expressions 


: sinz 
Jor) = 

e 11 
: sinz COS Z (11) 
Je ee 


Hence 
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ER(ERY 
2R3(ER — 1) sin*(ER) 


R 
So eee sin’(Er) = 7 Sin(Er) cos(Er) 1 
) ope ibe ey 


2 _ 
(r pen = Exercise 3.12. 


1 
 2E(ER — 1)sin(ER) 


‘we : 
x | —rsin?(Er) +r — 7 sin(Er) cos(Er) + sre? : (12) 
0 
The boundary condition 
Jo(ER) = j\(ER) 
=>  ERcos(ER) = (1 — ER)sin(ER) (13) 


simplifies (12) to give 


(Ven : 


~ 2E(ER — 1)sin°(ER) 
1 1 
x al. — ER)sin(ER) cos(ER) — = sin(ER) cos(ER) + 5 RE? 
_ —ER sin(ER) cos(ER) + 3R°E° 


2E2(ER — 1)sin?(ER) 
= 0.53 R? . (14) 


In the last step we have inserted the numerical value for ER, which is equal to 
2.0428. 


RRS. a————————=S=S=S=ESanSESaSa Ia sss 


3.13 The Magnetic Moment of the Proton 
Problem. Evaluate the right-hand side of (3.150) with the help of the wave func- 
tions (3.145) and (3.120). 


Solution. Since the SU(6) wave function of the proton is symmetric under permu- 
tations of the indices 1, 2, and 3, we have 


fe Ga x au) DB Pry Pr2 dry 


=> [% Ge x an) WY, ar dro drs 


_ ps ( r x as) wo Pr Pr drs . (1) 


Therefore (3.150) can in a first step be simplified to 
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Exercise 3.13. Hy = 3 fain dro drs val (Sa x an) WY, 
ee [en Hah ( x & a) ul (1) + 2u'q1)! sony Tr, X an) ut(1) 


Here we have drawn on the orthogonality of the quark wave function 
[er qtq’ = = = 6 qq! Oss! ’ q = U, d ’ BY =T,l ‘ (3) 


Next we insert the quark charges and make use of the fact that up and down quarks 
are described by the same spatial wave function. In addition we omit the index 1: 


10 2 
ES = - [er Eau x &)u! ale are x &)u! 
D 1 
a Gs x &)d! — qt x ana 
= eG xd@ul . (4) 


In order to evaluate this expression we insert into it (3.120) in the form 


1 

igs 5 

ul = iN ( Jol eLearn (5) 
if (Er) 6, x2, 


and obtain 


R 

e ! e . : bas 
o= sie / dr r? / dQ (iocervxdt, ~iEx2 6, ) 
0 
5 
0 Se Jo(Er) Ney 
x ra 4 fou 0) oer a 5 
if\(Er)o, x=, 


R 
= ae Jw P farijle Ere G x G)G, — G; (F x a) |xd | (6) 


0 


By means of the commutation relations of the a-matrices the term inside the brack- 
ets simplifies to 


[ewer On, Gore| = Eijk [ox Ge|rjre 
= Eijk 21K em Omrje 
= 2h (Se: Onyy ce 5¢j5im) rjreOm 


=2ing -F —2ir-giee (7) 


Hence 
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R 
é Pe; : 1 : 
My =5N? fdr? [ anincen rene 0)[2iro, — 2iro] G) 
0 


ANE - sin cos @ 
5 : : 5 
= far jcenyj(er) f a0 e3 — cos@ [snosins ; (8) 
0 cos @ 
where we have used 
(o;)ir = 573 (9) 
and 
r ee 
\Gos) == =cosé (10) 


Now we can easily perform the ¢, @ and r integrations: 


R i 
eN? 
oo a: Jo r? jo(Er) j\(Er) ic cos (1 — cos” 6) 
0 —1 


a es2N%e | ee sin(Er) (a a ee) 


Er ere Er 
0 
DN? re ene See 
= e335 FI? (-5 sin’(Er) — 45 sin(Er) cos(Er) + i). 
2N? aks owe 8) 
= €35 746 — SUNOS DS 5s : (11) 


Here w = ER. With the boundary condition 

wcosw = (1 —w)sinw (12) 
the expression inside the brackets can further be simplified: 

- ; (w sin? w + sin Ww COs Ww — w) + usin? 


Shea: ; : | eee 
=-3 (sin? w —weosw sinw + sinw cosw —w) + rig sin? w 


ee lee: 
Sy (sin? w + w cos’ w — w) + gw sin’ w 


3 : ae 
= aa =o) sin + gw sin’ w 


1 


= ria jie (13) 
Finally we insert N* from (3.134) 
we ne el 


eR 4w — 3 
= e3 ———_—- 
oat) 
with w = 2.04. 


= 0.203 eRe3 (14) 


Way 
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Clearly fz, has to be parallel to the z direction, because in the spherical bag 
model the quantization axis of the angular momentum is the only direction of 
special importance. 

Since #1, defines a direction, this special direction can be chosen to be identical 
with the quantization axis mentioned. In units of the nuclear magneton pu, = e/2m, 
the absolute value of the magnetic moment of the proton is (with R = | fm) 


Ith =02203 = Vim <2 x 93823 Mev — lo e 
UK (15) 
an 
BK ~ Qmp 


The value (3.151) differs considerably from the experimental observation, 
EPS 2 ne. EREY) 


The magnetic moments predicted for the other hadrons are too small as well. The 
ratios of these moments, however, are quite well described. 

Table 3.3 compares the MIT model results for the charge radii and the magnetic 
moments with the corresponding experimental data. 


Table 3.3. Comparison of charge radii and magnetic moments with the corresponding results 


of the MIT bag model 
a ti 
0.73 fm 


Woes se O03) shen 
—0.12 + 0.01 fm 
O78 = 0.10: fn 


2.793 


=I i3 : —0.68 
0.613 + 0.004 : =O) 711) sé O00 
23 Se O02 : Le se OM 


—1.14 + 0.05 : 0.30 ae 0,0 
—1.25 + 0.014 F —0.448 + 0.005 
—0.69 + 0.04 : S075 se OO) 
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There are other interesting quantities that can be evaluated in the context of 
the MIT bag model. One can usually achieve an agreement similar to that for 
the masscs, charge radii, and magnetic moments. Later we shall discuss at a much 
higher technical level the predictions made by the bag model for the proton structure 
functions. Let us now summarize the advantages and disadvantages of the MIT bag 
model. 


Advantages: The MIT bag model provides a phenomenological description of 
hadrons that is quantitatively correct and therefore allows for rough estimates for 
all quantities not yet experimentally observed. We can furthermore estimate what 
phenomenological consequences follow from additional quark interactions. For ex- 
ample, the bag model allows us to connect the known weak interaction of hadrons 
to the weak interaction of quarks. 


Disadvantages: The bag model is conceptually unsatisfying. The physical meaning 
of the specific correction terms is unclear and the model is neither renormalizable 
nor Lorentz invariant. In addition we obtain similarly good results with completely 
different approaches (see Sect. 3.1). The basic physical assumptions of these mod- 
els, 1.e., for the MIT bag the rigid boundary condition and the free motion of the 
quarks inside the bag, differ drastically. Therefore at least some of them should be 
wrong. 


4. Gauge Theories and Quantum-Chromodynamics 


Nowadays the common model of quark—quark interactions is an SU(3) gauge the- 
ory in a degree of freedom, arbitrarily called “color”. There are by now many 
experimental facts supporting this model, as we shall discuss later in more de- 
tail. It seems by now also to be proven that QCD (quantum chromodynamics) 
is able to correctly describe the most pronounced feature of quark—quark interac- 
tions, i.e., confinement, and that it will generate, for example the correct hadron 
masses. The results obtained so far are all compatible with the phenomenological 
properties, but in many cases the accuracy of theoretical calculations is still rather 
low. Typical uncertainties for hadron masses, for example, are 10 percent. In fact, 
the general acceptance of QCD is based not only on its own achievements, but 
also to a large extent on the outstanding success of the gauge theory of weak 
and electromagnetic interactions. For this reason we begin with a brief overview 
of the Glashow—Salam—Weinberg model. (The Glashow—Salam—Weinberg model 
combined with QCD is usually called the standard model). The typical features of 
gauge theories are discussed in the context of this specific model. 


4.1 The Standard Model — A Typical Gauge Theory 


The ideas of local internal symmetries and gauge transformations were introduced 
quite a long time ago. But the actual reason for developing the modern schemes for 
general non-Abelian gauge theories was the lack of a renormalizable field theory 
for massive spin-1 particles. 

Spin-0 and spin-5 particles are described by the well known method of field 
quantization employing the Klein—Gordon and the Dirac Lagrangians, respectively. 
This procedure also applies to massless spin-1 particles, despite some complica- 
tions owing to the four-potentials A,, not being physical observables. The theory 
obtained in this way proved to be excellent, in particular the part known as quantum 
electrodynamics. However, a consistent field theory for massive vector particles, 
especially a field theory of weak interactions could not be formulated. This prob- 
lem even led some physicists to doubt the whole concept of local field theories. 
On the other hand, having overcome that difficulty, quantum field theory is today 
considered the correct theory of elementary particles (the validity of a possible 
alternative, the so-called “string-models”, is still heavily disputed). 

We shall not analyze the properties of gauge theories in this volume. A deeper 
understanding requires a lot of formal knowledge, which we shall present in another 
book. At this point we restrict ourselves to describing the general structure of 
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ES 


gauge theories and we simply state that all theories built on these principles are 
renormalizable. 

The standard model contains the well-known electromagnetic interaction. Here 
the photon is described by the free Lagrangian 


1 
Io = GF awk , Puy = OpAy — OVA, (4.1) 


and its coupling to, for example, the electron via the interaction term 
Lin Uy eA, yyy (4.2) 


These equations already include the most basic assumption of quantum field theory: 
elementary particles have to be described by local fields and point interactions. 
As a matter of fact, only the four-potentials A,, and not the “physical” fields E 
and B can fulfill these requirements. If H and B are regarded as elementary, 
then the electromagnetic interaction has to be nonlocal. The best proof of this is 
the Aharonov-Bohm effect. The phase of a charged particle’s wave function is 
influenced by magnetic fields located in an area where the wave function itself is 
Zero. 

As is well known, Lagrangians (4.1) and (4.2) are invariant under the transfor- 
mation 


Ay(x) — Av(x) — OO), 


ex) —» eH(x) _ 


Equation (4.3) expresses the fact that not all of the four fields A,, correspond to 
physical degrees of freedom. Physical quantities must not depend on the arbitrary 
“gauge angle” @(x). This requirement leads to relations between the propagator and 
the vertex function, for example, which is important to prove the renormalizability 
of QED (the so called Ward identity). 

From the gauge symmetry of QED we are led directly to that of a general 
gauge group by replacing the complex-valued functions 4, by matrix functions. If 
® ,j =1,2,...,N is a basis in the chosen matrix space, we correspondingly have 


A(x) > SONAL) = Ae), 


i 


A(x) > S° NOx) =: A) ee 
J 


The specific choice of matrices determines the underlying symmetry group. If one 
chooses, for example, traceless Hermitian 3 x 3 matrices, then the transformations 


exp | ie Ss NV 6! (x) (4.5) 
J 


are nothing other than a three-dimensional representation of the SU(3) transforma- 
tions. On the other hand it is clear that any other representation of SU(3) instead of 
the chosen matrices would also have been possible. Since the \ matrices in general 
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isis} 


do not commute, the equations have to be slightly changed in the case of (4.4) (in 
addition in (4.1 — 4.3) we replace e by q): 


1 = sy = 7 TF wi 
lo= 4 us es \ > Puy = O,Ay — OAy + ig [Ay 4v] (4.6) 
Lim = (py —9An) YY, (4.7) 


A(x) — eig9@) (4.0) = ~2,) e719) 
‘ g (4.8) 
W(x) > FPOD(x) 


Now W(x) must be defined as a vector corresponding to the choice of A(x). 
(In principle Y could also be a matrix; then the trace of Lin, would have to be 
evaluated. Such cases occur in models trying to unify the electroweak and strong 
interaction with a single symmetry group.) The main content of gauge field theories 
is contained in the quantized equations (4.6) and (4.7). 

With these few remarks we have already formulated the basic ideas of gauge 
theories. But, like many others, this particular physical concept can be further 
investigated in two different directions. The first is to study the consequences of 
(4.6) and (4.7) in more and more detail. The second deals with the basics of these 
equations and tries to discover deeper-lying foundations. Persuing the latters we 
could e.g. give a general geometric formulation of the principles of gauge theories. 
Being geometric this formulation shows the same structure as the basic equations 
in the theory of general relativity. Such a correspondence gives rise to the hope that 
the unification of the theory of gravitation and quantum theory, which deals with 
all other kinds of interaction, is no longer completely unlikely. However, it is still 
not clear whether this correspondence expresses a real similarity of both theories 
or whether it just follows from the generality of geometric considerations. Some 
elements of the geometric formulation of gauge theories are discussed in Example 
4.1. Here we will discuss only the phenomenological cosequences of (4.6) and 
(4.7). 


RR ———EEE eS 


4.1 The Geometric Formulation of Gauge Symmetries 


For the sake of simplicity we consider a specific example, namely a set of spinor 
fields Y;(x),i = 1,2,..., N, combined as a vector 


W(x) 


W(x) (1) 


Wy (x) 
Furthermore we assume a local symmetry such that 


wW'(x) = exp (—igA(x)) V(x) (2) 
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is equivalent to Y(x). This situation is analogous to an arbitrary, e.g., contravariant, 
vector and its Lorentz transform: 


VE) , VP) = AM G)VYO@) . (3) 


The Lorentz transformation A(x) corresponds in this case to the gauge transfor- 
mation exp (—igA(x)). A well-known technical problem in the theory of relativity 
is the definition of a vector (in general a tensor) derivative. The evaluation of a 
quotient of differences 


V¥(x +h) — V(x) (4) 
h 


yields additional terms owing to the dependence of the metric tensor g,.,(x) on the 
position vector x. 
This problem leads to the definition of the covariant derivative 


ices 1, A (5) 


with so-called Christoffel symbols Ig, 


] 
Rae =a 59" (OGa0 an Crue == Og Gua) > (6) 


representing the position dependence of the metric, that is, the local coordinate 
systems. The covariant derivative (5) constructed in this way is invariant under 
Lorentz transformations. 


In a completely analogous manner we can write down (5) for the spinor fields 
W; 


O,V(x) > (Op + Dyulx)) Vx) =: Dx), (7) 


where I° u(x) 18 a position-dependent matrix with respect to the vectors VW. P nee) 
is determined by the requirement that the covariant derivative D,,Y(x) has to be 
invariant under gauge transformations exp (—ig@) that correspond to the Lorentz 
transformations. Writing —igAy, instead of is we have 


ID,Y(x) = (Pu i gAn) Wo). (8) 
D(x) eR), (9) 


= Pree : a = 
Ae ig A(x) (Aux) au +, eig@) =A, ; (10) 


Interpreted geometrically (5) is an effect of parallel transport. To evaluate (4), the 
vector V" has to be transported from the position x +h to the point x. But in a 
position dependent coordinate system this transport changes the vector’s coordinate 
reprentation (think, for example, of the coordinates r, 0, and yp of a fixed vector 
which moves on the surface of a sphere). '),V~ describes this change, which has 
to be subtracted from 0,V in order to reveal the physical, coordinate-independent 
change of the vector V“. Correspondingly A, — A,, represents the change of Y 
due to the position dependence of the gauge (see Fig. 4.1). Since the covariant 
derivatives are gauge independent and invariant under Lorentz transformations, 
this is also valid for their commutator: 


4.1 The Standard Model — A Typical Gauge Theory 


7\W(x+dx) 
/ 
/ 
i 
d 
dx"-D,yw (x) re 
/ 
w(x) ee Parallel-transport 
a 
(Dh Ke, -2194,,), (0, + 194,)| 
= igO,Ay — igOvA yn — gy Aya An 
= ig (a,A. = 0,4, 19 (4,40 ) 
=e 6 (11) 


The F,,, represent the physical part of the gauge fields, 1.e., the part that cannot 
be changed by simply choosing another gauge. Correspondingly in the theory of 
relativity we obtain the curvature tensor R“,,,p, describing the physical part of space 
curvature, i.e., the part that is not due only to the chosen coordinate system. Also 
R“,¢p is simply the commutator of the covariant derivatives (5), with additional 
terms occurring for the covariant indices. For example, for a tensor it holds that 


eee = ae ar ee a a (12) 


Because of the outlined similarity one could also focus on gauge symmetries and 
interpret the general theory of relativity as a special gauge theory. This kind of 
consideration would shift the whole discussion to the formal definition of a gauge 
group. Terms like parallel transport or curvature would not play any role. Covariant 
derivatives and field tensors F',, would be defined by their invariance properties. 
Only at the very end of such a treatment would one try to connect the obtained 
structures with physics. Consequently one is free to choose between understanding 
general relativity as a gauge theory and interpreting gauge theories geometrically. 


EEE Ee 


To formulate the standard model we need an additional concept, namely the idea 
of spontaneous syminetry breaking. Again the basic idea can be explained quite 
easily. If scalar fields are considered, interaction terms of the form $4 and ¢* can 
be renormalized. Therefore the Lagrangian 


L = -#t0p— 3 (te — 04)’ (4.9) 


sets up a well-defined field theory. (Such scalar quantum field theories are in fact 
somewhat problematic. It is possible that consistent renormalization requires the 
coupling constant to be zero. This possibility is called “triviality” and implies that 
(4.9) makes sense only if the scalar Higgs particle, for example, has some internal 
structure on the 1-10 TeV scale. For its phenomenological properties at the energies 


iS 


Fig. 4.1. The interpretation 
of A as a description of par- 
allel transport 
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we consider this is irrelevant.) Within the meaning of the Lagrange formalism the 
second term has to be interpreted as a contribution to the potential energy: 


ar 2 
Vy => (#to-) 


(4.10) 
Clearly the energy is minimal for |¢| = v = const. Hence this is the physical ground 
state. On the other hand a problem occurs if the theory is quantized in the standard 
way by means of commutator relations between field operators. Since (04/0) = 0, 
the state with v = |¢| = (vac|¢|vac) cannot in principle be constructed with one- 
particle excitations on the usual ground state. Therefore the physical vacuum state 
|vac) is not identical with the field theoretical vacuum state, |vac) # |0). The 
physical excitations are only obtained if fluctuations around ¢ = v are considered 
and if d(x) is quantized in the usual manner: 


P(x) > v+ B(x) , (vaclOlvac) = 0 . (4.11) 


There is no deeper physical reason for the fact that the excitations around ¢ = 0 
and @ = v cannot be expressed by each other. It only means that the canoni- 
cal quantization scheme is not complete. In fact it is possible to choose another 
quantization method without this disadvantage, e.g. quantization with functional 
integrals. We cite here without proof the following essential statement: 


If a (gauge) theory is renormalizable for B(x) = v + A(x), i.e., for quantization 
around P(x) = v, then it is also renormalizable for quantization around ®(x) = 0 
and vice versa. 


This makes the following trick possible. All particle masses M; are replaced by 


sey (4.12) 


M, -> 
For physical states one has to set d(x) = v + x(x). This yields just M; plus an 
additional interaction term, whose meaning will be explained later. So long as this 
term does not cause significant physical effects, the original theory has practically 
not been changed. In this case the theory is then exactly renormalizable if it is 
also renormalizable for a quantization around ¢(x) = 0, i.e., for vanishing mass 
terms. As it is possible to prove that certain classes of massless gauge theories are 
renormalizable, this is also true for the resulting theories with masses generated 
by (4.12), i.e., by spontaneous symmetry breaking. The crucial point is that spon- 
taneous symmetry breaking preserves gauge invariance, which is essential for the 
proof of renormalizability. 

In general ¢(x) is not a scalar with respect to the current gauge symmetry 
(i.e. not a singlet) but rather a multiplet. The vacuum expectation value v then 
defines a particular direction within this multiplet. Because of this one speaks 
of spontaneous symmetry breaking. This expression is quite misleading since the 
symmetry is really preserved. The choice of v should instead be compared with the 
choice of a specific direction of quantization in a spherically symmetric problem. 
Now we want to discuss spontaneous symmetry breaking for the special case of 
the standard model. 

The standard model describes the electromagnetic and weak interactions. The 
latter was first understood as a four-fermion interaction between, for example, a 
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neutron, proton, electron, and antineutrino. But it has been clear for a long timc 
that this can only be an effective description for a microscopic process, e.g., the 
exchange of charged so-called W bosons (see Fig. 4.2). Since the W fields are 
vectors and mediate an interaction (just like the photon), it is natural to regard 
them as gauge fields of a gauge group. To choose possible candidates for this 
gauge group does not cause any difficulties, if the following points are considered: 


1. The leptons exclusively couple to the corresponding neutrinos, for example the 
electron only to the electron neutrino. Therefore we have to choose a group with 
an irreducible two-dimensional representation if we want to avoid additional 
artificial assumptions. 

2. Except for Wt and W~ only a minimum number of additional gauge fields 
should be postulated. Hence the number of generators should be slightly bigger 
than two. 


These requirements lead directly to the group SU(2). But the SU(2) contains three 
generators. One could therefore try to identify the additional third gauge field 
with the photon. However, it is not possible to carry out this idea consistently. 
The construction principles, which have been outlined so far and which will be 
applied in the following to our example, demand a new neutral particle, the 2°, to 
be postulated. This involves the existence of a new interaction: so-called neutral 
currents. The experimental verification of this interaction and of the W and Z 
particles is one of the greatest triumphs of particle physics. 

Hence SU(2) x U(1) is the gauge group of the GSW model. The most frequently 
used representation of the matrices A; 1s 


0 1 Os ey ss Lae 


i.e., nothing more than the Pauli matrices for SU(2) and the unit matrix for U(1) (re- 
member that the generators act on the doublet states). If we denote the correspond- 
ing gauge fields by W/", Wi’, WH, and B, then F,,, from (4.6) is @,j,& = 1, 2,3) 


Fy = 0,08 WE + 1- By) — O(N Wi + 1 By) — 29 WEWL , (4.14) 
since 1 commutes with all matrices. Because 


tr{A;A;} = 26, ; tr{A; } —() ; (4.15) 


Fig.4.2 The Fermi interac- 
tion and its interpretation as 
the exchange of charged W 
bosons 


138 4. Gauge Theories and Quantum-Chromodynamics 


Lo is divided into two contributions, where we replace Wand B, by iW and 
Oe respectively, in order to obtain the usual factor (usually 4; = 5 Xi rather than 
A; are chosen for the matrices): 


i. eee 

Lo = — GW Wi — FB BY (4.16) 
Wi, =0,W! —0,Wi —genWiWe , (4.17) 
Bp 0,8 = O78) © (4.18) 


Also (4.7) can be written down directly for the gauge group SU(2) x U(1). The 
only real novelty is the appearance of two coupling constants g and g’ for the two 
gauge groups SU(2) and U(1): 


_ , 
Ling = (>, SNe 8, qe (4.19) 
Clearly the total Lagrangian Lo + Lint is then invariant under the transformations 


N WH = exp (ig6’ \’) @ Wi — 24) exp(—igl'’)  , (4.20) 


By, — exp (ig’0’(x)) (3, = = 3, exp (—ig’0'(x)) = Beene a 
(4.21) 
W(x) — exp (ig! (x)x’) exp (ig’@’(x)) Wax). (4.22) 


Since the U(1) transformations commute, (4.21) has a very simple form (just as in 
electrodynamics). Because of this simple feature one can allow different fermions 
to transform differently under U(1). If we replace (4.19) and (4.22) by 


is ye 
Lin = Dey (>, Soe ae £5, 7 ta (4.23) 
dj 
D(x) + exp (IgG! ()W) exp (ig'*L0"x)) Us (4.24) 


with arbitrary numbers yy, then the SU(2) x U(1) symmetry still remains valid. 

As mentioned earlier, the spinor doublet is identified with, for example, the 
electron and the electron-neutrino field; usually 1. is written as the upper compo- 
nent: 


Ue = (‘) | (4.25) 
IL. 


Here we also took the experimenal observation into account that only left-handed 
leptons and quarks interact weakly: 


PS%5 
2 


Equation (4.25) then yields the structure of the remaining fermion doublets: 


OD. Ce ly ee a 
te LL . = d’ - 5! . b’ . : (4. ) 


C= eo. (4.26) 


4.1 The Standard Model — A Typical Gauge Theory 


Here the quark fields d’, s’ and b’ are orthogonal superpositions of the mass eigen- 
states d, s, and b. The fact that the mass eigenstates differ from the eigenstates 
with respect to the weak interaction is one of the most fascinating features of the 
weak interaction. It is related to exotic effects such as kaon oscillations and could 
be responsible for CP violation.! 

Lastly we still have to define the Higgs sector. For Higgs particles we choose 
also the lowest SU(2) representation, namely the doublet: 


o= « ae , 1,23, and oy are real. (4.28) 


To maintain the gauge invariance of the theory, for the ¢ field also all derivatives 

have to be replaced by covariant derivatives (see Example 4.1). This yields the 
Higgs Lagrangian 

: Nv ; . » YH : 

tn = |(-i9 5 ea) eye a 


: = : (oto-v) (4.29) 


If now ¢ in Ly is replaced by means of (4.11) by 


0 
Qs (") +S (4.30) 
for example, then (4.29) generates the gauge-field mass terms 


( GW = iW?) ) 
g'yuBy — 9W,! 


\ 2 
Lira 2 


gu D. D Us ! Bu? 
ed are (gynBu-gWiy (4.31) 


Now we expand B,, and W; into two new fields A, and Z,,: 


1 ' 
Bu = (9 yuZy 0A.) ’ 
iD (ee 
g Nes vi (4.32) 
3 ee ene A 
Wi 3 ae 92 9 YH ) 
and obtain 
Cae 2 D Ue 2 P..BGD 4.33 
Ly? UE SAS ae 0 Jno (4.33) 


The A,, field remains massless and is consequently identified with the photon. One 
can also absorb yy in the definition of g’ and with these identifications all other 
y values follow. y, the so-called “weak hypercharge”, has to be chosen in such a 
way that all particles get their correct electric charges. This leads to the well-known 
Gell-Mann-Nishijima formula 


! See Theoretical Physics, Vol.5 by W. Greiner and B. Miller: Gauge Theory of Weak 
Interactions (Springer, Berlin, Heidelberg, New York 1993) 
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Fig. 4.3. The elementary in- 
teraction graph of the reac- 
tion ee — hadrons 
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y=24Q-b) , (4.34) 


where Q and #3 denote the electric charge and the weak isospin of each particle, 
respectively. Finally it is common practice also to generate the fermion masses by 
spontaneous symmetry breaking. This can be achieved by replacing all mass terms 
by corresponding couplings to the Higgs field: 


+. 
Me ee > ue ) Yo ow) ere + er gr 2 . (4.35) 

De Tee Cyn 
With these remarks we conclude our brief sketch of the standard model, which has 
been experimentally verified to a remarkable degree. At this point we turn to the 
question of what an analogous theory for quark—quark interactions has to look like. 


4.2 The Gauge Theory of Quark—Quark Interactions 


In order to construct a gauge theory of quark—quark interactions, one has first of 
all to determine the number of “charge states”, i.e., the number of different kinds 
of quarks with respect to the new interaction. Following our discussion in Sect. 1.1 
the minimum number of quarks needed is three. Now we want to give arguments 
indicating that there are exactly three quark states, i.e., three colors. 

The results of high-energy ete~ reactions provide the first argument. Here 
hadrons are created by pair annihilation followed by the creation of quark pairs. 
Suppose that the interaction in the final channel does not influence the cross section 
(this assumption is confirmed by deep inelastic scattering experiments (see Chap. 3) 
and follows from asymptotic freedom). Then the cross section is given by 


et q 


The graph in Fig.4.3 looks exactly like the corresponding graph for pt p~ 
creation. Therefore the ratio of the cross sections is simply given by the charges of 
the particles (provided the particle masses are negligible compared to the energy 
of the ete~ pair): 


CeCe 4g) 2 ey ee 2 
ame 6) re (3) |= 3u 


for Eon > 2 GeV S 2m, 2a, 2m, 


-[0-G)-G)-0) 


OT hoy 2 SIGN Sh, 


(4.36) 
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ge SN eee ee ay aa - iti 

Rei [= aii ms = wake ae 
(2) +) +(4)+@)+@)]e-3™ 
fora > LOGeV > 2ni,. 


If we compare this prediction to the measured values (Fig. 4.4), it becomes clear 
that the assumptions made above lead to the value N, = 3. The second argument is 
quite similar. We consider the two-photon decay of the 7° meson shown in Fig. 4.5. 
Owing to the relatively small pion mass only the u and d quarks contribute to this 
graph. The coupling to these quarks is well understood from studies of the pion— 
baryon interaction and the decay width 


N.\? 

I = 7.63 eV (=) (4.37) 
is obtained. The experimental value 

Pop) 50a: 0.32eV (4.38) 


obviously again favours N, = 3. As some theoretical assumptions enter the deriva- 
tion of (4.37), this argument is somewhat less direct than the first one. 

The last argument we want to discuss is of a purely theoretical nature. From 
a strictly empirical point of view it is therefore the least well founded. From the 
theoretical point of view it is, on the contrary, the most fascinating, since it states 
that the standard model is only internally consistent for three colors. This implies 
that there must be a fundamental symmetry linking the electroweak sector of the 
standard model to the QCD sector and thus motivates the search for a Grand Unified 
Theory. 

In the last section we claimed that all gauge theories with or without sponta- 
neous symmetry breaking are renormalizable. However, this statement is not valid 
in full generality, since there are graphs in the standard model, for example, that 
are divergent and not subject to the general proof of renormalizability. They can 
all be traced back to the triangle anomaly depicted in Fig. 4.6. If the loop momenta 
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Fig.4.4. The ratio of the 
cross sections for hadronic 
and muonic reactions in 
e pair annihilation, R = 
a(ete” — hadrons)/a(ete™ 
— pty). (From Review 
of Particle Properties: Phys. 
Rev. D45 (1992)). A com- 
parison with theory includ- 
ing radiative corrections is 
presented in Fig. 7.21 


Y 


Fig. 4.5. Graph for the x° > 
27 decay 


Aj 
tay V5 

WA, 

WAI 
2A y V5 

WA, 


Fig. 4.6. Potentially diver- 
gent graphs of the standard 
model. The plus holds for 
right-handed fermions and 
the minus sign for left- 
handed fermions 
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approach infinity (only this limit is important for renormalizability), the fermion 
masses can be neglected and the triangle graphs become proportional to 


f 


with + for left-handed particles and — for nght-handed ones. Here the ay denote 
the SU(2)x U(1) matrices from (4.13), taking into account the hypercharge defined 
in (4.23): 

N= pies (4.40) 


The contributions of both members of a doublet lead to traces of the \ matrices: 


So (fdltr[Ai {Aj Aba fd) — S © (f8|204)? |f8) 6;,46),45e4 (4.41) 
fd fs 


where fd = fermion doublet, and fs = fermion singlets. In (4.41) we also used the 
fact that all doublets are left-handed and all singlets are right-handed. For j,k # 4 
it holds that 


tr (A, Nid) = 2 Sy tr (A;) ath: (4.42) 
forj =4,k #4 that 

tr (A), 5e}+) =2>tr (Aix) = (4.43) 
and for; =k = 4 that 

tr (Nt), \d+) =2 $7 tr (X;) ean (4.44) 


Consequently Fig. 4.6 leads to terms that are all proportional either to 


h = 5 (fdlp|fd) (4.45) 
fd 
or to 
hh =25 “(fdlp?|fd) — 5° (£8193 | fs) (4.46) 
fd fs 


The charges, weak isospins, and weak hypercharges belonging to the quarks and 
leptons of the first family are listed in the following table. 

Let us remember that the quark mass eigenstates d, s, and b are not the eigen- 
states of weak interaction. This quark mixing is indicated by the subscript C, which 
stands for “Cabbibo”. With (4.34) it follows for the pair e, ve, i.e., for the doublet 
Ye,, eL and the singlet ep, that 
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Table 4.1 The first fermion family of the standard model 


+ 


1 
3 
ul 
3 
4 

+4 + 
2 
3 


-- 


Wile WIN Wl Wi 


h=-1 , h=2~x(-—1) -(-2) =6 (4.47) 


and correspondingly for a quark pair, e.g. uy and d,, up and dg that 


3 3 5 
me Oe ae ae 


If there are exactly three times as many quarks as leptons, then /, and J) vanish, 
i.e., the large loop momenta do not contribute to the graphs in Fig. 4.6, which then 
are no longer divergent. Assuming in addition that there are just as many kinds of 
leptons as quark flavors, we conclude that there must exist three colors. 

This argument might have a problem, since the graphs of Fig. 4.6 might be 
renormalizable in the context of an improved field theory or in a theory going 
far beyond field theory. We know, however, that they cannot be renormalized 
on the basis of the present understanding and with any technique developed so 
far. The role of the anomaly is so fascinating just because it seems to point to 
something beyond the standard model. It has many most interesting consequences; 
for example, owing to the anomaly, the standard model should violate separate 
lepton and baryon number conservation, conserving only B—L, which again shows 
that it is intimately connected with any unifying model. 

Altogether the arguments discussed are sufficiently convincing to demand that 
every theory of quark—quark interactions has to start with three color states. In 
analogy to the standard model it is quite natural to regard them as the fundamental 
representation of a SU(3) color group. It is actually relatively easy to see that SU(3) 
is the only possible compact simple Lie group. These Lie groups are completely 
classified and one can look up their irreducible representations in, for example, 
R. Slansky, Phys. Rep. 79, p. 1-128. SU(3) is the only group which has complex 
irreducible triplets. The only alternative to standard QCD are therefore groups that 
are spontaneously broken to a SU(3) symmetry group plus some high mass residues 
of the original, larger group. Consequently the basic equations are just (4.6) and 
(4.7), where we have changed the sign of g and 6(x) in order to agree with common 
conventions: 
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8 
e I. “ ; 
p02) == ) 7 ray) (Aq = SUG) matrices), 
a=l1 


(4.49) 
8 
lle 
A(x) = ie 5a" (x) ; 
a=1 
and 
¢ Meter i Lae 
ae) = el99) (4.6) ar +a.) © ete) (4.50) 
V(x) > 9x) 
The quark wave function is then a color-SU(3) triplet 
W(x) 
Ge [ss (4.51) 
W(x) 
and the Lagrangian is 
| 8 ren s 
a = WG yl! VO, a GA ye (4.52) 
with the tensor of the gluon field strength 
Hin = O,Ay— @,A, = 19 [4n,A0| (4.53) 


Equations (4.49) to (4.53) completely define the theory. They lead to the Feynman 
rules and allow the evaluation of arbitrary graphs. This procedure has been very 
successful for all field theories discussed so far, but in the case of QCD it has 
to be applied with care. Here the essential question is under what circumstances 
does such a perturbative expansion in the coupling constant converge. One finds 
that the smallness of the coupling constant is an insufficient criterion. It is still 
not completely understood, for example, whether the perturbative treatment of 
QED really converges or whether this is only an asymptotic expansion. In the 
latter case the evaluation of additional classes of graphs would yield improvements 
only to a certain order in a. The consideration of higher-order terms then would 
again worsen the agreement with experimental observations. Unfortunately the 
QCD coupling constant has to be chosen in such a way that the convergence of 
the resulting perturbation series is not clear. To be more precise the convergence 
depends on the value of the momenta that occur. In the case of large momenta, for 
example, in deep inelastic electron—nucleon scattering reactions, we shall show that 
perturbative calculations agree very well with experimental results. But for small 
momenta no convergence can be observed. This fact, however, fits quite well into 
the general picture, since quark confinement, for instance, is supposed to be a 
nonperturbative effect. To what extent is this behavior characteristic for the SUG) 
theory? In fact only the way in which g decreases with increasing momentum is 
typical for the SU(3) theory. An SU(4) or SU(2) theory would lead to a stronger or 
weaker dependence, respectively. For a U(1) theory, e.g., QED, even the opposite 
behavior occurs. Here perturbation theory converges very well at small momenta 
and breaks down at unphysically high scales (of the order of 102° GeV). 
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General features are thus not necessarily characteristic for the chosen theory. 
Only a thorough and detailed analysis of many processes with different momentum 
transfers can prove the validity of the QCD equations (4.49)-(4.53). The completion 
of such an analysis is still out of sight, but the evidence in favor of an SU(3) colour 
gauge theory is meanwhile so strong that now hardly anybody seriously doubts its 
validity. 

Before we turn in the next chapter to perturbative QCD for large momentum 
transfers, Example 4.2 introduces the Feynman rules for QCD. Finally, Example 
4.3 gives more details on the dependence of the coupling constant on momentum 
transfer. 


RO ——E—————eE~_——E>y—L—L—>>__—>EEE—_—RE EEE 


4.2 The Feynman Rules for QCD 


First we discuss the vertices, starting with the quark—-gluon vertex, which can be 
deduced from the following part of the Lagrangian: 


ae 
Lint = V9 WAY (1) 


Throughout this problem latin letters a,b,c,... denote the SU(3) index. One has 
to sum over indices occurring twice (a = 1,...,8). 

In general Feynman rules are obtained by varying the corresponding action 
integral in momentum space. Here 


5? 
5Wi (p)60,(p')5A°”(k) 


(2) 
x / Hpr)9 wd DUANE + pr — p3) dp; d’po d*py 


has to be evaluted. Using 
bY (p1)5 

j 

ow(p’), 


we can simplify the quark—gluon vertex to 


= 6" — p')6j64~ ete. (3) 


b 
9 (5) (worn) Op! +k —p) (4) 


J 


k,b,v 
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Example 4.2. Since the gauge field is non-Abelian, the gluon Lagrangian also contains second 
and third powers of the field A,,, which lead to gluon-gluon interactions. 
The three-gluon vertex is evaluted in an analogous way. From the Lagrangian 
we obtain with 


POON? |) Slip C08 | ee Cire (5) 
the following three-gluon terms: 
—5 tr Funk} 4 -- (0,,A%, — O,A4) farcA’*A™. (6) 


Again this is transformed into momentum space and varied with respect to the 
fields: 


&° 
5Al, (ky OAS, (kp 5A (Ks) 


x { = fF fin wAbten) ~ ips Ailos)] fe?” 2) 


x A°M(p3)(27)'54(p) + po + ps) d’pi d’pr atps} 


_ 6 g a 
= sages 5 | [owl tPneneron) 
Px ks ufcA” (pia (p2) ar 2frcaA°” (pi) (pa" AZ (p2) 


— p2v4""(P2)) | (27)*54(p) + po + ks) d*py aps} 


6 ss oT o CT 
= sO) | [bohwd MPI + bhacd) 


+ fisa (p" A? (p) ~ p7 A" (p)) + ka fics A" (p) 
ze hahesA” (pg | (2n)'d'(p + ky + k)d4p 
=-ig ks "fis 9°7 + ks "fis 9?” + Sisr (kx 9°? — ky? 97”) 
top ere? = be a’) | (27)4 64(ky + ky + ks) 
ae (cy Pn \gae (ka? a a 


+ (is? — h1")97 |Ony Si the hs) 7) 


k,,V,p 
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Also the four—gluon vertex can be determined in the same manner. Here the relevant Example 4.2. 
part of the Lagrangian is 


] = = 
5 tthe} 

1 e i ry wo te ip ie 5 
BO ig eS) 


1 2 
= = 5AM AMA Tt NN} tah 


D 
= -= Eel ae oa (8) 


Performing the standard transformation to momentum space simply yields all pos- 
sible permutations of the four index pairs (a,a), (b, @), (c,y), and (d, 4), 1.¢., a 
total of 4! = 24 terms: 


| a 
ai — 9" for ghisg bae Ope Scr Ong g? ae OgeOns Ces barg boo 
4 


ae Sac Spr bcp Sasgeeg”? + bac Sores ba Pg” 
Bro ae Ons SerSapg° 9”? + ba05bs Sep Sarge gh? 


Her franteshrosytersf—n| 


2) 
= -= alg 7g —o 9°") 


ee eG Ge a eealerG Go G4 (9) 


Because of the permutation relations concerning fegfrsg, the three terms denoted 
by (e —~ r,f — s) etc. contribute the same as the first one. The complete vertex 
factor is then 


a,a,k, b, Bk, 


d,0,k, CY, Ks 


6 6 
=f ite ee? = as 


+ feac} edb Go Es ga) 
+feadfebe (g%?g° re ee) 
x (20) Oki tho tha tha) . (10) 


In principle the propagators are identical with those in QED. Hence the quark 
propagator 1s 
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—_—___>—___—_—_ 


1 


eae ee (11) 
p-y—m+iE 


and the gluon propagator could be chosen to be 


at V, b 
AP SDARALDADIS 


Guv lab 
"EB tie oe 


In QED the rule holds that outer lines only propagate real physical degrees of 
freedom, in particular transverse photons. On the other hand, inner lines (those 
occurring in loops) represent all degrees of freedom. The latter is possible because 
the nonphysical components do not contribute to closed loops. However, in QCD 
additional vertices occur resulting in additional loops that no longer exhibit this 
feature,.2.2. 


wand ew 


Therefore we have for every inner line to subtract the nonphysical gluonic con- 
tributions. This can be achieved by introducing an artificial particle without any 
physical meaning. The couplings and the propagator of this particle are chosen 
in such a way that graphs containing this particle cancel the nonphysical gluonic 
contributions. The corresponding graph is 


Here the dashed line denotes the new particle just mentioned. Because of their 
nonphysical nature these particles are called “ghosts” or “ghost fields”. We shall 
not discuss here, how these fields are exactly defined and how their couplings are 
determined. We only list the corresponding Feynman rules. 

One should be aware of the “i” in the expression for the vertex. Already this 
different phase compared to (7) shows that certain cancellations of ghost and gluon 
loops are possible. The Feynman rules discussed above are summarized in (15-21). 
In order to indicate the different possible gauges, the gluon propagator is given in 
its most general form, assuming 0,4“ = 0 (transverse gauge). From QED we 
already know the Landau gauge (A = 1) and the transverse propagator (A — 0). In 
fact an arbitrary mixing of these two cases can also be chosen. Gauge invariance 
implies that in the evaluation of a physical process all A-dependant terms cancel 
each other or are equal to zero: 
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H,a,k Example 4.2. 
\ 
7 ‘ 
Bf ae 
7 S 
cq b,p 
—igfarcPu(2m)* 6°(p — k — 4g) (13) 
and 
eee ei = eee 
(14) 
p? +i€ 


Note that all Feynman graphs are frequently multiplied by an additional factor i 
because the starting point of a perturbative expansion is really i f L(x) d‘x and not 
EG) d*x. However, this only leads to an unimportant overall phase. 
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I 
Example 4.2. 9 (5*") (w)p2ny O(p' +k—p) , (18) 
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4.3 The Running Coupling Constant 


We discussed above that in general a perturbation series converges for a given 
coupling constant only at some momentum transfers. This behavior is easily under- 
stood, since the renormalized coupling constant is defined for a specific momentum 
transfer. In QED, for example, one can choose the incoming and outgoing photons 
to be on mass shell, and then 


e e 


fy 4u 


a A2 a 
ci —! = 2 
Gin 2 on og (=) for q 0. (1) 


For other values of g? this graph then yields a finite, q?-dependent renormaliza- 
tion, i.¢., a finite additional contribution to every electromagnetic process. These 
corrections can be given analytically and taken into account by a redefinition of 
the electric charge. We obtain in a massless QED 


De ae A 
iq?) = aa he Q) 
= Ce.(q? = —M*)In (q?/ —M?) 
The value of the constant C depends on the number of fermions considered by the 
theory and on the fermion charges. From (2) it also follows that q’ = 0is a special 
value, quite unsuitable for renormalization (here eg is equal to zero). Therefore 
q? = —M? is usually chosen as the renormalization point. Equation (2) denotes the 
additional contributions to all massless QED graphs caused by vacuum polarization. 
e2(q’) is valid only for a certain q? range: if q? < 0, Cez(—M?) In (q*/ = M?) < 
1. In this range it can be interpreted as a physical charge. For Ga 0m esq”) 
becomes formally complex and such an interpretation is no longer possible. In the 
latter case e4(q7) reflects the fact that the following graphs lead to different phases. 


(3) 


The divergence of this “charge” for 


2¢_yge q 
Cep(—M*) In mY? — 1 


indicates the breakdown of perturbation theory. For values of —q? this large the 
contributions of two-loop corrections become as large as those of one-loop graphs 
in (1) and so on. If also the higher corrections are taken into account, we obtain 
instead of (2) the nonconvergent expression. 
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Fig. 4.7. QCD graphs taken 
into account by a.(q7) 
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e*(—M?) 


An) = 


Since QCD 1s a scale-free theory, it is possible to define a running coupling constant 
for it, which takes the finite corrections due to the graphs shown in Fig. 4.7 into 
account. We get 


a,(—M?) 


eee (5) 
=) 2 ’ 
1 a (OME) In (7) 


a(q7) = 


where Nr denotes the number of quark flavors with a mass much smaller than 
5 /-@?. We shall derive (5) in Sect.4.4 after having introduced the necessary 
techniques in Sect.4.3. Here we only want to discuss its phenomenological mean- 
ing. Equation (5) includes two parameters M? and a,(M7), which, however, are 
not independent of each other. It is possible to introduce a quantity A = A(M) 
such that 


2 2 
OST (MP) In(A/M2) = 1, 6) 
leading to 
2 4a 
a Gene nee Ma 


Hence the running coupling constant is fixed for all momentum transfers by one 
parameter. A can be determined by investigating high energetic ete~ pair annihi- 
lation and many other processes. The “world average” of these results is 


as(—(34 GeV)*)  0.144£0.02 . (8) 


Clearly the g? dependence of the strong coupling constant is determined by N,, 
i.e., the number of quarks with M? < |q?|. In Fig. 4.8, (7) is plotted for Nr = 6 
and Nr = 12. A has been fixed to obey (8). The plot for Np = 6 increases rapidly 
for small values of \/—g?, i.e., the interaction can certainly not be described by 
perturbation theory below 500 MeV energy transfer. This conclusion is not valid 
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for Nr = 12. Since at these energies the real physical hadrons have a strongly 
correlated structure rather than appearing as a group of free quarks, it follows 
immediately that the number of “light”-quarks cannot be much greater than six. In 
fact only two “light”-quark doublets have been discovered. This example yields 


a;(—(100 GeV)’?) = 0.2 = A=112MeV for Np=6 . (9) 


The currently discussed values for the scale parameter of QCD, Agcp range from 
100 MeV to 300 MeV. It should be mentioned that Fig. 4.8 contains an invalid 
simplification. In contradiction to this figure Np decreases with decreasing ,/—gq2, 
because an increasing number of quarks must be considered massive. 


1 0 1 In [4q2/GeV] 


Equation (7) can be interpreted as antiscreening of the charge unlike the usual 
screening in QED. The vacuum polarization graph in (1) leads in the case of QED 
to a polarization of the vacuum, which in the context of field theory is a medium 
with well-defined, nontrivial features.? This behavior is depicted in Fig.4.9 for 
an extended charge. In QCD the corresponding graph with a virtual quark loop 
shows the same effect. Here, however, there is also a gluon contribution. Since the 
gluons carry a charge, their virtual excitations can also be polarized. Therefore the 
analogous graph Fig.4.10 is somewhat more complicated. In particular the total 


Quark - vacuum charge N,<17 
—-- hy ty 
iy +7 Ha 
—-GS-- a ve 
-_ >< - + + 
Soo ++ 
--— a 
(+)+ Gluon - vacuum charge > N,217 
rer --- 
+ + ——— 
+ + = = 
a | Oe 
+ + eas 
ieee = 


2 See W. Greiner / J. Reinhardt: Quantum Electrodynamics 2nd, corr. ed. (Springer, Berlin, 
Heidelberg 1994) 


Example 4.3. 


Fig. 4.8. Running coupling 
constants for the unphysi- 
cal case of 6 and 12 dif- 
ferent massless quarks. Both 
curves assume the value 
a(—100 GeV’) = 0.2 


Vacuum charge 


Fig. 4.9. Charge screening in 
QED 


Fig. 4.10. Charge screening 
in QCD. Nr denotes the num- 
ber of (massless) quarks 
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Fig. 4.11. Gluon vacuum po- 
larization for QCD 


charge distribution depends on the dominance of the quark or gluon part. While the 
latter is defined by the gauge group, the first part increases with every additional 
quark until it dominates the theory and QCD shows the same behavior as QED. 
From this argument it also follows that the antiscreening in SU(N ) gauge theories 
in principle increases with N. Even the explicit form of that dependence can be 
understood. The gluon contribution is simply proportional to the number of possible 
permutations for the loop gluons in Fig. 4.11. 

For QCD, i.e. SU(3), ¢ can assume three values; for SU(\) there are cor- 
respondingly N values. Therefore (7) becomes, in the case of an SU(N) gauge 
theory 


An 


1 x IN — 2p In (—q2/A2) (10) 


an (q’) = 


4.3 Dimensional Regularization 


Currently so-called dimensional regularization is considered to be the standard 
procedure for regularizing quantum field theories. Only in special cases, where 
some specific disadvantages of this method show up, are other procedures, such 
as Pauli—Villars regularization or the momentum-cutoff method, employed. For 
lattice gauge theories, however, regularization is automatically provided by the 
lattice constant, which necessarily yields a rather special regularization scheme. In 
the following we only discuss dimensional regularization. 

The basic observation that motivated dimensional regularization is that only 
logarithmic divergences in standard quantum field theories are encountered and 
these vanish for any dimensionality smaller than 4. Thus if it is possible to define 
a generalized integration for noninteger dimensions “d” the usual divergences will 
show up as poles in ‘“d-4” which should be relatively easy to isolate. To realize 
this idea it is advisable first to simplify the divergences that occur by a trick known 
as “Wick rotation”, namely by continuing it to imaginary energies. As mentioned 
above, only logarithmic divergences are encountered, and so a typical divergent 
integral has the form 


(kK? — mj} + ie) [(p +k)? — m2 + ie| oe 


One awkward property of this integral is that its behavior for large k,, is not uniform, 
since k* = (k°)? — (k)? can stay small even when k° and |k| both become large. 
This problem can be circumvented by continuing k° to ik? (k — kg), implying 
that 

K+ —() = (he)? = 


+ 
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with kz = (ke) + (key. (ke), is obviously a Cartesian vector that becomes 
uniformly large if (kz),, — ©, So it is much easier to analyze the ultraviolet 
divergences for (kz), than for k,,. 

To perform the Wick rotation one has to deform the integration path of k°® in 


the complex plane. Figures 4.12 and 4.13 show the positions of the poles. We now 
use 


co —ico 

fet fae. f dk®...+ | dk°... 
/ Cc Cz 

=) +100 


-{ 0 for Fig. 4.12 _ (4.55) 


residue for ky = \/(p + k)? — m3 — po for Fig. 4.13 


Im ko 


-V(p+k)?+m} -potie 
x x 


Re ko 
-¥k’+m? +ie x x 
V(p+k)?+m3 Baie 


Im ko 
-¥(p+k)’+m} -pytie 
x x 


-Yk?4+m? +ie x 
V(p+k)?+m} -po-i€ 


The € prescription in (4.54) guarantees that the integrals over the arcs at infinity 
Jo, dk® and Se, dk® vanish. This can easily be seen if we use 
1 


] | 
(k2 — m2 + ie) (p +k} — me + ie 
[o.@) [e-@) 
= -i f do ciatonitine_iy f a ae [w+hy? —m} +ie| : (4.56) 
0 0 


From k° = R e’?, 0<y< anda << 3m with R — 0, we get 


Im(k?) = R? sin(2iv) + O(R) > 0 (4.57) 


Fig.4.12. Poles of the inte- 
grand in (4.54) for po < 


V(p+ ky + my 


Fig. 4.13. Poles of the inte- 
grand in (4.54) for po > 
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such that all terms vanish exponentially. The result of the Wick rotation is therefore 
oO 


! 1 
if k2 — m? + ie (p +k) — mj +ie 


—oCo 


= i‘. qk 1 
fig | KE +m? ic (pe + ke? + m3 — ie 
+ possibly a finite residuum. (4.58) 


The residuum that possibly appears is finite. As we intend to isolate and substract 
the divergent part of the integral (4.54) we do not have to bother about this finite 
contribution. We define the renormalized integral as (4.54) minus the divergent part 
of (4.58); this definition is not affected by the finite residuum. 

Furthermore we omit the index “E” assuming all momenta to be Euclidian. 
Next we proceed to define an abstract mathematical operation which we want to 
call d-dimensional integral: 


/ d?k f(k) 
First we impose the following conditions: 
1. Linearity 
i d?k[af(k,) + bg(ku)] = a if d?k f(ky) +6 / Ge ullay (4.59) 


2. Invariance of the integral under finite shifts (p,, finite) 


if dif (ky) = / WA ku + Pp) - (4.60) 


3. A scaling property 
j iO) =e / do (Gan (4.61) 


From these definitions it is not clear what is meant by a vector in k,, dimensions. The 
point is that it is always sufficient to treat scalar integrals. Any vectorlike integral 
is completely specified by its values if contracted with few linearly independent 
vectors and those scalar integrals can be analytically continued. Bearing this in 
mind it is, however, helpful to use vectors like k,, as a shorthand for a collection 
of suitably defined scalar products. 

The d-dimensional integral is now defined by its action on a set of basis- 
functions 


_ 2 
M4, 2) ee eae (4.62) 


Properties (4.59) and (4.60) guarantee that all functions decomposed in this basis 
can be integrated once the integral 


i: dik eae (4.63) 
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is known. Here the scaling property (4.61) becomes important, since it reduces any 
such integral to a single one: 


/ d¢k e4e = 4-4 / dk ek (4.64) 


As we want the d-dimensional integral to coincide with the usual one for integer 
values of d we impose the condition 


/ dike ant. (4.65) 


This relation is derived for integer d in Exercise 4.4. We note for later use that in 
Exercise 4.4 we also derive (8) 


[e.@) 


d ee 1 (273 d even Wy 
ic kf(k’) = Gan - ones! ee } fares . (4.66) 


0 
With I’ (+) = ./7 this can be written as 
d 
; 4 Z 2 2 — (oe 
2(n)3 7 deven: 272 x = x Fal x x 5 = aon 
IP dv =e 
ead 3p eee eee an een 
(4.67) 
2(1 
i MGC) = ay (ue Lice ae (4.68) 


Equation (4.68) will be used constantly during dimensional regularization. 
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4.4 The d-Dimensional Gaussian Integral 


Problem. Derive (4.65) for integer d. 
Solution. For integer d and Euclidian k,,, p = 0,1,2,...,d — 1, we define 


kyo =kcosv, , 
ky =ksind,cos¥._ , 


ky =k sind, sinv¥2 cosv3_ , 


(1) 


a = ksinv, sint2... sin Ug—2 COs U7 


kq-1 =ksin Vv) sin U2 wee sin ¥qg—2 sinYg—1 


and calculate the Jacobian row by row 


Sz 
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Exercise 4.4. Dy a a a te a 
Ak, 01, 92...84-1) 
cos —ksinv, 0 
sinV| cos V2 k cos v) cos U2 —k sind, sind, 


= |sind, sinv2cos¥3 kcosd,sin¥,cos¥3 k sind; cosv¥2 cos V3 


= k4~" {cos 9; cos (sin v1)*~? + sin VJ, sin¥, (sin ¥1)4~* } 
cos 0 — sind» 
x |sinv,cos33 cos¥z,cos¥3; ...]— 


= k4"(sin 9,)!2(sin 82)¢? ... (Sin Dy)? 


cos Vd—-2 — sin Va—2 0 
X |sinYg_2cos¥g_; cos¥g_2cos¥qz_; —sinVg_2sinVg_ 
sinVg_2SinVg_,; cosvqg_2sinYg_; sinYyg—rcosvq_} 


hoe Ging); Gin vs) a saatsin es) 
cosvg-; —sindy_) 
Sinvg-] COS U7_j 


= k*“!(sin 9)? —2(sin 92)¢—> .. . (sin ¥g_2) 


The Gaussian integral thus becomes 


(ee) 
[et ek 
0 
[o-e) Tv Tv vis 
= [ kam) ek [ sino.» 09, a f sin dg-2 a2 [ 884-1 
0 0 0 0 


We use partial integration to get 


[sin vy"! sind dd 
0 
= [(sin 0)" | (— cos 9)|5 —(n—-1) [sin 0Y'~? cos ¥(— cos 9)dd 
0 


=(n=1) / (sin ay"? — (sind)"| a0 
0 


Or 


n 


i (sind)"dv = — i (sin 9)" ~*dv 
0 0 


(2) 


(3) 


(4) 


For even n > 2 we thus get 


[sin wr au = 
0 


(n — 1)! 


n 


and for n = 0 we have 


Ay 


[oo=n 


0 


For odd n we find 


[sin WNC =e 2 ar 
eS 
0 


1)! 


vis 


Sei 
f=" De 
n!}! 


0 


i sind dv 


0 
_@ae os 
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Inserting all these equations into (3) we get 


CO 


0 


CoO 
dp ie? J. 
[aike = fai € gon 
0 


i ONES eC 
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Odd Sb ee) a 


On the other hand partial integration gives 


CO 
i eae 


0 


d even => Ky = 


1 


CO 


fl dk kt-22k e-¥ 


0 

CO 
== [uw pa-3 e-# 
ei 

0 
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(6) 


(7) 


(8) 


(9) 


(10) 
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All together this gives 
CO 
ihe! = (ae) eae (11) 
(d — 2)! 
0 


which completes our proof. 
_—————————— SS eee) 
With (4.65) all integrals that can be expanded in a sum of Gaussians: 


S() = > cae Aneta? (4.68a) 
n 
can be integrated d-dimensionally 
i C= Senne (4.68b) 
n 


However, it is not clear whether this sum converges. If it does for some integer, 
i.e., if the original integrand converged, then it must also converge since the d- 
dimensinal integration coincides with the usual one. Thus all finite parts of the 
momentum integrals are reproduced. The infinite parts, associated, for example, 
with integrands like 1/(k?)* or (k*), which we want to subtract, will lead to 
infinite nonconvergent sums over Gaussians, the resulting term on the right-hand 
side of (4.68b). These will be subtracted during renormalization. We will see below 
that these infinite parts are different for d-dimensional integrals than for normal 
ones. Actually many divergences of usual integrals vanish automatically for d- 
dimensional integrals, and the important point to keep in mind throughout this 
discussion is the following: 


d-dimensional convergent integrals for d —+ n (where n is an integer) coincide with 
the normal convergent n-dimensional integrals. 


n-dimensional divergent integrals are in general different from the corresponding 
d — n limit of the d-dimensional integral. The latter is in general less divergent. 


It is crucial to understand that our definition of a d-dimensional integral does 
not reduce to a normal integral in integer d dimensions. Instead it has peculiar 
properties, for example, 


if dk (k*)"=0 foranyy , (4.69) 
which follows directly from the scaling axiom (4.61). Indeed we have 
Lee) CO Le @) 
/ CCRC ae i fk (=e i dice oe (4.70) 
—aoO te 6) —CO 


Actually v = d/2 is the only power for which (4.69) does not imply the vanishing 
of this integral, but since we make critical use of the fact that our renormalized 
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integrals are analytic functions of all variables involved, like v in (4.69) we have 
also to define 


[oti (KR)? = Oe (4.71) 


This derivation of (4.69) is actually not without problems, because it assumes 
that f d¢k (k?)” exists, which is only tre after a specific definition such as 
lim,2_,9 { d¢k (k? + m*)”. To be on the safe side it is better to regard (4.69) as a 
definition that is made plausible by (4.70). A peculiar feature of (4.69) seems to 
be that it leads to finite results even for theories for which arbitrarily high diver- 
gences occur. While this is formally true it is of no importance since such theories 
cannot be renormalized. They would require an infinite number of renormalization 
constants and counterterms and thus cannot be formulated consistently. As an ex- 
ample let us mention a scalar field theory with a ¢° coupling. This coupling leads 
to divergent graphs like 


k 


k+p 


which is divergent (~ f atk [1/k?(k + p)]) and must be renormalized leading to 
a counter term of the form 


which is a ¢° interaction. Continuing this argument we find that the renormalized 
theory has infinitely many interaction terms of the general form eae ¢*", and no 
consistent theory can be formulated. In fact only those theories can be renormalized 
which have at most logarithmic divergences, and thus integrals like 


/ dtk (K)° 
cannot occur. For renormalizable theories the differences between n-dimensional 
integrals and d-dimensional integrals (with the limit d > n) is therefore irrelevant. 
Equation (4.69) is essential for deriving the following basic formula 
ai vue Pvt 9) P(u-v- § 
ome atk (k*) aes (M?) pre D( aE (u 2) 
ie ( eK Ge) 


k2 + M2)" = 
(4.72) 


which we shall prove next. From (4.69) we can rewrite /,,,, in the following manner: 
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ie = [ot (i) =i | aah (k?)" 


(erm (2+ i)" 

2 2ed d (k?)" a 
SREAS —S°(R)" en 
with arbitrary constant coefficients v, and c,. These coefficients are now chosen 


such that they cancel all potential divergences, i.e., all high powers of k?. The 
integral is then convergent and we simply apply (4.68): 


(4.73) 


oe oe ¢ dk? avg 
by thee [=e 


ma 
aa 
la 
Ww 


(4.74) 


The trick is now to derive by partial integration a recurrence relation for the /,,,,: 


_ (et ea i) one 2) 
te ay 
l-p oS 
2 v+4—-1 (2 <P 1) = 2\¥ntl—-v Cy 
<1) Se mae) a (4.75) 


The second term can obviously be absorbed into the c,’s. In other words c, can 
be chosen such that it vanishes. This leaves us with the relation 


v+¢—-1 
y=) 


As the relation I'(z + 1) = zI(z) uniquely defines the gamma function, (4.76) 
implies (d is fixed) that 


Lp = 1 Es ere for all real v, ju : (4.76) 


a (v oP £) 
is = ES a any) 
Dae ee (4.77) 
with an arbitrary function K(v — 1). To fix K(v — 4) we use the fact that 
(?)" (PC) ia 2 
(x2 +1)" (e+ nF lt oe ae 
tho = Leyte ie! ian : (4.79) 
Inserting (4.67) into (4.79) gives 
r(iv+¢ Piv+4) P(v+4¢4 
( Zee ( uh ( 2 ) ID — i eyll) 
D(u) LN 1) I() 
d 
=> Kv—-—p)= lu 1) - (-+5)| Kwv—-pt+)) 
d 
=(u-v-1-S) Kent (4.80) 


d 
+Ku-W=2(u-v-$) const , (4.81) 
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where we have again used that the relation (x + 1) = x(x) defines the gamma 
function uniquely, up to a constant. The remaining constant in 


a k2 i y) d/2 r eed. r d 
joie — = re (u-v a (v +5) const (4.82) 
0 2 


can easily be fixed. We choose vy = 1 — d/2 and js = 2. With (4.68) we get 


Oo le ai/2. co 
/ 7 eee | ve! 


(Pee UG) (Eos 
Fe | Slt ieee: el 
me a 7 Pewee a) 
and 
Om eee A= Wr ) Gee | 
aa i wee te 4.84 
ri TQ) cons r() VE cons (4.84) 
From this we conclude that const = 1/2, or 
eS v 
fi d (k?) es me M2Y-2u+4 g (u moe o a (v ae a) (4 85) 
(B+My" TH Pu) ye 


This is an important formula, since any integral appearing in the calculations of 
Feynman graphs can be brought into this form. The steps are: 


1. Introduce Feynman parameters according to 


am 
-Am 


Dense 
= Flan) (en). rors Fea] os | aoe vi il 
ie ] 


(2ieeet oF Q2(Xm—2 —Xm—1) +...4 = = Re een 


2. Shift the momentum variable of the loop k,, such that the linear term in the 
denominator vanishes: 


k 
fu, H) a (4.87) 
(18+ n?) 

3. Use the fact that all k,, have to be contracted with some other k, according 
to kk, > k? /d. Oueeare the term vanishes if individual components &,, are 
ec k, — —k,. The resulting expressions are sums of terms of the fom 
(4.85). 


For convenience we give a list of expressions which shows the result from different 
terms following steps 2 and 3. The integrals on the left-hand sides are in Minkowski 
space; therefore a factor “i” appears on the right owing to the Wick rotation. 


(4.86) 
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ap a ee hss 
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(yj eee 
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dtk i 2 ae [r (a - 5) p 
/ (k2 + 2k - p +m?)* - (m? Spy I'(a) y) 
kk ind /? 1 ( <) 
d? k ———___> = Boas S| Dy, 
i) (k? +2k-p+ m?) (m? pe I'(@) oy ha” 


kikvky ind /? 1 ( <) 
d4k——____-_* => —______._—__|_['j/a——]p, ppp) 
/ (k? + 2k + p+ ge) (m? =p)" ae I'(a) Der 
d 
-F(a- 1 -5) (m? — p’) 
1 
x 5 (OuvPr + 6yPv + Biap,)| : Gee) 


To check that (4.85) also reproduces (4.69) we use the following property of the 
I’-function: 


; eee 
Mi ae an hae) 


[1+ 6r'(1) + O (67)] = ; ae) (4.93) 


lim 
1 — 
p—0 2 
This implies that 


3 Vv 
lim / Fp) 


Gap 
2 eee d dy 
= ey P(»-$)r(v+o\ uso 


Equation (4.93) also allows us to write down in a uniform manner all the diver- 
gences that can occur on the right-hand side of (4.85). Such divergences occur if 
pu—v—d/2 orv+d/2 are negative integers or zero. The I" function has no zeros 
on the positive real axes, so that 1/I°(1) does not create any divergences. With 


(4.94) 


ASE 2) ig P(2—n+e) 


lim ['(— =I = ae ee ee 
na apse) 20 —n+e e70 (—n +e)(1—n +e) 


... (4.95) 


all divergences can be related to lime I'(e) from (4.93). 
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Let us discuss as an example 
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All possible divergences (which can be only logarithmic for renormalizable the- 
ories) are therefore proportional to 1/e, and (4.85) and (4.96) already determine 
dimensional regularization. 

Dimensional regularization, 1.e., the separation of the divergent and finite parts, 
is realized by identifying the 1/e terms with the divergent part and the rest with 
the finite one. The 1/¢ terms are then absorbed into the renormalization constants 
during renormalization. 

To end this section let us mention a second valuable formula for dimensional 
regularization (d = 4 + 2e): 


aii ee ee) —4n2 2 \° ( —p? Moe 
ic * (20 = —1(-)"a ~ TV ( p2 ) (=F) ; 


which allows us to perform d-dimensional Fourier transformations. It is derived in 
Exercise 4.5. 


(4.96) 
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4.5 The d-Dimensional Fourier Transform 


Problem. Derive the equation 


elP't ICS P85) (=e rae Ae 
| ee Te) ( pP Ge) i ~ 


Solution. In three dimensions plane waves can be expanded into Bessel functions 
and Legendre polynomials according to 


ere — eilP| a] cos) ane (2) 


To prove (1) we need the generalization of this expansion to arbitrary dimensions. 
The exponential itself looks the same for any Euclidian dimensional, namely 
eip'z = ellPl |x| cos 0 ; (3) 


Therefore the dimensionality enters only in the orthogonality property. The func- 
tions of @ that we call C,(@) have to be orthogonal with the weight (sin Gye: 
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Example 4.5. 


/ d“ 2 C;(cos 6) C;(cos @) 
/ da(sin 6)“~* C;(cos 8) C; (cos 8) 


0 
1 


| dcos 6 (sin? 6)'7-/? C;(cos 8) C;(cos 8) 


4 


= x? WV? Cay G(x). (4) 
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Orthogonal polynomials with the weight (1 — x?)?—!/? are the “Gegenbauer poly- 


nomials” C‘“)(x).3 The important properties for us are 
error? — ry (EP) Sw + iM selx) C{(c0s 6) (5) 
k=0 
with arbitrary v, 
i 
/ di (We rray ge NO) a) 
=i 


(6) 
_ 72)" Fin a) ( -;) 
~ man +a) [l(@Pe Oy ae 
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Clea (7) 


From (6) and (7) we find that 
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fe (i Se ey 
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1 
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1 
=fyo f ax —x4ye1? (8) 
-! 


Comparing (8) with the d-dimensional integral we find that a has to be chosen 
45 @ = 4 — 1. The angular integral is now easy to perform. We first substitute 


x° —+ —ixg to go to Euclidian coordinates. We also substitute p° — ip?. 


> Their properties can be found for example in M. Abramowitz and A. Stegun, Handbook 
of Mathematical Functions, Chap. 22. 
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= —j274/2 (=) (pp) l—d /2+42 dy y4/? 2 Jajr-\(9) 
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The remaining integral can be found, in appropriate integral tables.‘ 


CO 


[ovvt? Jin) = gd /2—2v 
0 


i aaleaes!) 
r(e—4 49) 
Putting all this together we get 


T(d/2-v) 
Tv) 


poe 3 fp Reet ey PEAT 
fats Sopp = i000) tae 


Finally we insert again d = 4 + 2e to obtain the result 


Fc ee ee (an he) 
| Ob yp ( (a) oy 


which completes our proof. 


(9) 


(10) 


(11) 


(12) 


77 eee 


4 See, for example, I. Gradshtein and I. Ryshik: Tables of Series, Products and Integrals, 


No. 6.151.14 (Harri Deutsch, Frankfurt am Main (1981)). 
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4.4 The Renormalized Coupling Constant of QCD 


We shall now use dimensional regularization to calculate the renormalized QCD 
coupling constant to lowest order. The divergent graphs contributing to the renor- 
malization of g, belong to three classes, shown in Fig. 4.14, 4.15, and 4.16. 

We start with vacuum polarization, with the fermion graph. Using the QCD 
Feynman rules it is easy to write down the polarization tensor: 


ne Ng d'g 
PPS hy = y ai 
pp (k) ee g (27)4 


(4.97) 


2 2 (¢.+k? — m2 + in oy gq? —m? +in 


Fig. 4.14. The vacuum polar- 
ization graphs of QCD CCSCTCC + + cor? pm 
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Fig.4.15. The self energy 
graphs of QCD & é 
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Fig. 4.16. The vertex correc- 
tion graphs of QCD 
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(cl) 
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Nr is the number of quarks in the theory, or more precisely the number of quarks 
with m? < |k?|. The whole calculation can be carried through for arbitrary m2, 
but one finds that the contribution is suppressed for m? > |k?|. Ne therefore counts 
only the light flavors and for simplicity we can set m = 0 in what follows whenever 
this does not lead to infrared divergencies. The trace over the color indices gives 
simply 


(4.98) 


As usual we introduce Feynman parameters 


1 1 
(q +k)? — m? + in q? — m? + in 
1 


= ie 1 
0 
1 

= | © eer (4.99) 
0 


To get rid of the linear term in the denominator we substitute q,, — qy, — kyz: 


1 co 
HDG) = PF fa f d'g tr {ld + #0 = 2)hiuld - Het} . (4.100) 
0 90 


(Q7)y* [qg2 + k2z(1 —z) — m? + in}? 


Next we take the trace and neglect all terms proportional to odd powers of q. They 
are zero as can be seen by substituting g, for —q,. For the same reason q,,q¢,,/ can 
be substituted by 9,,./q7/4 


oo 
x / dg udut — Gan —z(1 —z)(2kyky — (ot) 
0 


(27)4 [q2 + k2z(1 —z) — m2 + in? 
1 
= 20s de 

0 

fo dige tae g ez(l =2)Ok.k 820.) 

x d q 7249 Guy! z( Zz papel Guy (4.101) 

(274 [q2 + k2z(1 —z) — m? +in}* 

0 


Now only g? appears in the integrand, so it can safely be continued to Euclidian 
space, qu > Gu = (ig’, @): 


q+k 
k k’ 
ap arpa? 
q 


Fig. 4.17. The chosen vari- 
ables for the quark loop con- 
tribution to vacuum polariza- 
tion 
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1 ice) 
d?4g 1a?g jh Zl 2 2k kee Ge) 
(al) 2 OG aoe ues eS. ae 
he 2 ae Ne fae fi (274 a (92 — k2z(1 —z) +m? — in} 
0 8600 
(4.102) 


We have introduced a dimensional quantity jz to keep the total dimension of the 
expression unchanged. With (4.85) it follows that 


y d 
a). 5 4-d d 
IFO) (4) = “9 fear [m? ~ k?z(1 —z) in]? 
be ( 
d 
2 


(27) 
0 


P (2-5) (3) 
TD [—z(1 —z)] (2kyky — k? guy’) 
1 d 
2ig?NF Guy! / Gi es _ab= 
elle = Sze ini 
Ont 2 (4) [m k*z(1 —z) in] 
P(i—5)F(1+35) 
TO) (4.103) 
The terms on the right-hand side are divergent. For d = 4 — 2¢ the first is propor- 
tional to 
d 1 ; 
ip as = GO) Saal ae OG ; (4.104) 
while the second term is proportinal to 
rai-#j)ra+4) 4-2 
( a 2) “UR lieetne 
P(5) - 
I) 
ee 
( y 1+e) 
1 
= (2 —e)(-1—€) (+ ate ra) + O(e) 
2 
meee 2’) +0) . (4.105) 


We thus have 


2i9?M fl 

pr!) Le oe eee 1 

ml Qn M  ™ eae 
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(l= 2) 


2ig*NF Axara] d 2 
= = ere / 
One ae (E+1+2r@) 


| 
coll 
« fa [-K2(1— 2) guy (4.106) 
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It can now be seen that m? can safely be neglected. The z integrals are elementary: 


1 
ee ee) 
le [za—z)| = a 5 


_U-r@p 


3! — 2eP'(4) 
I / 
as af (2) + = oF (4), (4.107) 


2ig°N 
(al) Gg INF =e 1 
Wik) = Tae me p® (—2ky kyr + 2k? Gupst) (—k7) a(: + const) 


2; Ne 2 (mie \ (1 2 
— ig Gq? 3 pe a ees (Gai — Kykys) +... (4.108) 


Finally we expand y* = 1 + eIn(y) 


ae 2 


Note that every 1/e term is always accompanied by a term In(—k*/,:”). 
With In(—k? /p?) = In(—k*? /:?) — In(r) we can write 


Ne 2 (1 k 
qa 5 eh OP 
put(k) = gi 3 (2 Bis (=) : cont. (Sup'k° = eae) (4.110) 


Next we calculate the gluon loop with two 3-gluon vertices: 
21 d*k 
(27)4 


(a2) Ay 
Thu! (k) = 


yee be [gurn(—k ak q)v + Cle) + 2k)» ae Gyn = 2g a ku | 


1 1 
yee 2 4.111 
* (@ +h? +in q? 


The factor 1/2 in front follows from combinatorics. Such combinatoric factors are 
fairly easy to derive, as we shall now demonstrate for all the graphs relevant for 
our calculation. 

Let us start with the gluon loop. The 3-gluon vertex contains 6 terms, corre- 
spondingly to the 3! orientations of the 3-gluon vertex. The total symmetry factor 
is therefore (3!)? - 4, see Fig. 4.19. 

As the two factors 62 = (3!)* are absorbed in the 2 x 6 terms of the two 3-gluon 
vertices we are left with a factor 1/2. For the other graphs the corresponding factors 
are derived in Fig. 4.20. 

Following this scheme it is easy to obtain Cag Hes 4.21-4.24) any symmetry 
factor of interest. The whole expression for TT) is obviously very similar to 
(4.97) except for the different nominator, which we simplify first using 


ey oN for SUG) (4.112) 


Bee Nee = na Bll =e) = La = AG) CEG k)u| 


q,ca 


Fig. 4.18. The chosen varia- 
bles from the first gluon loop 
contribution to vacuum po- 
larization 


We 


Fig. 4.19. The symmetry fac- 
tor for the graph in Fig. 4.18. 
The factor 1/2! is due to the 
fact that we are considering 
second order in perturbation 
theory 


Fig. 4.20. The symmetry fac- 
tor for the other graphs in 
Fig. 4.14 


Fig. 4.21. The symmetry fac- 
tor for the second graph in 
Fig. 4.15 
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—*e Fig. 4.22. The symmetry fac- 
tor for the second graph in 
Fig.4.16 (3rd-order pertur- 
bation theory implies 1/3! 
binomial for the combination 
of one 3-gluon vertex and 
two quark gluon vertices: @ 
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—ee = Fig. 4.23. The symmetry fac- 


c3: 
tor for the fourth graph in 
+ orm Fig. 4.16 


Sp 
= wo = =) 
oe —€e 3 Fig. 4.24. The symmetry fac- 
tor for the third graph in Fig. 
= Cte 4.16 
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We get 


{...} = 36 aa" - Gap (k — a) +k — Qua + 2) — hk — Dulk + 29)! 


= (q — Wu (2k + Qu! — Guy + 2kY + 2g + K)t(q + 2k) 
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—42¢+k),(2¢ + Dy 
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= 39600" |—Duyt (297 + 2k + 5k?) + 2kpky 
=the Say, = Manel - (4.113) 


We again substitute 
Ip > Ip — KZ (4.114) 
and keep only the terms with even powers in q,, 


{...} > 3800" [—Guyr (297 + 2k?2? — 2k?z + 5k?) 
+ Dkykyr + Sky kyr + Skukyyz — 10k, Kz? — 10g qu’ 
=> 36 aa! [—9uy! (—2k?2(1 — z) + 5k?) 


5 
42k ky + 10K kz (1 — 2) — 2g,q7 — 5900 
SSO ne a ti) (4.115) 


defining A,,,, and B,,,, to abbreviate the corresponding terms. The analog to (4.102) 
is now 


foe) 
3 . d?4g Ih 1q- tA ! 
pe i\ Se 25 ife| 4—d bebe ae 
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l d 
a) : me ol 
= 50° bari f BED = [ae + 2B,,0k7z(1 —z)| 


x (-Kz(1-z)) +0) . (4.116) 


In the last step we have directly inserted (4.106). The z integral now becomes 
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WS: 


1 ] 
9 
Dp! (26? + #2) Je al =p = Sayyk? fe ede 
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% Gon! 1k? — Sguyrk? + Wkyky + 10k kp ie aa OC) 
19 De 
= —F Gupte = & kuky + Oe) , (4.117) 
and all together we get 
Big-en | Ue —k? 
T®)(k) = ee = t 
pul) = ee Tp Ce i? eC (4.118) 


oes + 22k, k,") 


This expression is not gauge invariant ( k# IT ae + 0), which is quite reasonable, 
since gauge invariance is only restored by including the ghost terms. More precisely 
the ghost fields are constructed such that they cancel the contribution from the 
unphysical degrees of freedom of the gluon field. These unphysical degrees of 
freedom violate the gauge symmetry. To see how this happens we next calculate 
the ghost-contribution, 


d‘q Gog). 
(27)* [(q +k? + in](q? + in) 


Using (4.112) and repeating the introduction of a Feynman parameter and shifting 
accordine t0 Gg, > ¢, — ha we obtain 


a= | (4.119) 


d'q 49 Hal 
Qn (q ie aaa 
1 
soem (Tie yaaa és, | eer 
= 6m Bp peecorct ~ gee! Sahil (l—z)z 
0 
39°6, vil | Ml —k? | 2 
= Les [z-in (= + const me Guptk? — Ky ky!) (4.121) 
Together this gives 
E(k) + ITE (k) 
Ai22) 
3g 6 al —k? 20 2 
285 | (E) son] eno 


The sum of the gluon-plus-ghost vacuum graph is thus again gauge invariant. This 
illustrates nicely the role of the ghost fields, namely to substract out the unphysical 
components of the A,, field, which are fixed by the chosen gauge. 


k+q 
ka ne ka’ 
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Fig. 4.25. The chosen vari- 
ables for the ghost loop con- 
tribution to vacuum polariza- 
tion 
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Fig. 4.26. The chosen vari- 
ables for the self-energy 


graph 
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Next we calculate the self-energy graph 


d4g q 1 (* x; 
de ee ec Re (4.123) 
a Nad laa (@+kyP Fig 2 273 


In this case we have to average over colors which leads to the factor 1/3: 


<8 d*q d 


Following the same steps as before gives 


1 
_ 72 
= 1 (2 -m— + const (-W) face 
pb 
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2 lone we 
Sa a ee + const | # (4.125) 
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Finally we turn to the vertex corrections: 


d‘ 
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b yc Le 
k ae Dna SE TOOTS (4.126) 
keg 2 2 (q2 +in? [Gq +k}? +in] 
ka To make things easy we choose a very special kinematics: we choose the outgoing 
L quark to have zero momentum. Or in other words we calculate in a specific Lorentz 
q frame where this is the case, relying on the fact that the divergencies and thus the 
cA o renormalization constants for coupling constants, masses, and wave functions are 
Fig. 4.27. The chosen vari- Lorentz invariant. The divergent term is not affected by this; only the finite ones 
ables for the first vertex cor- are, and this makes things much easier. 


rection graph 
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WAY 


a ae 


The self-energy insertion can be directly read off from (4.125). The factor ¥ in 
(4.125) just cancels the additional quark propagator and one gets the same contri- 
bution for the self-energy twice. For the specific kinematics we have chosen the 
result seems, however, to be undefined because for the outgoing antiquark one 


formally gets log(0). Therefore in this case we choose the kinematics defined in 
Fig. 4.28 leading to 


4 1 l a1? AG 
: 


Again, owing to Lorentz invariance the divergences have to be the same. And the 
final vertex graph is 
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All together this adds up to 


Jey = op 
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Now we can renormalize the coupling constant. The way in which the various 
contributions combine is shown in Fig. 4.30. The renormalization procedure is in 
fact rather easy. The square root of the vacuum polarization factor and the self- 
energy factor multiply each of the respective lines. Thus the quark—gluon vertex 


acquires the factors (50) 3 (x0) (17)? Bey 


(rE)1/2 


half of the 

correction 
once the to the gluon 
vertex correction Q(M)!/4 propagator 


half of the two corrections 
from the self energy 
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Fig. 4.28. The chosen vari- 
ables for the second vertex 
correction graph 


Fig. 4.29. The chosen vari- 
ables for the third vertex cor- 
rection graph 


Fig. 4.30. The combination 
of radiative corrections con- 
tributing to the renormaliza- 
tion of the coupling constant 
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The renormalized coupling constant is obtained from (4.130) by subtracting the 
value of the correction at some renormalization scale M?: 


3 2 2 
Gofal 1 1 —k 1 —M 
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The @ function can now be easily calculated 
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This is the first term in the perturbative expansion for the G function. For QCD we 
have to insert C) = 3. 

It is instructive to compare our results with those obtained for a different gauge, 
namely the Landau gauge, in which the gluon propagator is 


kuky 
—g at eS 
a (4.133) 
k? +19 
In this gauge instead of (4.122) we get 
; sep 
Oe: al Le Landau = ines E = ie (=) aor | 
oe fe (4.134) 
x GB hukw — Cre) 
instead of (4.123) 
P(k)=0 , (4.135) 
and instead of (4.129) 
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Together this gives 
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Thus the @ function as an observable is gauge independent, as it must be, but 
the renormalization of the wave function owing to the self-energy graph and the 
vacuum polarization graphs is gauge dependent. For completeness let us also cite 
the result for the beta function to third order:> 


3 SI 
ou 3 34 10 
oC) (ane (Fe = i ( = 7 (F Cy — 2C\Np — Fone] 


7 2857 205 
eee (2 C} + CPNp — =" CiCaNp 


(47) 
1415 11 79 
an —— C7 Np + — 5 —CNe + a oon?) (4.138) 


with C) = N for SU(N) and C; = 4/3 for quarks in the fundamental representation. 
For QCD this simplifies to 


Bg) = - g (11 - 3x) - 2 a) (102 - Fae) 


(47)? 2 (4x)4 3 
7 
g 2857 | 5033 325 
—N? : 
~ (4) = i Se eo 
Up to second order this can be translated into an explicit solution for a, 
2 
120 6(153 — 19N) In [In (45) | 

UR) cere | Wess. jee (4.140) 

(33 — 2Np)In (47) FP In (4) 


where we have introduced the famous Agcp-parameter. To third order, such an 
explicit expansion cannot be given. This is because that one actually expands 
simultaneously in In M?/A? and In [In (4)]. Such a double expansion becomes 
ambiguous at higher orders. 

Let us finally note that the higher terms of the @ function, 1.e., the cofficient 
of g§ and gj depend on the regularization scheme used, leading to different Agcp 
parameters for different renormalization schemes, which are correlated with differ- 
ent expressions in the large bracket on the right-hand side of (4.140). This will be 
explicitly discussed for the lattice gauge regularization in Sect. 7.1. 


> See Tarasov, Vladimirov, and Zhankov: Phys. Lett. B93, 429 (1980); Larin and Ver- 
maseren: Phys. Lett. B303, 334 (1993). 
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5. Perturbative QCD I: Deep Inelastic Scattering 


In the last chapter we discussed how the QCD coupling constant depends on the 
transferred momenta. Because of this specific dependence, QCD can only be treated 
perturbatively in the case of large momentum transfers. For practical purposes, 
however, it is indispensable to know at what momentum values the transition 
between perturbative and non-perturbative effects takes place. To this end we again 
take a look at Fig. 1.1. The quark confinement problem will be considered later 
together with different models for its solution. A common feature of all these 
models is that they postulate nonperturbative effects. Since, for example the masses 
of the N resonances in Fig. 1.1 reach a value of 2.5GeV and since on the other 
hand the rest masses of the constituent up and down quarks are negligible, we can 
conclude that for momentum transfers less than 1 GeV QCD is certainly still in the 
nonperturbative region. On the other hand Fig. 4.4 shows that even at momentum 
transfers of a few GeV, quarks inside nucleons behave almost like free particles. 
Hence the transition from the nonperturbative to the perturbative region must take 
place quite rapidly, i.e., between Jo? = 1 GeV and JO? =~ 3 GeV. According 
to Fig. 4.10 QCD can only yield such an immediate transition if the number of 
quark flavors with masses less than 1-2 GeV is not much larger than six. In fact 
there are only three or four such quarks: up (m, = 5.6 + 1.1 MeV), down (mg = 
9.9+1.1 MeV), strange (m, = 19933 MeV), and charm (m, = 1.35+0.05 GeV). 
The bottom quark is with mp) ~ 5 GeV too heavy, and so is the top quark, which 
is claimed to have m, = 174417 GeV. As a further consequence of this sudden 
transition it is almost certain that for somewhat larger momentum transfers Jo? 
all processes can be evaluated by means of the usual perturbation theory, i.e., the 
QCD Feynman rules. It therefore seems quite obvious to calculate QCD corrections 
to the parton model of deep inlastic lepton—nucleon scattering. The next section 
treats these questions in some detail. 


5.1 The Gribov—Lipatov—Altarelli-Parisi Equations 


The Gribov—Lipatov—Altarelli—Parisi equations (GLAP) describe the influence of 
the perturbative QCD corrections on the distribution functions that enter the parton 
model of deep inelastic scattering processes. At this point we investigate their struc- 
ture and the functions that occur only for the two corrections graphs in Fig. 5.1. In 
line with the parton-model assumptions, both the scattering parton and the “emit- 
ted” gluon can be treated here as free particles. Having determined the GLAP 
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G 


Fig.5.1.. Two correction 
graphs for deep-inelastic 
electron-nucleon scattering 
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Fig.5.2. Definition of the 
employed quantities 
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equations for the two graphs mentioned above it is quite easy to extrapolate to 
their general form. We shall use the notation defined in Fig. 5.2. 

Obviously these graphs are similar to those for Compton scattering. Hence 
their contribution to the scattering tensor W,,, can be evaluated in analogy to the 
corresponding QED graphs. The first step towards this end is the determination of 
the correct normalization factor. W,,,, is then just a factor entering the cross section 
(see (3.22)); the photon progagator and the normalization factor of the incoming 
photon have been separated. Bearing all these facts in mind one is led to the correct 
result, which we want, however, to derive in a slightly different way. We start with 
(3:33): 

Wry = = i d‘x eins SON ue ur(O)|N) (5.1) 


pol. 


In order to obtain the contributions due to Fig. 5.2 we clearly have to insert 


= Ne 
Jus) = [ ForaGso" TSo — NOH) ay 


for the transition current J,,(x) and 


a Ne 
Jus) = | Bey Ste = Gey?) dy (5.2) 


as the exchange term. Y and G% denote the wave functions of a quark with flavor 
f and a gluon, respectively. Transforming this into momentum space we obtain the 
Feynman graphs of Fig. 5.3. Here it must be taken into account that the outgoing 
(supposedly massless) parton and the outgoing gluon are on the mass shell, We, 


G1 ok): Kk 0 om) 


The usual propagators therefore have to be substituted by 6 functions if these 
particles occur as “inner lines” in the Wi! graphs: 
1 > he ees : 

a P(1/K*) — mi6(K*) — —27i6(K*)O(Ko) 
ada) 
oe iD Bp FR 
Caen ourn my(p’ +9" —K* él + @ — Ky] 

x O(—p9 + G0 — Ko). (5.4) 


Using the Feynman rules of Exercise 4.2, together with these modifications 
yields 
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Fig. 5.3. The Feynman rep- 
resentation of the corrections 
to W,,," shown in Fig. 5.1 
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Here we have averaged over spin s, quark color /, and photon polarization ¢ of 
the initial state. Note that the factor e? (charge squared) has been separated from 
Wu. Qy denotes the electric charge of the flavor f, and the additional factor 1/27 
is due to (5.1). In the Feynman gauge we have 


Ne ee = age (G6) 
iS 


This is simply the Lorentz-invariant extension of the corresponding QED relation, 
where one has for K = Ke3: 
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De = ee (5.7) 


The degrees of freedom additionally introduced are compensated by the ghost fields, 
as discussed earlier. However, ghost fields do not have to be taken into account in 
our calculation, since we are considering physical gluons. Formally this is due to 
the lack of quark—ghost coupling, implying that no graph of the kind 


Y Oe 


: 2 5 is : 
exists. The expressions that have to be substituted for ). e*”e” in various gauges 
are discussed in Example 5.1 in more detail. Because 


1 ee rey 
Dio = Ce 


we obtain 


is OF 
ee sp gag | OK at (> 8, =P 1A eae #1) 


{+d 0 (nZ8 =P? ae fren) 
x O(K)O(p0 + Go — Ko)6 (K*) 6 (Pp +q—K)’] . G7) 


Fortunately we do not have to evaluate the trace completely, since we already know 
that all the information provided by W,,,,,; is contained in the structure functions W; 


and W,. Therefore it is sufficient to determine pep¥ Wp and W,,". We abbreviate 


the trace by S,,,, and delegate the evaluation of p“p” Sy and)S,," to Exercise s.2) 
The results are 


a og 
sy=-8 (245224) (5.10) 


with the Mandelstam variables 
t=(p-KY=-2p-K , 
Ce (gaboy = ip 0" ae ee (eeu) 
u=(q—KY =(q+p-K —p) =-2p-(q+p-K)=-w-t 


Note the change in our notation. The v in (5.11) is equal to the v of Chap. 3 
multiplied by My. 
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EXAMPLE ee 


5.1 Photon and Gluon Polarization Vectors 


Real photons and gluons have two physical degrees of freedom. Thus the simplest 
choice would be (k is the photon or gluon momentum) that €; and €, are defined 
such that 


(1) = (€2)’, (€1)” = (@2)° =0 
£12: k=0 5 and €,°& =0 : (1) 
The sum over the vector particle polarization is then 
0 if 0 ony — 0 
Doe aaa { | Q) 
SS 


[nk ; 
Seesaveueae otherwise 


This, however, is not explicitly Lorentz invariant. Therefore it is advantageous to 
choose different vectors. The following is a rather general covariant form: 


nek’ t+ nv’ke  n2keKy 


Sie = pb n*U = pv er F 
2 ee 2 
This form has the property 
Vv PLA P 
noe k KY 4 
he pas (n -k)? @) 
which vanishes for real photons as it should. Furthermore it fullfills 
i? a Aa a (5) 
e n-k n-k ; 
implying the gauge 
nAr=O0 . (6) 


From (6) the specific form of n,, for the gauge one is interested in can be read off. 
We give two standard examples. 
1. The Lorentz gauge: 


pe ES 
; Vay ad 
ae [a as | ; (7) 


2. The axial gauge: 

nek’ + nv kh 
n-k ; 

where n” = fixed four-vector with n? = 0. However, form (3) also allows us to 


choose n,, according to the problem we are treating. It might be very advantageous 
to choose, for example, 


ye (2) = —gh¥ + (8) 
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Example 5.1. Ae hi ep, (9) 


where p is one of the momenta of the problem. This might be useful, for example, 
if k? = 0 and p* = 0, which describe outgoing partons. Then (9) leads to 


k-pk*+(k” +ap")p-k _ 2ak-pk-p ‘a 
ap-k apo) 


v ye Vv 
2k" +ap 2k Be (10) 
a 


jee =-p’+ 
= —p” + 


k, 5" =0 , (11) 


which allows us to set all vectors p,,, k,, contracted with L'” equal to zero. 


CRE ——SEE>EE~_———SS———E___==a—= 


5.2 More on the Derivation of QCD Corrections 
to Electron—Nucleon Scattering 


Problem. Evaluate S,," and DDE Syn for the trace in (5.9). 


Solution. First we employ 


dae Sa 2d ’ 
Ydby* =4a-b , (1) 
Yd bey" =— 248d, 


in order to simplify S,,, 
Saul = eyitt WO — Kd +4 — Wald ~ 1) 
+ SER Tpit Wd +00 — Dw + 4-1) 
at oo Pw @ + Oe — Hr + ¢ - 1) 
es —= rYywG + Pe +d-DG+ Ou] - (2) 
Then S,,“" is brought into the form 


an 4 
Su! = itt WO — OU - K+ HO - 9) 


16 
Cama) Ye aa 


coos tYO+PNO-K+ PtH]. (3) 
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For massless quarks and real gluons, Exercise 5.2. 
ia = Dp = (¢ ’ 
G-K+¢=@-K+qy=0 , 
(p —KY =-2p-K , (4) 


(Pt+qy=(~+q-K+KY 
=2K -(p+q—K)=2K-@+q) , 


which cree: (3) to 


r (PK@ — K+ kK] 


Le ro 
4 

"PD RR-@F9) Gag) ae ae eX 

oo [PRY — K+ x] 


4 
= (Gert me rep) br Ko HO-4) 


16 
—. Oo oe 5 
eer (pg) ne a p-(q —K) (5) 


Next we introduce the Mandelstam variables 
(=k) ——2p- hk | 
s=(p+q) =2K -(p+4q) , 


u=(q —Ky (6) 
=(q—-K+p)—-2p-(q—-K+p)+p° 
= —2p-(q-K) 


Taking into account 
Q? =-q? =—-(q+p—p/y 
2k (p44) 2p (4 +P) 
=2(¢+p):(p—K) , (7) 


we finally obtain 


we = —8- — 8— 2 ge 
ee 

as(t48 2") (8) 
t 5 St 


Now we evaluate oe in a completely analogous manner: 


PD Sys = —— att (We — Kid — K+ ddd — 0) 9) 


All other terms vanish because p? = p” = 0. 
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Exercise 5.2. pip" Sia) = ae ei tr (PKA(—-K + PPK] (10) 
The final simplifications are achieved by exchanging the first two factors in the 
trace: 

Brae Sie aie —P K tr [p(—K + #)p K] + (11) 


and then the last two factors: 


pp” Sy: = —2tr [(-K + dy] 
=-—8p-(q-—K)=4u . (12) 


Since the traces in (5.10) are Lorentz invariant, the K integration can be performed 
in an arbitrary reference system. We choose the Breit system (see Chap. 3), 1.e., 


n= (0,0; —p) 7g, — (0,0, 0, 02) (S12) 
The corresponding kinematics is depicted in Fig. 5.4. 
Fig.5.4 Kinematics of the 


graphs depicted in Fig. 5.2 in 
the Breit system 


Since the process considered is clearly cylindrically symmetric, the Ko and y 
integrations can be performed immediately: 


pe / dK £(Q?, 1, YO(Ko)O(b0 + qo — KoJ6(K2)6 [lp +4 — KY] 


[oe) 1 
2 
= an f ak f acs f(O?.t,)5= Ol + qo —K)6 |(p +q — K)’] 
0 —1 


6.13) 
Next we rewrite the second 6 function by inserting the explicit form of ie 
Ky =(K,0,X sin®,K cos@) , (5.14) 
(evi Ge = (v —K,0,—K sin6, —p + VO? — K cosa)” . 
= Ke 
— (x? + p* + Q? + 2pK cos6 —2K 0? cos 6 — 2p /0?) 


= —2pK(1 + cos) —Q? +2v+2K\/Q? cos@ . (5.15) 
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Now cos @ is replaced by f: 


t = (p, — Kyy =—2pK(1+cosé) , (5.16) 
(eng Ko) 1 Oy = 2K OP gs a + cos), (5.17) 
l= y- 0 4 2y— 2K. 02 = (5.18) 

Finally we replace dcos @ by 
dcos@ > eee Gs (5.19) 


2pK 


and obtain 


: EPN.K 
0 


x6 f (1 = 2) - 9? +2 - 2K VG 1.1) 


ty 


—— par 2 ee 
7 We ary (5.20) 


i) 


The boundaries of the ¢ integration are not yet determined. This is achieved by 
substituting K from (5.16) into the argument of the 6 function: 


=1 


C2 =a 

2p(1+cosé) ’ Cees) 
OF 5 (Ot 
Cl) a 2 ——— . ee 
( (> de eee cady G22) 
The second equation yields for ¢ (v = ios -p) 
aie 9) 

be Ee (5.23) 


a. _ gt Q? 2 2) 1 1 
1 vy 7. v(1+cos 6) liege x + & (res ae 1) 


Since x = Q*/2v is less than or equal to one, the denominator is bigger than or 
equal to zero. The numerator is always less than or equal to zero and consequently 
t is a monotonically decreasing, negative function of cos @. The boundaries ¢, and 


ft) are simply 
4 =t(cosP?=—-1)=0 , h=t(cos?=1)= —2y . (5.24) 


Now we have to investigate whether the © function leads to further restrictions. 
With (5.21), (5.23), and (5.12) 
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2v —Q? 
PO 90 = PR ey a a 
2,/Q? + 2p(1 + cos 6) (1 — we 
_ 2v - QO? 
Do Dien) i oh 
2v — Q? 


penal 1 ae (5.25) 
(4p — 2\/0?) cos + 2p(1 — cos 8) 


Because x = \/Q?/2p < 1 > VQ? < 2p, the denominator is always positive. 
It assumes its smallest value at cos@ = —1 for p > ./Q? and at cos@ = 1 for 


pee . 
p> JQ: 


eee 2) Oe Ey, (5.26) 
(4p = 2/0") cos +2p(1—cosé) 2? 
p< VJQ?: 

2v — QO? 0S i <, (5.27) 


(4p — 20") cos 8 + 2p(1 — cos @) 5 = EE) 2 
Hence the argument of the © function is positive definite: 


Potqo-—k 2p-p=0 . (5.28) 


We thus obtain the result 
0 


4, QO; 7 
opr => ~39 ign oy dt Sipe y (5.29) 
—2vy 
pip” Suyt = 4u = —4Qv +0), (5.30) 
2v — O* t 20-07) 
5 eras ee AEE) 
: ( es (5.31) 


The ¢ integration yields a logarithmic singularity for S,,“, which is the same kind of 
infrared singularity that occurs in the evaluation of the QED bremsstrahlung cross 
section. In fact the graphs in Fig. 5.1 can also be interpreted as bremsstrahlung 
processes. Before we discuss this singularity further, however, we should like to 
finish our calculation. First the upper integration boundary is replaced by —?: 


Pe iglipgs 2 


HD! Ways = 2? = — 
Mle ee oe = O22) 
a 
wu—te OF 1} Qv-QO*yr+4vQ? f dt | -2? 4 29%2u 
8 aa Cryo) t Ww-—Q? %w-—Q? 
—2v 


4 QF 14x? dry 1 
ae z (2 I 5 ) (5.33) 


I] 536 ‘Oe Il =e 
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How are the structure functions F; and F2 connected with the expressions in (5.32) 
and (5.33)? Equations (3.18) and (3.23) yield the relation 


= Gudu' \ Fi Ger Gis es 
Wap! = | Gut + \met(e- Pat — Gy! 
bp ( bp gq? My L Gs q? u Gp q? Myv 
a! G4 pi! 
~ My (a 7 @e a 


ra q:P\ F 
oF By > uty) (P. - ay E> | ae (5.34) 


V 


The factor 1/My is due to different normalization factors for nucleons and massless 
quarks. For quarks, (5.34) therefore becomes 


7 Gu Gp! I q°p GaP : 
Wayt = Gz ou a ee a6 5 (>, -.4f Py! oe a 0 


(5.35) 
It follows that 
2 2 
he — #— Qu (q ‘P) (q:P) I 7 
We se (Sah ae eR ae (2 2 oe 
Vy We 
= —3F OH 4 ofr 
ee 
= —-3F 4 2 
1: x (5.36) 
and 
2 pou, YOu 
pe Wie ger za gil 
OQ? Qu O; Qu 
aa + Rs" 
OQ? 


Obviously pYpY W,,,,’ is a measure of the violation of the Callan—Gross relation: 
pe = pene (5.38) 
by the interaction. In addition to this Q?-dependent violation we can choose 
Ou 2 x? : 
Oe al et ee Wie (5.39) 


as a second, linearly independent function. The additional contributions to these 
functions due to “gluon bremsstrahlung” (see Fig. 5.1) are therefore 
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a (5.40) 


In— +... 5.41 
re Oo Om 
Now we investigate the dependence of the nucleon structure functions F),. on 
the quark structure functions F" and Fe", To this end we have to go back to 
(3.70-79). There Fy is given by 


1 
F=f 86 (697656 - x) (5.42) 
T 0 
with 
1 
n= GP, and f a6. fG)=1 
0 


X denotes Q?/2Py -q while x is equal to Q*/2p - q. €; is the fraction of the 
ith parton of the total momentum P,, and f(£;) is the probability of a parton to 
having that momentum. Q; denotes the charge of the ith parton. By definition the 
structure functions are factors in the scattering tensor, which turn the contributions 
of free pointlike particles into those of extended particles. Correspondingly one has 
to multiply the right-hand side of (5.42) by the factor FG, Q7) and to modify 
the 6 function according to 
2 2 
(oe, Ue ee (5.43) 
2p-q 26:Pu-q ss & 
1 


1 
ne) / dé KEE [ de 6(X — x6) F202). (5.44) 


Note that we have este over all values of x that contribute to a given X. In 
addition the factor Q? has been omitted, since it is contained in F; x! With the 
help of (5.41) we finally obtain the following contribution of the snore in Fig. 5.1 
to the nucleon structure function F> of deep inelastic electron—nucleon scattering: 


AF, = mee ~ AF?) 


2: a 
arma fonder | de G) = ae nay ne In = : (5.45) 


The unter is divergent, because the integrand has a singularity atx = | or ¥ = Ge 
Since x = | means elastic scattering, the gluon emitted in this reaction carries 
neither energy nor momentum. The occurrence of such an infrared divergence 
is not surprising: one encounters similar behavior in QED bremsstrahlung. There 
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it can be shown that, up to a given order in a, the infrared divergences cancel 
each other if all scattering processes, including the elastic channel, are taken into 
account. To lowest order this is achieved by the following additional graphs: 


Ze 


In QCD many more graphs exist and an analogous proof is more sophisticated. 
The desired compensation can to lowest order be shown by an explicit evaluation. 
The result can be brought into the following form: 

AF>(bremsstrahlung + radiative corrections) 


das 1+4(¥/&) 
“355 om z | GAGE arey |. (5.46) 
where [(1 +27)/(1 —z)]4 is defined by 
[ere Fe ave |. - fo (F(z) — F()) + a (5.47) 


for every sufficiently regular function F(z). (From now on we shall again write 
x for X.) One possible choice for f(€;) is the distribution function derived in the 
context of the simple parton model (see Fig. 3.11). In this case the result would 
be an expression for the scale violation of the function F) depending on one fit 
parameter Agen. From Fig. 3.5 it is clear that for x > 0.5 scale violations in 
fact occur, i.e., F2 becomes a function of x and Q*. In order to be more precise, 
F’, decreases ah increasing Q* for x > 0.5. The very same behavior can also 
be encountered in other scattering reactions, ¢.g., in neutrino—nucleon scattering 
(Fig. 5.5). Here it is seen that for small x the Q” dependence is just the opposite, 
i.e., forx <0.1 >» increases with Q?. In the case of electron—nucleon scattering, 
foe ctively muon-nucleon scattering the data in Fig. 5.7 show the same tendency. 

The overall behavior (see Fig. 5.6) is readily understood. For increasing mo- 
mentum transfers QCD processes become more important, and on average more 
quarks, antiquarks, and gluons occur, between which the total momentum is dis- 
tributed. Owing to (3.79), F2 is given by 


c=) GO (5.48) 
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Fig. 5.5. The structure func- 
tions of neutrino-nucleon 
scattering. (From Review of 
Particle Properties, Physical 
Review D 45 (1992)) 
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i.c., by x times the probability that a parton carries the momentum fraction x. 
Therefore F(x) decreases for large x values with increasing Q*. Since the total 
momentum is constant 


Je Do Fice)x =1 , 


an enhancement for small x values should follow. However, this can be prevented 
by the charge factors, for example, by Q? in (5.48). In this way the gluons contribute 
to the sum (5.49), but not to the FS" structure functions. As a matter of fact, 
according to Chap. 3 the charged partons alone only contribute about fifty percent 
to (5.49). 

Structure functions for muon—carbon and muon-iron scattering are depicted in 
Fig. 5.7. Again the same Q? dependance is observed. Furthermore it is remarkable 
that in the region 0.5 <x < 0.65 and for very small x the F> function for iron is 
considerably smaller than for yp scattering. Part of this discrepancy is due to the 


(5.49) 
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F,(2) 
eo) 


Z 2. 
Weer (G2) oe 


oe a soa et os wa4n os 4c 4h L x=0.25 f: 
Ps 0.2 
A 0.2 = CAG a ®8e eee 
5 x=0.35 @a* at ata thes Opepeged 
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x=0.65 © wy 0.03 
te F,0 8, om Ae oh, eis 0.02 
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Tee, f 


100 


10 Q%(Gev?) 


difference between neutrons and protons (the sums of the squared charges of the 
quarks have a ratio of 3 to 2). The remainder of the discrepancy is known as the 
EMC (European muon collaboration) effect, recalling the experimental collabora- 
tion that first discovered the effect. 

The history of the EMC effect has been quite involved. Eventually it was found 
that part of the originally observed effect was duc to a wrong measurement, since 


Fig.5.6. The schematic de- 

pendence of the structure 

functions on Q?, with 0? > 
i 


Fig.5.7. Structure functions 
of muon-carbon and muon— 
iron scattering. (From Re- 
view of Particle Proper- 
ties, Physical Review D 45 
(1992)) 


196 


5. Perturbative QCD I: Deep Inelastic Scattering 


data analysis for small x values is extremely difficult. However, it is now clear that 
the structure functions depend on the size of the nucleus. Figure 5.8 gives recent 
experimental results. 

A number of theoretical models for the observed phenomena exist, but their 
physical meaning is still heavily disputed. If we disregard this problem, pertuba- 
tive QCD yields a reasonable description of the structure functions. To this end 
further corrections besides the gluon—bremsstrahlung correction have to be taken 
into account. They could of course be determined graph by graph, but there is a 
more elegant way to evaluate these corrections. Every calculation again and again 
employs the same techniques and the specific kinematics of the parton picture. 
Thus it is useful to formulate a general scheme suited for the special situation of 
deep inelastic scattering. In this way we are led directly to the Gribov—Lipatov— 
Altarelli-Parisi-equations, which we derive here in an intuitive fashion. Later on 
we discuss a more formal derivation. 

First we rewrite the result of the bremsstrahlung calculation. Inserting (5.48) 
into (5.46) yields 


0= SG ann 


1 
das, Qs a oe as 
+ sae oF | MG ( ote (=) | (1 = = ia (5.50) 


Since the different flavors are completely independent, every single term in the 
sum must be equal to zero: 


2 
1 a 
ee OP rey | CHE) 
Af, SS ees ——— NG 
\fi (x) aor ey [fe é = z 4 6.5 
+ 
We define 
Ae (lee 
IP =- 
qq(Z) 3 { = hy . (52) 
In addition we omit the index 7: 
1 
Os OQ? dy xX 
Ao —— hn IP (=) : 
on O? yl) qq 5 ($33) 


Furthermore we define the logarithmic momentum variable 
2 

o2 , 

At = t(Qj) — t(Q3) = In 


t(Q*) = In 


Q? (5.54) 


QO; - 
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@ BCDMS N,/D, @ BCDMS Fe/D, 
@ EMC c/D, @ EMC Cu/D, 
A SLAC E139 C/D, A SLAC E139 Fe/D, 


FA(x)/FP(x) 


which gives 


1 
Af(x) a, f dy 3 
ATC) _ Se / SOP (= (5.55) 


x 


The last equation is only valid for small At. For large At values it must, for 
example, be taken into account that a, also depends on Q?. The correct equation 
is therefore: 


1 
Af (e,t) _ a(t) fy x 
Se | ae (= é (5.56) 


x 


Equation (5.56) is already a Gribov—Lipatov—A ltarelli—Parisi (GLAP) equation. All 
further QCD corrections are described by additional terms on the right-hand side. 

We should like to remark that the expression [(1 + z*)/(1 —z)]4 can be written 
in different ways. Two of those used more frequently in the literature are the 
following: 


, 4 [2 3 


and 


Fig. 5.8. The EMC effect: the 
ratio of F for carbon, nitro- 
gen, iron and copper to F2 of 
deuterium (From Review of 
Particle Properties, Physical 
Review D 45 (1992)) 
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P(e) = = 42) +26(1 —z) 


8 
li ee A I dz’ . 5.58 
7 San (i pear of oe Oz 


The equivalence of (5.57) and (5.58) with (5.52) can be proven by applying them 
to an arbitrary smooth and continous function. 


] 
l , 4 1 ore 
i Pl (2 e)dz = 5 fe (= =f (e) - I) +5 +5-5f) 


dz (45 aye st) + (1 +20) 


22 
fu(FE jon 70) 


1— 1-—z 


Wl 
ee, OS 


1 


fale | fe (5.59) 


-i/ 
73) 
-i/ 
34 


For ie (2) a similar calculation can be performed: 


1 


1 
[PeeWee = - J (rec +2)+ tim, > ——— eee iC ) 
0 


0 
+2f)- 3/0), lim 2, ff 43 dz ————_ a 
nia § feeq apo 


1 
4 
ae 5 | [fey +2) —f()C +2)] 


=3/ “qn f@+3 s foes de? —* Fe) — fy 


4 
-$/e( a ar fey. (5.60) 
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EXERC S| eee 


5.3 The Bremsstrahlung Part of the GLAP Equation 


Problem. The bremsstrahlung process of Fig. 5.1 does not change the number 
of quarks or antiquarks. Prove that this statement is also contained in the GLAP 
equation (5.56). 


Solution. The number of quarks with a specific flavor is given by 


1 
IN / dx f(x) . (1) 
0 
One has to show that N does not depend on Q? and consequently not on ¢. Therefore 
d df d 
Ge ly mG 
SS OS SS a Ee | = py 
dt / dt | me () a 
0 0 G 
must vanish. We exchange the x and y integrations: 
d / dx 
Os e 
—N=—/d —f(y)Poaq | — 3 
on = 2 fay f SyorPn (=) 6) 
0 0 
and introduce the new variable z = x/y 
1 1 1 
d Os Os 
eee = —N | dP a 
GN = favs) f dePagle) = SEN f dehy) @) 
0 0 0 


By means of (5.47) we have 


1 1 
2 A NT ae 
ee ne = fu +-3) snc (5) 
3 1—z 4 3 3/ 1-z 
0 0 
and hence 


d 

aN =) 4, 
which was to be shown. 

It is no coincidence that the right-hand side of (5.56) integrated over x separates 
into two factors, namely the integrals over y and z. Since QCD is a dimensionless 
theory, Pjg can only depend on ratios of the momenta that occur, i.e., on x/y. 
Consequently all contributions to the GLAP equation exhibit the same feature. In 
the next section we discuss how this mathematical structure can be derived from 


very general assumptions. 
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re eG a 


(b) 1 


Vor 


Fig. 5.9a,b. An illustration of 
the GLAP equation. Larger 
values of Q? (Q? >> Q}) re- 
solve smaller structures 


The content of (5.56) can also be interpreted in the following way: owing to the 
QCD interaction a quark can split up into a couple of particles with the same total 
charge, for example, into a quark and a gluon or into two quarks, one antiquark, 
and a gluon. 


Now the question arises whether the quark “fine structure” can be resolved by 
the exchanged photon. Clearly this depends on the photon momentum. For larger 
values of Q* smaller structures which might exist only for shorter times become 
visible (see Fig. 5.9). 

In this sense Py, is also denoted a “splitting-function” and interpreted as the 
probability that a quark shows the inner structure quark + gluon at a resolution of 
t = In(Q*/Q2). Now it is easy to guess in what way one has to generalize (5.56) 
in order to describe the following processes also: 


and 


First we introduce new symbols. The single quark distnbution functions g;(x) and 
q;(x) are replaced by a total quark distribution, 


BG) =) Giang.) eee ud once (5.61) 


i 


and by differences between the quark distributions, 


Aye) =a) — qe), (5.62) 
Ay =9,)—a,@) (5.63) 
Vey=S ie) -F@) . (5.64) 


Usually ’(@x) is referred to as a singlet distribution function, since it is symmetric 
in all flavors (it transforms as a singlet in the flavor symmetry group). Ay, Ay, 
and V are correspondingly called non singlet distribution functions. The GLAP 
equations now becomes 


5.1 The Gribov—Lipatoy—A ltarelli-Parisi Equations 


1 
dAy(@,t)  as(t) f dy EG 
a ee — ai, ae (=) (5.65) 


dest) s(t) EE 


dt 20 
x: 


oe OPa (= ) +260, t)PaG (:) ; 


(5.66) 


1 
dG 5 
ce am a sly no. Pes (= ) +60, t)PGg (3) 5.07) 


Here G(x, t) and Ny denote the gluon distribution function and the number of fla- 
vors; Pag, Peg, and Pgg correspond to the above graphs respectively. A calculation 
analogous to the one discussed above yields 


Pyg(z) == [22 +0-z)] , (5.68) 


Wl) wl 


Pog(z) = = (1 +0 =2)] = : (5.69) 


1 l= J N, 
Pgc(z) = 6 E es) = A (5- ) é(i — o| 


(5.70) 


The derivation of the explicit expressions (5.68—70) is quite cumbersome, the gen- 
eral structure of (5.65-67) on the other hand is very simple. The bigger Q?, the 
more partons with decreasing x are resolved. Therefore only such processes occur 
on the right-hand side, which increases the particle number. 

Of course, there are also loss terms. The probability of a quark with a large 
momentum fraction is decreased for example by the emission of a gluon. This 
effect is contained in the definition of the splitting function and corresponds to the 
term that is subtracted owing to Py, = 4/3 [(1 +27)/(1 — 2) |e 

However, it should be clear by now that the GLAP equations are an approxima- 
tion, valid only for large QO? and sufficiently large x. The first condition is obvious, 
since the GLAP equations are a perturbative expansion that becomes completely 
meaningless if a, gets too big. Note, for example, the following process: 
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This graph represents a higher-order correction to the processes in Fig. 5.1. There- 
fore it contributes to Pyg and Pg in proportion to 


re dx, dx 
02 i ConeaPy ima, 6.71) 


X2 

with a corresponding function P4q. The essential point now is the following. In 
the case of very small x; G(x) can increase so much that even a, G(x;) remains 
larger than one (we shall find later that G(x) is proportional to 1/x; for small x). 
Hence there are kinematic regions where contributions like those of the last figure 
are no longer negligible. With the new HERA accelerator at DESY in Hamburg, 
Germany, these regions have for the first time become accessible to experimental 
investigations. At HERA an electron beam and a proton beam are collided with an 
invariant mass of 


s = (pe + Pp)? = 4E-Ep = 10° GeV”. (5.72) 


Since the maximum momentum transfer Vmax is just s/2, events with OSs GeV? 
and x > 1074 can be investigated. Currently much effort is being invested into 
the necessary generalizations of the GLAP equations for small values of x. To this 
end their structure must be modified, as can already be seen from (5.71). Terms 
have to be introduced, for example, that depend on products of two or more distri- 
bution functions. Up to now there has been no generally accepted solution to this 
problem (Sect. 6.2). Presumably such a solution will only be found in connection 
with experimental investigations. The HERA experiments have produced data since 
Hee, 

In this section we have learned how QCD corrections can be evaluated from the 
corresponding Feynman graphs. This procedure is of great clarity, but it requires 
extensive calculations. Therefore one frequently chooses another way to derive the 
GLAP equations that is much more elegant but unfortunately less obvious. The 
latter disadvantage occurs because a part of the result, namely the general structure 
of the GLAP equations, has to be more or less assumed. We should discuss this 
alternative derivation in the following section, since it shows another side to the 
meaning of the GLAP equations. 


5.2 An Alternative Approach to the GLAP Equations 


In this section we shall be concerned with the derivation of the GLAP equations 
using only our knowledge about the properties of QCD. We know already that 
scattering experiments using leptons as projectiles and hadrons as targets reveal 
information about the hadronic structure. The structure functions or momentum 
distributions of the partons inside the hadron depend on the four-momentum q, 
carried by the exchanged photon (in general the vector meson). If the momentum 
transfer Q? is increased, more and more details of the hadronic structure become 
visible (see Fig. 5.10). 

QO? is related to the maximum transverse momentum of a parton in the final state. 
This fact is easy to understand looking at Fig. 5.10. In the Breit-frame, where the 
distribution functions are defined, the nucleon is strongly contracted in the direction 


5.2 An Alternative Approach to the GLAP Equations 


Q small 


boost 


of movement. Therefore the resolution with which quarks are seen depends only on 
the transverse momentum. We denote by 1/ Jo? the resolving power, since, owing 
to the Heisenberg inequality hadronic structures down to 1/,/Q2 can be resolved. 
Let us assume that we have chosen Q” high enough to enter the perturbative regime. 
We can resolve partons of size 1//Q? inside the hadron. If the momentum transfer 
is increased to Oe > Q*, we can resolve smaller constituents of size / Oe 
inside the hadron. For a given resolving power 1/ Jo? the momentum distribution 
of the partons of kind a. is denoted by N,(xg,Q7). The smaller constituents b at 
y/ Q” carry some of the parton momenta x,: 

ee (5.73) 

Xa 
This results in a decrease of the momentum distribution for large x and an increase 
for small momentum fractions. 

The variation of the distribution functions AN (x, Q) when Q? is increased by 
AQ? can now be treated by using perturbation theory. To lowest order AN (x, QO) 
is proportional to the coupling parameter 


2 2 
a) me (5.74) 


If the quark masses are neglected, QCD lacks any energy scale. Therefore only 
momentum ratios can appear in the equations which govern the development of 
Na(Xa, Q*) to higher Q?. This distribution function for partons of kind a depends for 
oO! oS Q? on the distribution of partons of all kinds b. We assume this dependence 
to be-linear. The probability of finding a parton a with momentum fraction x, 
inside a parton 6 of momentum fraction x, is therefore given by 


2 A 2) 
ANs(%,.07) = #2, (#) Nala, 2) a 


The quotient AQ?/Q* = AlnQ? is introduced to keep the change in momentum 
transfer dimensionless. In the same way it follows that P,, can only depend on the 
ratio of the momentum fractions. 

To obtain the total change of NV, we have to sum over all partons of kind a 
that may “contain” the parton b, and we have to integrate over all parton momenta 
Xq > x». This leads us, finally, to the GLAP equations: 


(5.75) 


1 
2 ‘abe 
AN, (x, 0?) = — ye (=) Nata, O?)—* Ang? . 5.76) 
b a a 


203 


Fig. 5.10. The role of Q? as 
transverse resolving power 
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(a) Gy 
qa GyXx-Y 

(b) G,x-y 
gx gq,x 

(c) Ske 
Gx 


qx-y 
Fig.5.1la—c. The processes 
described by the splitting 
functions (a) Peg, (b) Pag, 
and (¢) Pag 
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(Here we have introduced the ratio dv, /xq instead of dx, alone; otherwise a scale 


would enter the GLAP equations.) This is a set of equations for all types of partons, 
which in differential form becomes 


1 
ON» (x5, QO”) », as(Q’) yf Pe (*) Nalta, 02) 22 (5.77) 
Dy ie Xa 


Oln CO. Xa 


The functions P;, are called splitting functions since they describe the breaking 
up of a parton of type a into partons of type 5, when the momentum transfer Q? 
is increased. 

In the following we will derive the splitting functions Pq for several cases. We 
make life easy by assuming that there are only two types of partons: quarks and 
gluons. This is justified because of charge-conjugation symmetry (change of quark 
distribution equals change of antiquark distribution) and because of our treating 
quarks as massless objects (change of u, d, s quarks proceeds in the same way). 
This reduces the number of splitting functions to four: 


1 
4 8 1 1 
Pag = —3(1 +x) +26(1 S29 ee =x) fax’ , 
0 


1-x 1-—x’ 
(6.78) 
1 
Pag = 5 (ia) sex?) 5 (5.79) 
zl) SE (TL age)e 
Ge ae an ae (5.80) 
1 11 Ny 
66 =0 E +x(1 2) ar ( 5 3 ) 6a x) 
1 1 
6 a = / 
a0 || aes 6(1 x) [as == (5.81) 
0 


We shall evaluate the functions Pgg, Pg,, and Pgg in Examples 5.5—7. The effect 
of these functions is depicted graphically in Figs. 5.11a,b, and c. 


DER) —_—__ a. 


5.4 The Maximum Transverse Momentum 


Problem. Determine the maximum transverse momentum of a parton occurring in 
the final state if the photon momentum before the collision is given in the Breit 
system by 


Gu = (0;0,0, -Q) (1) 
and the initial parton momentum in the Breit system is 


Qn = (7,0, 05) (2) 


5.2 An Alternative Approach to the GLAP Equations 


Solution. We first assume that two partons escape after the collision. These partons 
carry momenta 

es 

Q 


(eee p=Q 
P\ Gx 5) 
je= 


(3) 
p= (Bini, 5 ) 


Obviously the four-momentum is conserved: 


qtp=pitp, . (4) 


Furthermore squaring the parton momentum py; yields 


i =0= (2) ~ (m1)? (252) 
sci earned C3) 


= eee mes 
= (asp = @ , (5) 
Introducing the momentum fraction x = Q*/(2p - Q), we get 
LOS Oe 
-(r,)'-(2) +E =0 (6) 


or 


l= — (7) 


For more than two partons in the final state this is the maximum transverse mo- 
mentum that can be achieved. 


EXAMPLE 


5.5 Derivation of the Splitting Function Peg 


For given momentum transfer Q? — in the perturbative region — we define the 
Hamiltonian 


fin = A+ (1) 


The potential V describes the binding of the partons. It is the nonperturbative part, 
including interactions with small Q?. The kinetic part 1, of yields when applied to 
the parton wave functions the kinetic parton energies 


A \qo2(p)) = Elaga()) = Ipllagz®)) 


2 (2) 
AX? |Go2(k)) = wlGga() = IkIIGg209) 
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|792(p)) and |Gg2(k)) denote respectively the quark and gluon wave functions at 
momentum transfer 07. Again Q is related to the maximum transverse momentum 


by 
ebm = 2 4/-—* =e0 Q) 


At Q’ aS Q? the kinetic part of the Hamiltonian can be written as 


es = Ho? +H . (4) 


Application of Hon to the quark and gluon wave functions at Q” again yields 


Ag2I992@)) = |pllagnr®)) 
A |Gyalk)) = [k\IGgn(Q)) (5) 


The additional operator H Ag2 just describes the interactions leading to transverse 
momenta |k1| between €Q and <Q’. 

The interaction part of the QCD Hamiltonian can be derived in the temporal 
Weyl gauge, A® = 0 for all gluons. The Hamiltonian H Ag? up to first order in the 
coupling parameter g is 


, ; ae 
ea.) / Pr NG(r) ly | any WO 
tI 
+ 9(Q?) / ErfxpyAe(r A (r)2-AN(r) (6) 
apy J k or; k ‘ 


The first part describes the interaction between quarks and gluons, the second part 
handles the 3-gluon interaction. In the first part the sum is over all quark flavors 
u,d,s,.... In both parts the integration is performed over the region in space that 
is in accordance with the transverse momentum k,. 

We turn now to the quark and gluon wave functions. Since for higher resolution 
Om smaller constituents of the hadron can be seen, the wave function describing 
big partons at QO". can be written as a superposition of wave functions for the 
constituents at OF For the quark and gluon wave functions at Q? we get the 
eXpansion 


I202P)) = CaP)4g2)) + D5 Cogk' PNGoalk gor’), 


k! p’ 


|Gg2(k)) = Ca(k)|Gg2(B)) + D7 Cac(k'sp)Goalkggn(p’)) 
k! .p! 
+ YF Cock RM GonkGgalk")) (7) 
kk” 


The coefficients are given by 


5.2 An Alternative Approach to the GLAP Equations 


CaP) = (ForP)l4o2P)) 

Colk) = (GyrlGg2) 
Cog(k’sP') = (Gonk )dgr(PVigo2(P)) (8) 
Cyok',P') = (Gok agnr(P)Go2(P)) 5 


Cactk!,k") = (Gga(k)Gy2k")|Go2(k)) 


The squared coefficients can be related to the momentum distribution functions. 
Now we have all the ingredients to determine the splitting functions. We start with 
the calculation of the probability of resolving a gluon inside a quark (Fig. 5.1 1a). 
This will lead us to an expression for the splitting function PG,. 

We apply the kinetic part Hn of the Hamiltonian to the quark wave function 


at resolution Q?. This gives on the one hand 
FB \go2(P)) = HG? 492) + Hag2I9o2()) 
= |p| lao2P)) + Hag2lag2()) (9) 
Expansion of the quark wave function yields on the other hand 
H52|992(P)) 
= Cy(p)AE3\do2@)) + >) Coa(k’ p' VAG |Ggrlk' Yaga) 
k! ,p! 
= C,(p)|p| lag2(P)) + DOR + IPD Cagk PMGork gn) - (0) 
k! pl 
We project (9) onto the final state wave function IG gi2(k’ orp’): 
IPGgnlk’\agn(P')1402P)) + (Gyalk4g2P')\F.192I402)) 
= (\k'| + |p')Cag(k',p') (11) 


employing the orthogonality between the wave functions. Thus we obtain an ex- 
pression for Cg: 


(Gonlk' don?’ ag2!492)) 
|x| + |p’| — |p| 

The absolute square of this coefficient is proportional to the probability of finding 

a gluon of longitudinal momentum k' inside a quark of momentum p when the 

resolution Q? is increased. The momentum fraction of the gluon relative to the 

quark is therefore 


Call = (12) 


_ ee ae (13) 
pl Pe 
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The gluon distribution can also be written as 


Bp’ Bk! 
NoQ@ Y= 203 | ae ee 
ae a TP) icot' vag (14) 
Ip? 


where the k integration is performed for |k,| in the range from €Q? to eOe The 
eight color degrees of freedom of the gluons are enumerated by a. We now evaluate 
the squared coefficient |Cg,(k’, p’)|?. To do this, only the first part of Hamiltonian 
(6) is required: 


Cog(k'0') = -90°) [ dr 7 (Gyalk Mone VE) 
if 
_ ee 
|k’| + |p'| — |p| 
= -9(0)5(R! +p! — py2mu@ se Up, s) 
1 


ee 
« (7 AZ) Hla) 


ea 15 

1+ 1-1 - 

From this it follows that 
Syal 3y0 / 
Ne(x, Q7) = oe as Z (8 ( a F) 
(27) (Qr)? 8EE'w |p| 
1 
ob 2 10.) 10 ———— 
(|k’| + |p’| — |p})? 

1 an eS xe 2 

«5 DO HOE D>u@,5) (16) 


a s,s',e% 


We consider the expression for the squared matrix element. Performing the sum- 
mation over color and spin, where we have used the relation ¢? = —e% - y for 
= (0,€7), we get 


PLILLLL eH 


are 
= 2, 4 |p! -e™* Np et) + (p!-e*\(p -e*") — (p +p We* -e™)] 
LS (o!-©*\p-e*) 

+ @!-£°%p-€") — ipo — pe? -€**)] 
= ; pe Lele) {Pip} + pip; — [@'- p) - |p|lp'|] 6, 


u(p’, Hy uep,s)] 


*} wr’ e"} 
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1 he 
16 1 
= 3 pepllplipillk'! — pep), (17) 


which results in 


= SO) | do! [ Pea k'-p 
scan cs 
(|k'| + |p’| ~ |p|)? 


x &(k’ +p’ — p)- 


1 
x ellie ~(k'- p)(k'-p')) . (18) 
The momenta can be written as 
p=(0,0,p) , 
(hip)? (19) 


p’ = (-k',,(1 —x)p) 


Obviously the three-momentum is conserved: p = k’ + p’. The transverse momen- 
tum is expected to be small compared to the longitudinal momenta: 


Ikil<p , |kil<xp , |kil<(-xp . (20) 
The contribution to Nc(x, Q*) can be approximated by 
1+ Ip! — pla + ME ap + py 
uate 7 P20 —x)ppl 
oe 
aki Se (21) 
2p x(l—x) 
and therefore 
l 2p 
oe SS a) 
Ik'|+|p'l—Ipl [kL 
Furthermore 
1 
Teele lle’? — (k’- p)tk' -p’)] 
1 
eS Trae — x)p(\k' |? + x?p*) 
! ieee eo 2 
——__— |k’ Bole + xcp >) + xp lk | =x l—x 
er )52. LlPdk | p) +xp'|k,| p’ (1 —x)p*] 
meres | a3) ( 
and 
l | 1 (23) 


EE’! |plip'llk’| px — x) 
Inserting Eq. (21-23) into the gluon distribution (18) results in 
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Pol 
Example 5.5. No(x, Q”) = 3 On pd) / dk’ / dp’ 
“2 
Ole &(k' + p' — p)————~ 
(: lp|? es Px — 


4p? 4 2 [kiP x? 
= : 1 
x TAG (i —x) 2 oP Aes 
401 gpl = dk} 
~ 3Qnp? x GAR 


(24) 


In the last step we wrote d?k’ = d?k/ dk) and performed the integration over p’ 
and ky, thus cancelling the 6 functions. 
The last integration has to be performed for transverse momenta |k’, | between 


EQ and «Q’: 
t ! eQ’ 
Fk! dk! 
——t = In / —+ = 2 In |k} | 
|e’, |? |, | 
EQ EQ x6) 
= r(Ine2Q” — Ine?Q?) 
=7Alne’*Q? =7AlIng’ . (25) 


Since € was introduced as an arbitrary constant Alne = 0. We are left with 


26 1)2 2 
CN ee eyes on 


NeQ )\— B72 e x 


This result now has to be compared to the GLAP equation, where we have to 
impose the initial condition 


Nye, Q*) = 6(1—x) , 


Nex, Q”) = 0 ai 
From the GLAP equations it follows that 
No(x, 0") = Ne, 0”) + ANa(x, 07) 
= EPs) An Oe (28) 


For the Pg, splitting function we get the desired result: 


eye. 
Pg, (x) = ee . (29) 


5.2 An Alternative Approach to the GLAP Equations 


NPE eee 


5.6 Derivation of the Splitting Function P,, 


To determine the quark momentum distribution we have to keep in mind that the 
production of a quark of momentum fraction x corresponds to the production of a 
gluon of momentum fraction 1 — x. For x = 1 the original quark is obtained with 
a probability |C,(p)|?. We can therefore write 
N(x, OQ") = Nalx, 0?) + ANg(x, 07) 
= ANg(1 —x, 0°) +601 —x)|Cy@)?_ (1) 


The change of the quark distribution function is then given by 


AN, (x, Q?) = Nj(x,Q”) — Nj, 0?) 
= Nel =2 0) =00 == xa. (2) 


ANGc(1 — x,Q7) is already known. Furthermore the longitudinal momentum is 
conserved. The expectation value of the longitudinal momentum should equal zero: 


1 
‘i dx x(AN,(,02) + ANo(x,%) =0 (3) 
0 


If we use the result of the last section, that the change of the gluon distribution is 
given by the splitting function Pg, 


ance 
ANG —2,0%)= L£EOTI*E ping? , 
4492) 414(1 =) 
NECN O rere eee Cn (4) 


momentum conservation allows as to determine the coefficient |C,(p)|*: 


1 
t= [os [ANG(1 —x,Q”) — 6(1 —x)(1 —|C,(p)*) + ANe,Q*)] (5) 
0 
or 


1 
Igor =1- / dx x [ANg(1 — x, 0) + ANo(x, 0) 
0 


55 l1—x 


1 
2(Q? 1+(—-x¥ 14x? 
=1-£@ anor farx (#4 Fe) 
8x2 3 
0 


1 
=1-£®ano? (8 far 


0 


(6) 
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Finally we get for the change in the quark distribution (2) 


AN, (x = £2) ano? oh se (lees) 


1 
8 | 
ee zi 
5 Ol ») fae (7) 
0 
Comparing this to the GLAP equation 
AN (¢,0%) = £2 P,(x)AIng? (8) 


allows us to extract the splitting function 


a, 26( 


4 8 
== + 1) +261 —x) +5 


-- 0) 


SY [>= ee eee 


5.7 Derivation of the Splitting Function Pygg 


Next we calculate the splitting function that describes the quark fraction inside a 
gluon when the resolving power is increased from Q? to Q’ z (Fig. 5.11c). The final 
State wave function is given by 


Igo @Fg20’)) - (1) 
The initial gluon wave function at Q? can be expanded into these quarks states: 
IGg2k)) = S32 Cyg.Pagnr@ Fon), (2) 
p,p! 


where the coefficients are given by 


Cis?) = don pabe Gg) - 3) 
Applying the kinetic part of the Hamiltonian yields 
Hg2|Gg2(k)) + AAlga|Gga() = > yas Pgalaga@Fonlp’)) » () 


pp’ 
or 


k|Gg2(k)) + AAlg2|Gg2(k)) = SUpl + [P')Caz.P'ld4g2PF on) - (5) 


p,p! 


5.2 An Alternative Approach to the GLAP Equations 


The coefficients can be obtained by projecting with (Igr(PFonP): 


(792 P)Fgn(P')|AAg2|Gg2(k)) 


Cn@ p= 
apr?) pl+ T= Im 


(6) 


To determine C,7(pp’) we need from the Hamiltonian AH the part that describes 
the quark—gluon interaction: 


Afi: = -9*(0)Y) | &x NIA ya). ) 
a f 


It follows for the matrix element that 
(d9n(P)}F 92’ )|AAg2|Go2(k)) 
2 Bic / n/n a Pall 
=—) (Qn) + p' — Kulp, s)e*-y>v@',s') (8) 
a 
Again we can relate the squared coefficient Cjz(p,p’) to the quark distribution 


function by calculating the “decay probability” of a gluon if the resolving power 
Q? is increased: 


doy 
AN, (¢, 9’) = 5 sa ene ah, (2)32E! 


e4 cs cls! 


This is summed over spins and colors of the outgoing quarks and it is averaged 
over the spin and color of the initial gluon. The 6 function guarantees that the 
quark longitudinal momentum is x times the gluon momentum: 


“ : 
ae (10) 


ea — —————— 


|k| [RI 


Inserting C,7(p,p’) from (6) into (9), we find that (9) becomes 
rik / 
AN,(¢,0) = 60° On? | SF / ay 


(et) 009 -cte (rat) 
x usin lt laa 1 lanl NE 
Ke 8wEE" \ |p| + |p'| — |k| 


«DELL Kose: us). (1) 


Eo cs els! 


We first performt the spin and color summations again using ¢° == -e for 
=(0,e%): 
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LEV yvkene sa 


ECCS COS 


a -re(4 -) De® ayer <9 

— se (ys'y'¢°*) 

= 54 WO") 4. De") - @ pee") 
= Sp Die -e*\(p'-e**) 


+ (p'-e°\(p-e°*) — (pop) — pp e* -€°*)] 


kikj 
= 16 (4 - a) (pip; + pip; + (\pllp’| —p - p')by) 


= agp (IP Ielle'|— py py] (12) 


The quark distnbution function can now be written as 


2 
| p-k 1 1 
De A2y eae ae a 
An(o.0) = a0F 0°? | #o6(s — Tee) aoe (aI 
1 
x etal ple —& PRP) (13) 
We introduce explicit forms for the quark and gluon momenta , 
k=(0,0,4) , 


p=(k1,xk) , (14) 
p=(-k1,(1—x)k) , 


so that the three-momentum is conserved: k = p+ p’. As in the last sections 
we take |k1| to lie between €Q and eQ’ and assume that all momenta are much 
greater than |k, |*: 


kK) >|kil . Ip] >|kil , |p| > [kil . (15) 


The terms that enter (13) can now be approximated as in previous sections: 


1 2k 
PtP lie eel oo 
1 1 
DEE! iors : (17) 


(ie 
Tgeial lpllp’| — (k- p(k - p’)) = Atlee eerae 


(18) 


Inserting these expressions into (13) and rewriting 


Pp = Pky dp (19) 


5.3 Common Parametrizations 


MS 


we can perform the integration over the longitudinal momentum, obtaining 


2)2 2 
AN; (x,Q?) = g(Q*) i kK. i G Spe 


83 J |k,|22 
(07? f dks 1 
=e | pea i es ee (20) 


Keeping in mind that |k,| is in the range €Q to €Q’, we can perform the last 
integration. The result is 


eQ 
AN, (x, 0?) = g(Q7y i (a — xf +x?) In|ky| 


472 2 EQ 
22 
= ” ; (1 —xy +x?) Alng? , (21) 


since € is an arbitrary constant Alne = 0. Comparing this result with the GLAP 
equation yields, with the initial condition 


No(x,Q°)= 6(1—-x) , Ng@,O*)=0 , (22) 


the expression for the splitting function: 


Paes — ; (1—xyY+x?). (23) 


5.3 Common Parametrizations of the Distribution Functions 
and Anomalous Dimensions 


Instead of dealing with the GLAP equations we can transform the set of integral 
equations into a set of linear equations by introducing the moments of the structure 
functions. The nth moment is defined as ! 


1 
Nalin, 0%) = fide x"-'NG,0) (5.82) 
0 


where N, is the structure function of the parton of kind a. Differentiating this with 
respect to In(Q*) and inserting the GLAP equations results in 


' Usually one defines the nth moment as the expectation value of x” rather than x" \, which 
is commonly chosen in QCD. 


Example 5.7. 
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dNa(n, Q”) n— 1 ANa(x, Q*) 
~ ding? | - fic ~ ding? | 


Sie. = ADs fe (= ; ) Noe’, 0?) 
0 


- 4D [ows = Jat » (= 5) Note", Ome (5.83) 


The second integration can be performed from x’ = 0 to x’ = 1 if we introduce 
the Heavyside function in the wage Thus the integrand vanishes for x’ < x: 


a) 2(72 
GP ADT face [Sra (S)ow omer? 


(5.84) 


Now the integrations can be eae nee Cx) Weer 


iC ‘iG 7 
EDS [es No (x' 2» or Tees (=) 0G" —x) 


1/x! 


Q? 
EDs [ten Ge") ie x! (zx')"— | Pap (z)O(x! — x'z) 


Vcd 
= — Qs fae line wos [ee zt'Pa(200 —z) 
0 


1 
2 2 
— PODS fat ‘note, 0%) fd gti P4»(z) : (5.85) 
0 


The last step can be performed since | /x’ > 1 (because x’ < 1 ) and the © function 


contributes only for z = 1/x’ < 1 . Therefore the upper bound of the integration 
can be taken as 1. 


In the high Q* regime a,(Q?) = g,(Q”)?/4z is given in leading-log order by 
C= 
OO BF MOTD ” 
where f denotes the number of quark flavors and A is the QCD cut off parameter. 
We obtain 
dN,(n, dNa(n, Q”) ye ae 
“ino? 37 nee 2 Nolo g » fs Fee 2) 


- ~ Ta Dole oe a 
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NGF 


where we have abbreviated the moment of the splitting function P,,(z) by 


i 
6 
dap(n) = aay: ic ENTE) (5.88) 
0 


Thus we have derived a system of linear equations between the moments of the 
structure functions and their derivatives. The moments d,»(n) of the splitting func- 
tions are the anomalous dimensions. Once the splitting functions are given, the 
moments d,,() can easily be obtained (see Exercise 5.8): 


5 Sonor ene! 
33 —2f n(n?-1) ? 


dgq(n) = 


4 2 “1 
d ——————— pane a TY i 
aE Ve ec ta) Ss 


2 
‘ 7 a ee a 
ao) = ~ 5 oF nn + In + D) 

2 ee 
dealn) = 35 xR Te) (Cae | De 


(2 


The moments N(n, Q?) of the parton distributions N(x, Q?) are given by experi- 
ment. However, it is more difficult to calculate the parton distributions N(x) for 
given moments N (7). Since the polynomials x” do not form an orthonormal system 
of functions in the range 0 < x < 1, one has to transform the moments N(n) into 
coefficients 


ce =f(N(@) (5.90) 
so that 
GO => cx. (5.91) 


The coefficients c; are functions of the moments N(n) and can be obtained from 
the relation 


No) = ama (5.92) 


i 


which is proven as follows. 
Let f(x) be the function that is to be approximated by g(x) = 3°, qx’. Again 
the moments of f(x) are denoted by 


l 


oh = [a a dC: ae (5.93) 


0 


We require that 
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1 
M= / dx (f(x) — g(x)” (5.94) 
0 


becomes minimal, in which case the variation of M/ with respect to the coefficients 
cz vanishes: 


= 6M = sabe : (5.95) 
from which it follows that 
aM =0 forallk . (5.96) 
OC, 


Inserting the series expansion for g(x) into (5.94), we can express M by the 
coefficients c; and the moments /: 


— 


M = il dx (re L4G = 2/(s)ate)) 


oS 


1 1 
= [dx f(xy + | de g@)y’ —2 | dx f@)g@x) 
me eat 


1 l 
=LG + So ag [fe aa -2S¢¢ [ou x f(x) 
ij a, 


be as 
=C+ 2 raat ct OT (5.97) 


1 p 
Gide f) 1s arconstante 
Performing the derivation with respect to c, we get the desired relation between 
the coefficients c; and the moments f; of the function /: 


_ 2M 
7 Oc, 
a! CG 
ga (C+ De 2 vin) 

= Ci C; = oh, 

Og, i +f +1 Ga 

Oincj + Ci dik 426; 0) dik 
aT i+j+1 ~ 2D bids 

Cj 

= eee (5.98) 


or 


Stk =a =) Avie : (5.99) 
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ee ey eee ee ee ee ee 


In order to compute the coefficients c; from the known moments f;, one has to 
determine the inverse of the matrix Aj;;: 


a) (5.100) 


Obviously the coefficients c; change their values if one more moment /; is added 
in the calculation. 

It is possible to give an upper and lower bound to f(x) by employing the Padé 
approximation method for the moments /,. Recent parametrizations for the parton 
distributions inside the nucleon are given by CTEQ (The CTEQ group provides 
continuously updated sets of distribution functions, obtainable via electronic mail 
from Botts@msupa.pa.msu.edu), which is regularly updated. Here we give another 
parametrization. Writing for s in a leading-log approximation 


_, In[Q?/(0.232 GeV)’] 
Se [12 /(0.232 Gevy?] Ay) 


where ju? = 0.25 GeV’, the parton distributions are parametrized as follows. For 
the u and d valence quarks in a proton we use 


XUp(x,Q7) = Nx" (1+ Avx +bx)(l—x)? , (5.102) 
with 

N = 0.663 + 0.191s + 0.04157 +0.031s? , 

@ =2O,320 

A =—1.974+ 6.745 — 1.965? , (5.103) 


eA Ae 0s 4 4.085° 
D =2.86 + 0.70s —0.02s?_, 
for v = uy + dy and 
N = 0.579 + 0.283s +.0.047s7, 
a=0.523—0.015s_ , 
22) 10595 — 0.275" (5.104) 
Be 95 609s 155s" 
oes 57. 0.945 — 0.168 


for v = dy. The distributions for a neutron are obtained by interchanging u and d 
quarks. . 
The gluon and light sea-quark distributions are given by 


1\? 
x* (A + Bx + Gc. in (=) 
x 


+s exp (-« sh 4] £’s In (2) \c Se (5.105) 


xwp(x,Q*) = 


with 
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Gie= 0.598 

Gi Se A es 
a=1.00-—0.17s_ , 
oe. 


A =4.879s — 1.38357, 


B = 25.92 — 28.975 + 5.59657, O@ 
© = 25169 + 2368s — 1 o755- 

P= 2.537 + 1718s £0.3535° —, 

fo (5 95°52 1oksaue 
E' = 4.066 

for w = G and 

a—1396 , 

B=1331 , 

a=0.412—0.171s_ , 

b = 0.566 — 0.496s_, 

A= 0.363, 

B=-1.196 , (O08) 


C = 1.029 + 1.7855 — 0.45957, 
D = 4.696 +2.109s_, 
E =3.838+1.944s , 


= 2845 
for w = u and w = d. Finally for the s, c, b quark distribution we employ the 
relation 
t 2 (s ig Own) = D 
EOC Ol = (1+ Ax + Bx) (1 —x) 


[In(1 /x)] 


age (-« ty es In (3)} . (5.108) 


where the s-quark distribution is given by 


a= 0.803, 
B=0.563 , 

a= 2.082 — 0.57 se 

A = —3,055 + 1.024s°*? 

Be 20 05° |e (5.109) 
D=6.22 , 

E=433+1.408s_, 

E' =8.27—-0.437s_ , 


Saf = Ss = C 


5.3 Common Parametrizations pi 


The c, ¢ distribution is parametrized by 


ie 1) 

SSuar 

Ce 

A=0 , 

B=4.24—0.804s_ , (5.110) 


D =3.464+ 1.076s_ , 

E=4614149s , 
2 555 Colca. 
Sc So — Shs s 


and the b,b distribution by 


100 

5 ee, 

ae 

A=0 , 

B= 1.848 , (5.111) 


D = 2.929 + 1.396s_ , 
E=4.71+1.514s_ , 
Be= AQ) 21.2395, 
So = Sp — 135d 


The parametrizations are valid in the x range 

(On ec) Gali) 
and the scale 

i =O = 10’ Gey” (5.113) 


with an averaged inaccuracy of 2-3 %. 


SS] —>>>SSSESSE»______ SS SSE 


5.8 Anomalous Dimensions 


Problem. Calculate the moments of the splitting functions Pg,, Pgg, Pac, and Pga. 
The splitting functions are explicitly 


_414+(1—x) 


(a) PGq 3 x 


? 
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Exercise 5.8. (6) ga -F(1 +x)+2 61 —x) 


1 
8 1 1 
im -| ———. — 6(i-x) } dy ———_| , 
+ tim $ | rs ‘a | eye 
0 
bei ee 
() Pao =s[+0-x¥| , 


(a) Pee =6|> = 2 -»] A (+ -f ei =) 


1 
] 1 
lim 6] —-——_ — 6(1 — ———— 
Bae) la ( nfo 
0 


Solution. (a) Inserting the explicit expression for the splitting function Pg, we get 
for the nth moment 


1 
6 tes 
dgq(n) = 7 ey; [ow oe 'Pog(x) 
0 


1 
ee: fat 1+(1—xy 
S07 3 x 
0 


I 
wee oe Ba n—-t n 
~ ay | (2x 2x"! +x") 
0 


= 8 2 n—} 2 n l n+l 
~ Boy Gor nme (1) 
Since n > 1 we get 
8 2 2 1 
d, = -=—— | —— - - 
oa”) sy aa 2+) 
2 8 n2t+tn+2 
33 = 2f n(n? —1) © ©) 


(b) The nth moment of the splitting function Pj, is given by 
l 


ce y= site fe goo) e) 


=o 


0 
é 1 
4 
ane | ae = 
a a | q(l +x) + 26(1 x) 
0 


1 
8 1 1 
+ lim - (| ——— - 6(1 - oo 
tim $( HK x) fay 5) 
0 
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1 
. 8 jie 1 
lim = dx ———— — | dy ———_ : 
+ im 5 (_f Se fos) O 
0 0 
With the expansion 
xnnl n—2 
ee del age 4 
Il—-x+eE a aie ae (4) 


i=0 


this equation can be put into a simple form: 
6 Pees 4 | 
_— i =I 
dre) = ~y ag |- 5 0 fae’ § fae Geet) +9 
70 0 
n 


6 8 1 4/1 1 
a= Se 2 (ae eee 
ay po pees ate) 


4 aI 2 
Fe as eae (5) 


(c) For the moment djg(n) we get 


! 


dyg(n) = 35 [ow ig eras) 
0 


1 

6 a! pe 2 
= ae ve 
aay fo 5 a | | 
0 


1 
=a 3 ic come — 2x" +x"-") 
a3 
0 


2 ae 2 yn — ant 4 Ly) 

33 —2f \n+2 n+1 n 
7 3 n’+n+2 (6) 
33 —2f (n+2)(n + I)n 


! 


0 


(d) The remaining moments dgg(n) of the splitting function Pgg are obtained in 
the same way as in (b): 


273} 


Exercise 5.8. 
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1 
Exercise 5.8. 6 si 
= -——— _ {dx x" P 
dgg(n) 33 — of / x Ge) 
0 


1 


6 if! uf 
= x55 6 [ars (2 -2+x0-9) + (5 5) 


0 


xno ; 1 (7) 
i dx ————- - | dv ————_ : 
+orim ( | l—x+e |» —)| 
0 0 


Again we employ the relation 


n—-l n—2 


x j 1 
—* = - x! + —__ (8) 
l—-x+e Ep I1-x+e 


and get, after integrating and rearranging, 


. _ Seo Cea 
Ga ermeagy Nema 7 ee 
1 
1 ie n—2 ; 
+($-£) 65> far s'| 
i=0 9 
6 ie 1 i ae le 
eat et ee 
6 —~ 1 
| ae 
1 1 1 1 iit 
ro( 4 - 2+ 5-5) 45-4 
9 “.1 1 2° [ 1 1 1 
= 4502S oes, 2 
wep rcats (+ ue 3) 


9 Dy, ae 2) 4 4 
3° 9 n(n—1) ce 


(9) 


5.4 Renormalization and the Expansion Into Local Operators 


The Q* dependence of the distribution functions, and deep inelastic scattering 
in general, is frequently formulated by means of the so-called operator-product 
expansion. This formalism will be discussed in this section. However, the operator- 
product method is of general validity and not restricted to the context of perturbative 


5.4 Renormalization and the Expansion 


QCD. In fact we shall encounter it again during the discussion of QCD sum rules 
in the Chap. 7, on nonperturbative QCD. 
The following analysis again starts with (5.1): 


1 
Wie ma i d‘x exp (igx) ; S > (Nu(2)J,(0)|N) (G14) 


pol. 


In the rest system of the nucleon 


2 
2, = OKO) tu= (Foie +e) . (5.115) 


Here we are interested in the asymptotic region v,Q? >> M?, Q?/2v =x, where 
the exponential factor in (5.114) is 


exp {ig = (1 ae on) al ~ exp li (ee ==) : (5.116) 


Provided that |x° — x3] is much larger than M /v, its contribution to (5.114) aver- 
ages to zero: 


M 
|x? — x3| ~o (=) (il?) 
V 
Therefore only X, Values with 
D D 2 2 D 2 2 M 
xX = 29 = ob) = aay = 35 Sip ey a (5.118) 


contribute to the integral (5.114). On the other hand one can prove that the matrix 
element (N|J,,(x)J,,,(0)|N) only contributes for x* > 0. To this end recall that this 
matrix element can be written as 


Sf at (Ny uG1X) (XU aO)IN) exp Ci) (5.119) 
xX 


with physical final states X. The crucial point is that the expression with exchanged 
coordinates 
s | d*x (N|J(O)|X)(X Jus(&)IN) exp (igx) ~ S>...64 (Py — Py +9) 
x x 
(5.120) 


is equal to zero, since there is no physical state with baryon number one and energy 
Ey = P2. — q° = My —v/Mn < My. Hence the matrix element in (5.114) can be 
replaced by 


(NW Wye(O)[N) — (NOV px)|N) = (N| Ju WpAO)]_ IN). (5.121) 


Since the commutator vanishes for spacelike distances x* < 0, only time and 
lightlike x,, contribute to (5.114): 


DES, 
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w= foe eptien) SMM OTN 122) 
a x2>0 pol. 


It follows with the help of (5.117) that W,,,,. is dominated by the matrix element of 
the current commutator for lightlike x values Therefore the following expansion 
is also known as the light-cone expansion. 

It is well known that a commutator of currents with a lightlike distance diverges. 
This divergence also occurs in the free case 


Fue) = VO) we), (5.123) 
where it can be reduced to the divergence of the free propagator S(x) for x? — 0: 
Fue O)- = Lew), OwHO1- 
= W(x)y,8@)POwFO) + LOY OV Mw Ole 
— FO. POVE WHE) 
— VOLE wlalwlO)s%ax) - (5.124) 


Owing to the anticommutation properties of & and W the second and the fourth term 
cancel. The first two and the last two terms are combined and the anticommutators 
that occur are replaced by the propagator: 


[Pe loSaa) WHO s-[YOw]eSpa(—x1 wl ea; 


(5.125) 
{Wo(x), W 5(0)} = Sap(*) a (i74@" a m) 1A) 
In the case of massless fields andx? +0 S(x) is given by 
1 
Sop(x) > Wwe" 5—e(%0)6 a) (5.126) 
with 
E(xo) = sgn(xo) , (127) 
Fux), LOL >= E@uprw¥O) — Ow wl) 
1 
x 5 O*e(xo)O(x*) (5.128) 


In the following only the leading divergence of S(x), i.e., the free part, 1s consi- 
dered. The remaining terms are discussed later. For the electromagnetic interaction 
treated here W,,, is symmetric in ys and v (see (3.18)). Therefore we can write the 
current commutator as 


5 (fe (5) RL + BG) 4 ()) 
= F (G) SOWA + wry (-5) 


_w oe se + yp wy (5)| gel ae 
y 


= avo (¥(§)P0 (3) -#(-3) 7) 


1 
x 57 Peleo)5(x*) (5.129) 


5.4 Renormalization and the Expansion 
with 


Survp >= Gpr9vpB = GJuBgur — GuvG9r\B - Ce. 130) 


Here we have shifted the position arguments of the current operators from “x” 
and “0” to “ + x/2” . This operation does not change anything, because (5.122) 
is invariant under such translations, but it emphasizes the symmetry properties of 
the current operator. In the case of neutrino—nucleon scattering, i.e., for a parity- 


violating process, Wy! 18 no longer symmetric in ys and ju’ (see Exercise 3.3). 
Because 


‘Yaw = Sure bieuwers)y? (5.131) 


(as we shall show in Exercise 5.9) we obtain the following additional terms: 


2.) 2(3)) 
= fy G) (Spave + i€prvpysyyow (-3) 


-¥ (-3) (Saws + icvanarsPh (5)] =-0%eCx0)5(0?) 
ge ee (a) lea ie (cae 

+saus (5) oP# (-$) +9 (E 

x 5 elvo)6 Cx?) (5.132) 


Inserting (5.132) into the matrix element (5.122) yields 


(NI [Ju (5) J (-3)]_ 
= = [O° e(x0)5(x7)] 


x {surva NI (5) 1° (5) -# (-5) °F (5) IN) 
+ ieurva (NW (5) aso? (-5) +¥ (-5) aso (5) ny}, 6.133) 
which is a typical form for the operator-product expansion (OPE). 

The first factor on the right hand side of (5.133) is a divergent expression, 
which can be derived from perturbative QCD and which does not depend on the 
hadron considered. The terms in the curly brackets are finite matrix elements, which 
contain all the nonperturbative information. The perturbative factors are called 
Wilson coefficients. Thus the Q? expansion, which can be evaluated in deep inelastic 
scattering, corresponds to a series in these coefficients. On the other hand the 
nonperturbative information contained in distribution functions and more generally 
in all possible field correlators is now contained in the matrix elements. 


BAY 
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RSL ——ESE—ESESE——SSSSSSE 


5.9 Decomposition Into Vector and Axialvector Couplings 
Problem. Prove relation (5.139). 
Wa yee = (Spavp aE iepavp)Y” : (1) 


Solution. Yoav anticommutes with ys. On the other hand it must be a linear 
combination of the 16 matrices which span the Clifford space, namely 1, 5, Yy, 
Ys, and o,,. Obviously this implies 


Vien = Gave oP buowp sy” . (2) 
Multiplying by ys and taking the trace we find 
tra WI} = 4(GuaGvs + GJu59va + JuvGas) 
= 4A nevi : (3) 


The second coefficient is determined by multiplying (2) by ysys and taking the 
trace 


4b avs = ME pov . (4) 
Thus we have proven (1) 


VWwY¥a Vv = GuaYv + QvaVp — Gpv Ya + 1epovsys7? : (5) 


We have shown above that only short (or more precisely lightlike) distances con- 
tribute to the scattering tensor. It is therefore natural to consider a Taylor expansion 
in “x,” and in fact the operator product expansion is this precisely, as we shall 
now make clear. The only difference from a usual Taylor expansion is that the 
x-dependent terms are not just x,x?,x?... but divergent expressions (or more pre- 
cisely distributions)(see 5.129 and 5.132). A Taylor expansion of (5.129) generates 
a sum over products of operators at the same position; this means that we expand 
a nonlocal operator into local operators: 


#(5)4(-9)-EO"@O"-@" 


x YO)ITIT...d79O) , (5.134) 
=> — 
On =O, 0) (5.135) 


With the free current operator, (5.122) therefore becomes 
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a - | dx* exp (ig - 9S — ( Ie fee 


Ue 
l ryn | Over? 
<i ale ato [e(x)5@x*)] 
H2 X\Hna 
= | dx‘ exp (ig - x) a 7 (=)" G) ae G) Saag 
ee 
1 1 
x 5 DUINIGI, anal) 9° [ee 50)] (5.136) 
pol. 
with 
Osi, ..tin = LO) Ay, Og ++ Onn 1 LOO) (5.137) 
The essential point is that the operators On j19...n6 te no longer singular. Instead 
we have 
! Ayn n 
5, DONC) O%. un a INP) =A” [Benen ee Treat) 
pol. 


+ (terms with M? Dp; wy ete.)| (5.138) 


with some constant 4”), 
The x integration in (5.136) leads to a replacement of x"!x#2...x/" by the 
corresponding g components. A Fourier transformation gives 


BIUDUS gt an ee case (Rot) Os Aad ae? Leo (5.139) 
Hence (5.138) is contracted with q4!q'2...q". It then follows that 
Hight PP. 2 1 
a Se 0 (5.140) 
qhiguiM?guin,  —Q?M? 2M? x 


for v,Q? — oo and x fixed. Thus all the remaining terms on the right hand side 
of (5.138) are suppressed by powers of 1/Q? (higher twist): 


5D Neate menINGP)) eA) Pee Pa Pact oe (5.141) 
pol. 
1 Rofl 7 
Wit = oe i d‘x exp (ig - J) ye i aiew i. get Lee 
x2>0 ad” 
1 
x —9* [e(x°)6(x”)] +... (5.142) 
T 


= ee i d*x exp (ig - x) S “(finite term) x (divergent term) +... 
igs 


dd 
PS no 


We have succeeded in splitting up the contributions to W,,,, into a finite and a di- 
vergent factor. The whole dependence on the specific process under consideration 
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is related to the finite factor while the divergent factor always remains the same. 
This seperation of divergent current commutators into an operator with finite ma- 
trix elements specific for the hadron under consideration and a constant divergent 
function is the basic idea of the expansion into local operators. 

One can ask what the practical use of the formal expansion (5.142) is. As a 
first simple answer we wish to show that the main statements of the parton model 
can be immediately derived from this equation. The simple parton model assumes 
noninteracting constituents, which correspond exactly to the use of the free current 
commutator. We substitute 


Bp) Aw 
DL |: | a =~ [ dgexpex -P)/©) (5.143) 
nodd . 
] Pi Aw 
rena —z fe PS | a exp(—ix- Pn) . (5.144) 


In the hadron scattering tensor which then assumes the form 
=a : 1 
Way! = > / d‘x / dé exp (ix - (q + &P)) Span! Paf()~ 9" [eQr)6(x7)] 
(5.145) 


Using (see Exercise 5.8) 


i d*x exp (ix - (¢ + EP)) 6(x7)e(x°) = i416 [(q + EP)’] E(go + EPo) (5.146) 
and partial integration yields 


Wiayt = 2 i dE Spay!” Paf Eg + €P)*5 [(q + €P)] (qo + €Po) . (5.147) 


The argument of the 6 function simplifies to 


2 
q +ePy = +OM? 426g PO +e =ZE-x) , (5.148) 


x 
Wrut = —2S pap!” Paf (x) 


Ce 
xX 
= —2Uguagul” + 9n° Guta — Gup'Ga”)Pa(q +xP)* ot (x) 


(q +xP)* 


7 ~255f0) [@ +xP)uPut + Pug +xP)y — Guy@M? + P “q)] 


(5.149) 
mene Wy 18 multiplied by the lepton scattering tensor Lee we can omit, because 
) 

; 
QV byw =F" Lup =9 , (5.150) 


all terms proportional to q,, and q,’: 
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meen ne 


Xx 
Vie ne = a [Gye (XM? +v)+ 20 P| 
x 
~ 2 oat) [=9 pp + 2xP LP]. E150) 


In an analogous way, i.e., by neglecting all terms proportional to Gu OF Gyr, We 
obtain from (3.18) 


Wap! > —GuptWi (Q’,v) + PyP yt (5.152) 


Comparison of (5.151) with (5.152) shows that W\(Q?,x) and W2(Q?,x) in fact 
depend only on x. Furthermore we get the Callan—Gross relation: 


WO", el ey = Fix) , (5.153) 
W. 

rig v) =i; ~ f(x): em F(x) 
a ae ae (5.154) 


This was just a simple example. In general the operator product expansion (OPE) 
provides two major results: 


1. It gives a formal expression for all the terms that can occur. This allows us 
to analyze in a systematic way the terms contributing to a given power of 
1/Q*. Furthermore it generates relations between various phenomenological 
expressions such as the structure functions. 

2. For the individual terms apppearing in the 1/Q? expansion the OPE gives the 
corresponding correlators. This shows to what property of the (unknown) exact 
wave function a given observable is sensitive and allows us to calculate it in an 
appropriate model (1.e., a model which should describe the specific correlation 
in question realistically). 


CCB >>> S____ SESE 


5.10 The Proof of (5.146) 


Problem. Proof (5.146) by replacing (¢ + €P),, by k,, and evaluating the Fourier 
transformation of (5.146), i.e., by proving that 


a2 =z f exo ik - x) 6(k*)e(ko)d*k = 6(x7)e(xo) (1) 


Solution. Performing the ko integration turns the lefthand side into 


== i az. lexp (-ik(e® ~r cos 8)) 
— exp (+ik(x° + F COS 6) Pk © 


with 


Uy) 
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Exercise 5.10. 


k:= Vk, 
pale Co) 
k-a=krcosé 


We evaluate the angular integration 


i ke 
—— = fez le = (exp (— ik(x? — r)) — exp (—ik(x® ate r))) 
0 


—. (exp (ik(s? +79) ~ exp (ik? —9)) 


Es L fw [exp (— ik(x° —r)) — exp (ik(x° +r))| (4) 


— Co: 


and obtain a difference of 6 functions, which yields the postulated result: 
2 
joe [d¢x° Sic oe se r)| 
4ur 


= AG iene = OC) ae 
= &(x7)e(xp) (5) 


Let us discuss next how the expansion of W,,,,, changes if in (5.142) we replace 
the free by the exact current commutator, i.e., if we take the quark interactions into 
account. This corresponds in lowest order to the transition from the simple parton 
model to the GLAP equations. 

First the derivatives in Oe 1)...4tng Nave to be replaced by covariant derivatives. 
For the sake of simplicity all derivatives that operate to the left, are partially 
integrated such that they act to the nght: 


Hira sh Son Dolio (5.155) 


In the general interacting case some modified divergent function takes the place 
of O“[e(x)6(x*)]. The leading divergence remains the same, but additional terms 
occur. Also the appearance of 5,,.,/ Was due to the specific situation of the free 
case (see (5. i Now the general form of (5.142) is 


Wrap! = a fats exp (ig - 2d |- Gil a Seiki) 
aE (Gani Gaye = wee" permutations) it 67 @)| 


1 core 
a NIC ae (5.156) 
pol. 


Instead of the tensor S,,.,,/ all possible tensors occur, where jz and yz’ are contracted 
with one of the x indices and a term proportional to g,,,,. Again in leading order 
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all terms containing gj can be neglected, since the matrix element of the operator 
OY is proportional to P,,, Py, ---Py,. Therefore all terms with Gu; n; Yield much 
smaller contributions than those with Xp Xp: 


coe ype ated Fourier transformation q°P? M?Q? 2M*x 
Eee es, — 

DL; 2 2 
XpjXpj PM PY (q -P) a st 


(5.157) 


Since we do not know the expansion analogous to (5.138), we have to regard 
the divergent functions of the two terms C(” and Co that occur as different. 
Furthermore we must take into account that the operator O can now change the 
color of a quark and can in addition act on the gluons. Consequently we have to 
distinguish between three operators. 


*n—t ” 


: fe 1 A A 
Ye Oo eA = Spr oP urPus Peli (5.158) 


acts on quark states (SU(3)-singlet); 


*n—1 Ya 
ee AC. Be ; 
ce Oe Spry WP ur Dus ++ Din (5.159) 


acts on quark states and can change the flavor (SU(3)-octet); and 


PG OS (5.160) 


HM) /A2---n 


acts on the gluon states 


sn—2 
os Aen = 1 A A a = 
(NO? a) = ae tpl Patel toe (5.161) 


MY M2-+- bn 


Here we have chosen the standard normalizations for C; and C, , which are called 
coefficient functions. Since P,, is the only four-vector that occurs in 


1 
pe DO Lave). (5.162) 
pol. 


we can expand (5.162) into powers of P,,. Again 9, ne is negligible compared 
to P,,,,, and therefore the leading term is 


1 ee ree | 
3 DOIG Cha a) Pu Pars Phin 9 (5.163) 


My 2. 
pol. 


and 


1 ? nen (n) 
W aul = oe [es exp (1g -x) » ) [= gupnit o1P I Cy; @) 
ji n 


.Py-2. ; ie 
tate Py oir 2a] AY (5.164) 


Now we substitute for 
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ane) 
X, exp (ig -x) = “ig exp (ig -x) = a Weare exp (Ge (62165) 


giving 


1 ele ? 
HN Se Ss Bae sty) (=) as exp (ig -x) C{)(x) 


> 


AM 


n—2 
+P, Pg Pye (x3) / d*x exp (ig - x) Cy) (x) 
(5.166) 


Just as in the free case we can read off the structure functions F\(x) and F2(x), 
which in their most general form are now 


TC = Go = )2¢ Py ( at) / d‘x exp(ig -x)C{(x)AM” , (5.167) 
jin 


CG) = = S24 UP ye (a a) i d‘x exp (ig CN etea)) KO . (5.168) 


ys n 


To simplify these expressions we define the nth moment of the coefficient functions 


. 1 cae : 
Ch rey (=) i d*x exp (ig - x) Cy") (x) (5.169) 
and 
om) = a Seas (n) 
Ci; = (0 y d'x exp (ig -x)Cy@) . (5.170) 
7 
Now the structure ee are 
iG On = OO) eT (5.171) 
in 
Fi, OV 4 yan, ee (S17) 
jun 


Note that (5.171) and (5.172) now have the form of a Taylor expansion in Bjorken x. 
What have we gained by this general formulation? We have expressed the structure 
functions by sums over products of divergent functions C);, C2, and unknown 
constants A“/, The only thing we know is that the C,;, Cy; are independent of 
the hadron considered. Therefore the C);, Cy; can only depend on Q? and the 
constants of the theory, which are the coupling constant g and the renormalization 
point pu: 
C1) =C9Q’,9,u) 
CH) = C2(0?, 9, 1) 
In addition we know that the constants A)” are characteristic for the process under 
consideration. Of course, all quantities can be approximately evaluated, the C) 4 
Cp yj teliably by means of perturbation theory from the free current commutator 


[J mea) aS (0)| (sec (5.124)) and the QCD Feynman rules. The A”, however, are 
trucly nonperturbative and can only be obtained from a phenemenaloeren model 


(5.173) 
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of the nucleon or from lattice QCD or from a sumrule calculation, using (5.163). 
The finite matrix elements A“ thus contain information about the inner structure 
of the nucleons, for example. 

To obtain the perturbative expansion of the Co Oe for the structure func- 
tions, we have to repeat the calculation in Sect. 5.1, which again leads to the GLAP 
equations. An advantage of this general OPE formulation is that formal features of 
ec. > yj can be deduced and relationships between different quantities can be 
established for the full nonperturbative expressions. The most important way to de- 
duce information about the coefficient functions is to consider their renormalization 
behavior. 

Up to now we have not discussed the renormalization of gauge theories, which 
we treat in a separate volume on “Gauge Theories”. Here we only need to know 
that QCD is renormalizable and that for a given renormalization scheme carried 
out for a specific kinematic the bare coupling constants, Green functions, and so 
on are replaced by the renormalized ones. The renormalization schemes differ by 
the chosen kinematics, which can in general be characterized by a momentum 
parameter ju*. Correspondingly the renormalized functions C), C> in (5.173) can 
also be written as 


C(O", 9,4) = > Ze, MEFP(Q?, Go)unren. (5.174) 
k 
oot! Oar (5.175) 
Equation (5.174) takes care of the fact that renormalization in general mixes dif- 


ferent Cr), J = q, NS, G. This can be understood qualitatively by taking into 
account that not only do the graphs 


a 
Yur PurPun + Yun Pur Pur Puy-Pun 
q q 
2 Of 4 E Once ACES. 


occur, but also, for example, the graph 


PuyP un 


A (n) 
Oia 
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ee  ————————TNNNNS_OOOOQOTO 


Hence the sum over k = qg, NS, G occurs on the right-hand side of (5.174). Since 
the physical theory must not depend on the renormalization point , we can demand 


that 
P(n)¢ 72 
dC"'(Q" 95H) inn ae 
dys 
Now the total derivative is split up into partial derivatives. 
Og O O 
(n) bees pace Co”) 
mae 7 (Q",9,H) = (5 ran) HO oD) 
i a A eg? » 90 Junren. 
= , 
-_ = Gay (ZG, (0 aa) 
jt 
klm 
az™ ou 
=) |S = (Oe CO (5.177) 
0 pe aa 
mile 
Defining 
az”) - 
A) = Be ok =3G, 0) (5.178) 
k 
yields 
EEA eye | EM o2 
= YOu Og +157) bat Ur | Gr gw=0 . (5.179) 


The term 0g/Op, i.e., the dependence of the coupling constant on the renormal- 
ization point, is a fixed characteristic function for every field theory. It is referred 
to as the @ function: 


Og 
B(g) = YOu . (5.180) 
In the case of QCD, perturbation theory yields (see Exercise 5.11) 
2 g 38 oo 
Ui =e 10 
(9) = -( i) ae ( 2 = Nr) Gaye + 0(9") » 6.181) 


where Ny denotes the number of quark flavors. 
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DIRE >> Ee 


5.11 The Lowest Order Terms of the G Function 


Problem. Show that (5) in Example 4.3 indeed yields the lowest order contribution 
to the G function. 


As (UU) 


2 
as(—q*) = o) a ae ae 
| 4 ee) In (-4) 


(1) 


Here ji? denotes the renormalization point where a;(—q”) assumes the renormalized 
value a, (j:7). Ny(—q”) is the number of light quarks with masses smaller than —q?. 


Solution. Equation (1) yields for g(—q?) 


2) 
4-4") = ees (2) 
= 3Ny(=9? 


Il ae Se 92) In (-4) 


with a, = g?/4r . 
We multiply (2) by the demominator on the right hand-side and differentiate 
the resulting equation with respect to 17: 


) 11 — 2N;(—q?) 2 
g'(W) = a-W a5 14 ar (-5) 


1 11 —$Ny(—9") 
2 4n)2 
= 9(-q’) a 2 vp = 5 
1 Sie yn (—2) 
By le D a ras: 
x |29(u)g (u") In Ap ime Q)| (3) 


Once more we insert (2), into this expression and collect the terms containing g’: 


Ll = gee é 
Je) | V+ SEP py2yin (-5)| 
(eae) ; Ges 
= aa [rors (17) In (-) = ad (4) 
tie Ve <-) 
J2) =~ EP 02) : (5) 


By means of (5) the @ function now assumes the form 
2 -) Bene 
O- Oy 
In fact this is identical with the first term in (5.181). We can see immediately 
where the higher terms come from. From Example 4.3, (1) is derived from vacuum 


= 


Pay) 
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polarization graphs. Consequently we obtain the higher-order contributions to the 
GB function if higher graphs are taken into account in this calculation. 

Finally we summarize the basic ideas of this little calculation. The renormal- 
ization is carried out for a given value —q? of the momentum transfer, 1.e., all 
divergencies are subtracted. This procedure yields a renormalized coupling con- 
stant a, (si). If the formerly divergent graphs are evaluated for different values of 
—q*, we only obtain finite contributions, that depend on the renormalized quan- 
tities. Equation (1) describes this remaining finite renormalization. Since Ong) 
represents the physical coupling constant, it must not depend on the renormalization 
scale 2. Therefore a;,(i2) has to depend on p” in such a way that the right-hand 
side of (1) is no longer a function of y?. This demand determines as(u2) and 
consequently also the @ function. 


Obviously (5.179) yields a restriction for Cy from which one can derive using 
(5.171) and (5.172) a constraint for the observable structure functions. In this way 
our formal analysis leads to measurable predictions. Equations of the type (5.179) 
are called renormalization group equations or Callan—Symanzik equations. They 
play an important role in formal considerations of field theories, because they 
yield nonperturbative results. 

We now wish to explain the meaning of the @ function in some more detail. As 
shown in Exercise 5.9, the coupling constant g in fact depends on the dimensionless 
quantity ¢ = +4 1nQ?/y?. This enables us to write the defining equation of the 
dimensionless ( function as 
Og) _ _ Ot Ag(t) _ _ Og") 


5 oe ee (5.182) 


p= ph 


The £ function describes how the coupling depends on the momentum transfer, 
given a fixed renormalization point 2 (the notations g and g’ indicate that the 
functional dependence is altered by the replacement of jz by ¢). In fact there are 
two definitions known in the literature. The first one is expression (5.182) and the 
second one is 

a Oa'(t 2 Oq" 2 

Ag) = oo = 9? In Sar (5.183) 
A great advantage of the latter definition is that its features are not dependent on 
the sign of ¢ and they can be analyzed in a more general manner. Because of 
these two different definitions, the renormalization group equations found in the 
literature sometimes differ by a factor ¢ in front of the G function. 

The zeros of the @ function are crucial for the general behavior of the coupling 
constant in the case of very large momentum transfers (the so-called ultraviolet 
limit) and very small momentum transfers (the so-called infrared limit) and thus 
for the most basic properties of the theory. This can be easily understood by 
analyzing the two examples in Fig. 5.12. 


Case (a). \f B(g) is positive, then g becomes larger with increasing Q?. In the region 
g < go g therefore approaches the value go with increasing QO”. On the other hand 
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B(g) B(g) 


(a) (b) 


G(g) is negative for g > go and here g becomes smaller with increasing Q?. go is 
therefore called a stable ultra-violet fixpoint. This point, however, is not stable in 
the infrared limit. As soon as g is different from go, and consequently ((g) no longer 
vanishes, g moves away from the value go for decreasing Q7. Correspondingly the 
behavior at the point g = 0 is just the opposite. This is a stable infrared fixpoint 
and it is unstable in the ultraviolet limit. Hence Fig. 5.12a characterizes a theory 
whose coupling constant vanishes for small momentum transfers and assumes a 
constant value for large momentum transfers. 


Case (b). In this case the points g = 0 and g = go have exchanged their meanings 
compared to Case (a). The coupling constant vanishes for large momentum trans- 
fers. This behavior is called asymptotic freedom. For small momentum transfers 
g assumes the constant value go. If go is very large, which is known as infrared 
slavery, such a theory exhibits similar features to QCD. 

For our problem we want to evaluate (5.179) using perturbation theory. To this 
end we use 


2 2 (ere 
p= - (11-57) Gane = 9 (5.184) 


as an approximation for 6(g). With the definition 
Ce 5.185 
i ere) 
(5.179) becomes 
S> | {8 saline ae. +7) E(9? g,u)=0 . (5.186) 
; g Og YOu ae We i,e >f9) 


Furthermore it holds that 


= 5) ayn 
Oy 2 Aga eee (5.187) 


Ot 29 Ot  29(1+2bg2t? 


Of Os | a (5.188) 
Og g0g? g(l+2bgtry 9 ’ 


and hence the derivatives in (5.186) acting on g yield zero: 


Fig. 5.12a,b. Two possible 
forms of the @ function 
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ey © 
(-00° 5. = x) g(9,t) = 69° x = by =0 . C1s@ 


The solution of (5.186) for ay = 0 is therefore simply 


CRG SOGE)) (5.190) 


with an unknown function /(9(g, ¢)). For NEE # 0 this must only be multiplied by 
a corresponding exponential factor: 


t 


C100, 9,0) = Shia Gla. over | f ar'af2(G0@,0")| (5.191) 
k 


0 
Now we also expand the ae into a power series: 
Wp a 48 (5.192) 


A perturbative calculation shows that both the constant and linear terms are equal 
to zero. The lowest-order contribution is proportional to 9”. Hence the fr’ integral 
can be approximately evaluated: 


t ft 
2 q™ 
: g ; 
/ dt'yf") di") i oye = ae LOG), (5.193) 
0 0 


a(n = _d™ sap 
C0, 9) = DSi (9(g, t))(1 + 2bg?t) “ee!” 


ap 


= = Ai 59,0) (F2C9,0/92) 8 (5.194) 


In the limiting case t > 1,9 — 0 the function f;4(9(g,t)) assumes a constant 


value ales 


qs?) 
i> 1) > constant = Coe, = Ee 93°(9,t)/97) tiles, (5.195) 


We insert this into (5.171) and (5.172), which we slightly modify for this purpose. 
Let F;(z,Q7) be the complex continuation of F;(x,Q*). Then we obviously have 


I 2\_n-1 a(n) a(n) 
aa | Fuso \z"—" dz = (5.196) 
e d] 
| 2\,n-2 rx(n) y(n) yj 
aq | PG. yz dz = 4) 7A ee (5.197) 
e d] 


with the integration contour depicted in Fig. 5.13. 
Since F\(z) and F2(z) can become singular only in the case z — 0, C can be 
deformed and replaced by an € prescription: 
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1 1 
[Figo tae = [ric + i€, O7)x" dx — [re iO aa 
£ 
1 


-1 
1 


= | (re + ie, O°) — F(x + ie, Q?))x"~'dx . (5.198) 


~1 


Now we have to determine how the analytically continued structure function be- 
haves under complex conjugation. Thus we have to take into account that W,,,, is 
the imaginary part of the scattering amplitude in the forward direction T,,,, (this is 
a special case of the so-called optical theorem): 


Wp = “1m (nes (5.199) 


Correspondingly we have 


Fy (x +ie,Q*) — Ff (x +ie,Q”) =2F, (x,Q’) , (5.200) 
1 


jr (ON a de =a] ir (nO. eter = 41) (0-201) 
@ 0 


1 


[Po @.o?)2" ae = | Fa(o.o?) "as =O" en (G.202) 


£ 0 


The quantities Mm” and MS” are called moments of the structure functions. Owing 
to (5.195) they obey the evolution equations 


da”) /2b 
I n 79, t) ui n)Jj 
gf = oS) es oot) 
jk 
(n) 
25 a2 (2b 
n g (52) z (n)j 
Mk Ve) reel 2 ) AM | (5.204) 
ik 


In fact these equations correspond to the GLAP equations. We shall prove this fy 
: : : 
the nonsinglet contributions to the moments of the structure functions. Since d;; 


24] 


Fig. 5.13. Integration contour 
£ in (5.196) and (5.197) 
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is diagonal for ; = NS, the manipulations required are quite simple. The moments 
of the NS-quark distribution functions are defined as 


Ly 


1 
MOO [> ue, Outs. (5.205) 
0 


(5.65) then yields (we substitute x = yz in the second step) 


1 I 
Synergy a faceted [ x 
Ys) Su ites SE ate ye || 2 
pen (¢) cs on y iO, t)Paq 4 
x 


1 Y 
a,;(t) GUS x 
=> J» we PAO ONE a (=) 
0 


0 


1 1 
Os (E = = 
= a ) f &4ue.ay tf dePq2 } 
T 
0 


= all nya ; (5.206) 
with 
| 
Dee i: (ze zee, ar (5.207) 


From (5.209) it follows that 


=) dsa720 
n n GG.D\™ 
Me Me eee (Ze | 5 (5.208) 
OM, Oe ae a) = n 
a = eee =7 2G (—b5") Mins) 
= a 
= -P dM) = a1 (-8 Td) MERC). (5.209) 


Clearly (5.209) and (5.206) are the same relations, provided =a is identified 
with D™), If the ae are evaluated by means of perturbation theory, we obtain the 
expression (5.207) for ae with Pgg(z) given by (5.152). But also without resorting 


to perturbation theory we can see that a comparison of (5.209) with (5.206) shows 
that the GLAP equations must have the form 


l 
u walt) | ay0,9P (=) (5.210) 
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5.12 The Moments of the Structure Functions 


In this example we discuss the physical meaning of the moments of structure func- 
tions. Looking at equations (5.171), (5.172), (5.196), (5.197), (5.201), and (5.202) 
one could get the impression that knowing the structure function is equivalent to 
knowledge of all its moments. But this is only true in the limit Q? — oo. For 
every finite Q*, deviations occur owing to the corrections that were neglected on 
the way from (5.140) to (5.141). 

One can prove that the corrections to On ine i.e., to C” and therefore to 
the nth moment of the structure function F) and to the (n + 1)th moment of Fy, 
are suppressed by a factor 


np? 
Q? 
Equation (1) shows already that for every finite Q* the corrections become large 
at some value of 7, i.¢.,each perturbative calculation of the moments is only valid 
up to a specific maximum number n. The factor (1) can be understood quite eas- 
ily. Equation (5.155) is inserted into the expression for the scattering tensor and 


contracted with the leptonic scattering tensor. Then we count how often terms of 
the kind 


(1) 


Gee Oe Oui: pj Pn ey ae 8) ee ame fia (2) 


occur compared to the term 


ght OT Dyy oe : (3) 


This procedure yields the factor n 7. Thus a perturbative QCD calculation is well 
suited for the lower moments, for example, the integral over the structure functions, 
but fails in the case of the higher moments. From (5.201) and (5.202) these higher 
moments are determined by the structure functions near x = 1. The value x = 1, 
however, represents elastic scattering. Correspondingly here we find the elastic 
peak and for x slightly below 1 we find peaks due to the different resonances. 
Since these resonance structures depend on the individual features of the hadronic 
bound states, there is no way to describe this region by perturbative QCD. On 
the other hand this analysis clearly shows that the nonperturbative effects must be 
included in higher-order terms of the operator product expansion. 

The points just discussed (usually referred to as precocious scaling) are ex- 
plained again in Fig. 5.14. This figure depicts the experimenally observed structure 
function vW2(x, Q) (full line), which converges to F'2(x) for large Q*. The Nacht- 
mann variable 


2x 
2 (4) 
Aa ee 
|e (: +f Ax? 
2 Since the explicit calculation is quite cumbersome, we refer to A. de Rujula, H. Georgi, 
and H.D. Politzer: Ann. Phys. 103, 315 (1977). 
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Fig. 5.14. Comparison of the 
experimental structure func- 
tion v W, for electron—proton 
scattering with the result of 
a perturbative QCD calcula- 
tion. € denotes the Nacht- 
mann variable and &, the po- 
sition of the elastic peak. 
From A. de Rujula, H. 
Georgi, and H.D. Politzer: 
Ann. Phys. 103, 315 (1977) 
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has been used instead of x. In the limit Q? — oo, € is equivalent to x. At 
finite Q? this variable takes the effects of the nucleon mass into account. The 
contributions of the various resonances can be clearly identified. The elastic peak 


at € is not plotted. 


The dashed curve results from a perturbative QCD calculation. Clearly the 
agreement becomes better for increasing Q* values, since here the effect of the 
individual hadron resonances can be neglected. But also for small values of Q? the 


lowest moments 


1 
M§?(0%) = | FaGe,Q%) x es 
0 
and 


1 


M2(Q2) = / Fa(x, Q) dx 


0 


are quite well described by the QCD calculation. 


23 Ae oo]. 60.9 10 12.374 5.6 718 91.0 
Ss P s— Pp 


12.0 4.5.6.7 wie9 10 
E— 


(5) 


(6) 


5.4 Renormalization and the Expansion 


Before we continue our discussion of the OPE we briefly summarize the deriva- 
tions carried out so far. Employing deep inelastic scattering as an example, we 
explained how scattering tensors can be expanded into products of divergent co- 
efficient functions, which can be evaluated by means of perturbation theory and 


finite matrix elements not dependent on the momentum transfer, for example. In 
the case of F>(x,Q*) we had 


I 


[oe x" Fc, 7) = 2mi ) CO? 9, Ar Ce) 
J 


This so-called factorization into a Q?-dependent perturbative part and fixed num- 
bers A(”)/ that contain information about the distribution functions at a given value 
of Qj is of fundamental importance to most QCD applications. We showed the 
possibility of factorization for deep inelastic scattering, but in fact one must prove 
that this method is not destroyed by higher-order terms. Since each soft (Q? is 
small) gluon line couples strongly (a,(Q7) is large), higher orders in QCD are in 
general as important as the lowest order. Therefore the validity of the expansion 
(5.211), or of analogous expansions for other processes, has to be investigated very 
carefully. Because of its fundamental importance we shall discuss this question in 
the following section. 

The nonperturbative matrix elements A“) can be either treated as pure pa- 
rameters or calculated with help of nonperturbative models, e.g., the bagmodel. 
To clarify the last statement we now return to the starting point of our discussion 
and investigate the matrix elements in some more detail. The basic equations were 
(5.123), G.129), (6.136), and (5.141). 


is)» C$) P= 098 ) vl. 6 (4) 
= (-) Ww 2, | ae =) IN) 
= suav9 520" [e(20)66) 


22 lo) G) 8201 


1 : 
he Sen (5,212) 

pol. 
5 SE NIOM a IN = 4°P, > Puke (5.213) 


pol. 


Clearly the A” are related to matrix elements of products between field operators. 
Up to now we have taken only the leading contribution of the noninteracting theory 
into account. 

Now we systematically expand the current commutator [J,, (4) Jv (-3)|_. 
Such a general expansion, already known from quantum electrodynamics, is pro- 
vided by Wick’s theorem for time-ordered products of field operators: 
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reel Or): 
+ (OT ly (5) v (-3)] 10) ete. (5.214) 


For the product of two currents Wick’s theorem yields 


T [4m (5) (-3)] = {0017 [# (3) G)] 
mae 


ee | = 

8 vor Pree). 

#E)w()e-AwS: oats 
Where :...: denotes normal-ordered products. 


Now we again replace the vacuum expectation values of the 7 products by the 
perturbative result: 


olr |e G) 7 (-3)| Oz aa (5.216) 


The difference between the anticommutator (5.125) and the 7 product is basically 
the missing €(xo) factor. Hence 


tba (5) (3) = ae 
~ aeegecapp eave # (5) 1H (5) -¥(-3) 2? (G) 
o ei penne pW (5) Pash Gal Zale Pst Gy 
RAGE = alae oe 
The connection between 7 product and commutator is given by 
r bn (5) (2) - GG) ())) 
= O°, (5) Je (-3) + CM (-3) 4a (5) 
~ 068°. (=F) Ju (5) ~ OC°Mn (5) 
= 008°) Jn (5) 4 (3) | - 0) 
= e(x°) Ys G) oh (-$)] /: (5.218) 


with the sign function e(x°) = sgn(x°). We multiply (5.218) by e(x°) (26> = 1) 
and obtain for the expectation value of the current commutator 


5.4 Renormalization and the Expansion 
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Employing the 6 distributions we can write the divergent functions in a more 
compact way: 
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Finally we obtain 
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x (N |: w (5) Posh (-5) w (-3) ysl (5) :| N) 


+ 
+ eb) [Ov (5) rub (G) # (3) 8 (3) 
-wib($) nb (S)8E) re G) im]. 6225 


Equation (5.225) very clearly shows how the expectation value of the current com- 
mutator splits up into terms each of which can be written as a product between a 
singular function and a finite matrix element. In the case of an interacting theory an 
infinite number of additional terms occurs. They are formally obtained by insert- 
ing exp (-i i A mt) dt) into the expectation value and expanding the exponential 
function. Doing this yields matrix elements of the form 


wePE ia) SeCim 6 


To repeat: the matrix elements contain the nonperturbative features of the nucleons, 
for example, and they are parametrized, for example, by the structure functions. To 
characterize a nucleon state completely, one has to take an infinite number of matrix 
elements into account. Practical applications are restricted to the investigation of 
the dominant contributions. The second and third coefficient functions in (5.226) 
are divergent while the last one is finite. The corresponding matrix element for 
four field operators is therefore phenomenologically of no significance. We shall 
encounter a continuation and modification of this analysis in Sect. 7.2 in the context 
of QCD sum rules. 


5.5 The Spin-Dependent Structure Functions 


In recent years it has become possible to measure, in addition to the structure 
functions F)(x,Q*) and F(x, Q7), the so-called spin-dependent structure functions 
gi(x,Q7) and g2(x,Q7). The spin-dependent structure functions only play a role 
when the scattered leptons and hadrons are polarized. The origin of these additional 
structure functions is quite obvious. For a polarized hadron, e.g., a proton, there is 
an additional Lorentz vector available, namely the spin vector s“. Accordingly (3.6) 
has to be extended by some additional terms. Repeating the analysis of Chap. 3 
with the additional spin vector we are led to the following form of the scattering 
tensor: 


Wav = Gz =F tute ) Wi(x, Q*) 


oP =P \ WoO 
a eto ) (0S a 


M2 
+ 1€pvr09°8° MG (x, O?) 
Gr(x ’ OS 
M 


This equation is obviously an extension of (3.18). The factor i guarantees that the 
transition current is real (the relation i(p «> p') = I, must hold, see Exer- 
cise 3.3), while the epsilon tensor ensures that q’W,, = q” Wy, = 0 holds. 


+ i€yroq(s°p -P — P°q-s) (5.227) 
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Since the additional contributions change their sign when the hadron spin di- 
rection is reversed, they cancel upon spin-averaging. Thus only spin-independent 
structure functions can be measured with an unpolarized target. Analogously to the 
unpolarized case, dimensionless functions are introduced according to 


ee (5.228) 


z 2 2 
MG,(x, Q?) = Hee a a i aa 


This choice is motivated by the fact that g; has a simple interpretation in terms 
of parton distributions and go(x) thus occurs on the same footing as g)(x). The 
additional spin-dependent contributions to the hadron scattering tensor are anti- 
symmetric; thus they cannot contribute when contracted with the symmetric, unpo- 
larized lepton tensor of (3.20). In order to measure polarized structure functions in 
deep inelastic scattering, the lepton must also be polarized. The resulting leptonic 
scattering tensor is 


1 
ie = qil@ a mj) oe £15) YP’ ar my] 
1 
= Gleupy + Pepi, — Gulp: p’ — m’)] 
m m ; 
— Fess ww) — [sw Ww) 
I ; 
= que + PuP i — Juv a m*)] ar Degas. . (5.229) 


Thus the polarized lepton tensor also contains an antisymmetric part. Contracting 
both, we obtain the additional term 


LyyWP’ = ...—2mM (gra9og — Open? s.¢ se G1 
ug oC oC 
— 47 Gra9ob ~ 9rA9ea)9(G Psy — 4 + SpP°)q°sPGy . (5.230) 


This poses the question of, what choice of the polarization of electron and hadron, 
i.e., nucleon, is most suitable. The relevant vectors in the center-of-momentum 
frame are 
Pu = (Ec, 0,0, pe) , Pu = (2p, 0,0, —Po) 
se (longitudinal) = +(pe,0,0,E.) , 55'(longitudinal) = +(pp,0,0,—E,) , 
s (raneverse) — (0, 1,0,0) and) (0,0, 150), 


sp (transverse) = £(0,1,0,0) and +(0,0,1,0) . (5.231) 
We recognize that the following products are large: 
Hee E-Ep 

gl) 3 OAD ee ae avi , sel): P see G232) 


All the other scalar products in (5.230) are considerably smaller. Thus to measure 
spin-dependent structure functions, longitudinally polarized leptons must be scat- 
tered off longitudinally or transversly polarized nucleons. This property can also 
be seen from projecting on physical degrees of freedom of the photon instead of 
using the photon propagator in Feynman gauge. In this case, the hadronic scattering 
tensor is contracted with Cee 
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Here « is the polarization vector of the virtual photon. In order for spin- 
dependent terms to be able to contribute, this expression must contain an anti- 
symmetric part. As can easily be checked, this is the case only for longitudinal 
polarization vectors, e.g., it holds for 


én =(0,1,i,0)/V2 that efe,=—e3e, - (5.233) 


A longitudinally polarized photon is most readily emitted by a longitudinally po- 
larized lepton. For other lepton polarizations its coupling is suppressed by exactly 
the kinematic factors of (5.230). 
In the experiments performed up to now, a longitudinally polarized proton target 
has been used, and the asymmetry 
aon) — aéran(1 1] 
Ae eee (5.234) 
[aen(01) + afrga(1)| 


has been measured. 
Inserting (5.236) one finds for longitudinal polarization 


fn) — ge) 2Mx gi(x) + 92(x) 
ae orl a 


with 


= y2-y) 

, PLT Seas 

* E-—E' ae Oy*L 

aaa re (5.236) 
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For transverse proton polarization the resulting asymmetry reads 


Pea) ee 
ee 2Mx gx) + g(x) +e 9%) — 7B gale) \ (5.237) 
Ite \V By FG) "2 £Fi@) 


| 2Mx  gi(x) + g2(x) y 
= eon Fi) for O° > co, y 1 


with e =(1—y)/(l1-—y + y?/2). 

Since the cross sections for transverse and longitudinal polarization should be of 
approximately the same size, we deduce that g(x) is certainly not larger than g)(x). 
Therefore the contribution of go(x) at longitudinal polarization is suppressed by a 
factor Mx /E and constitutes only a small correction. The asymmetry A> therefore 
measures mainly the ratio of g\(x) to the unpolarized structure function F;(x). 
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Next, there is the question of whether gi(x) can be given a practical meaning 
like F\(x)? This is indeed the case. To see this, it is sufficient to compare the 
hadronic and the leptonic scattering tensor of (5.227) and (5.229). 

Obviously each Dirac particle gives a contribution with the same form as that 
proportional to G, multiplied by the probability to find a quark with the fitting mo- 
mentum fraction x and the right polarization. Accordingly, one obtains in analogy 
with the parton interpretation of Fj, 


Ma=5 > awe , (5.238) 


q=u,d,i,d... 


where q(x) is the probability of finding a quark q with momentum fraction x, a 
similar expression for 9)(x) 


s@= 5 >> Olate)-ale] . (5.239) 


q=u,d,u,d... 


Here q'(x) indicates the probability of finding a quark with a momentum fraction 
x polarized in the same direction as the whole proton. The asymmetry measured 
is a measure of the distribution of the proton spin among its constituents. 

One of the most important properties of unpolarized structure functions is that 
the momentum fraction deduced from them, which is carried by the quarks, ac- 
counts for only half of the total momentum. This is a striking proof for the existence 
of gluons. Analogously, from polarized structure functions we can ask how much 
of the proton spin is carried by quarks, how much by gluons and how much is 
present in angular momentum. This question has, up to now, not been uniquely 
answered. The present experimental data have caused strong theoretical discussions 
and led to the design of much improved and completely new experiments. In the 
near future, experiments of the type 


e!(long.) + p', *He!, d'(long. or trans.) > e/ +. 
e! (long.) + p', He’, d'(long. or trans.) > e! + rt +X (5.240) 
p+ p!(trans.) > +X plus many more channels 


should be performed. In addition polarized proton-proton collisions are a possibility 
for the future. 

This field is extremely active right now and a more detailed discussion of the 
current situation is not suitable for a textbook. Instead, we consider two particular 
aspects where crucial concepts of QCD can be exemplified. As it turned out, nearly 
all techniques of QCD are, in a nearly singular manner, important in analyzing spin 
structure. 

In particular, we consider the following aspects of the discussion: 


1. The Bjorken- and Ellis-Jaffe-sum rule: From the knowledge of the axial vector 
coupling in weak interactions, predictions based on isospin and SU(3) flavor 
symmetry for [ dx(g)(x) —g?(x)) and f dxg?(x) can be obtained. This is a nice 
example that flavor symmetry continues to play an important role even after 
the introduction of color SU(3). 


Po? 


Fig.5.15. The relation be- 
tween deep inelastic scatter- 
ing and the forward matrix 
element 
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2. The axial anomaly and the gluonic contribution to gi(x): The axial anomaly 
plays a major role for hadronic physics in general. We have met it in section 
4.2 when reviewing the foundations of QCD and will show in Exercise 7.2 
its importance in understanding lattice QCD. As it turns out, the anomaly can 
contribute to the spin structure function in a subtle manner. The analysis of this 
effect gives exquisite insight into the physical meaning of the anomaly. 


Let us start by discussing the Bjorken sum rule. The antisymmetric (spin- 
dependent) part of the hadronic scattering tensor can be written as an axial-vector 
forward matrix element of the proton (see Fig.5.15). As the proton couples to 
quarks we find that the spin-asymmetric part of the cross section Ao 


x jehveb 


is proportional to 


iy BW ceva — ole Ge ey ane et ieee “> 7s) jee 


eel aN 
=p ee ee aie 
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= —2p'* VF ys 4 2p'B ays, (5.241) 


where we have used the well-known decomposition of the product of three gamma 
matrices. Thus we find that 


Ao~S° (ps | O74 7° 154 |ps) (5.242) 
q 


It is important to note that, owing to the optical theorem, we have obtained a for- 
ward cross section, 1.e., the momentum transfer is zero. In contrast, the momentum 
transfer in the lepton-hadron scattering reaction q,, is very large, but squaring this 
diagram to obtain the cross section leads to a graph in which the second photon 
removes the momentum transferred by the first. (This is just a description of the 
content of the optical theorem.) Thus this forward matrix element can be related by 
isospin symmetry to a corresponding matrix element between neutron and proton. 
More precisely we write 


IS 4 
2 Se — — 
O° = 1g 732 


for the up quark 


; 5.243 
for the down quark 


ol— Ol 
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See 


implying that 


1 
Ao? — Ad® ~ 3(Ns \73 GY" sq |Ns) ; (5.244) 


where N = ©) is the usual nucleon doublet. Now we can introduce 74. 7_ +7_T4 = 
1; we obtain 


Ao? ~ Ao" ~ 3(Ns \(r47 + Teme) T3499" 54 INs ) 
l 
ss 5 (Ns|(r+7- — TT) G9" 159 INs) 
1 
= 3 (Ps \r+ 9 y* V5 4 lns ) = hice (5.245) 


This, however, is just the weak-interaction matrix element of neutron beta decay. 
The corresponding coupling is just g4/gy. Putting all the constants together, we 


end up with 
1 
e 1 
/ dx [gi@) — gi@)} = = (5.246) 
; gv 


This is the famous Bjorken sum rule, which allows us to connect the proton and 
the neutron results. It is strictly valid for Q? — oo. Various perturbative and 
higher-twist corrections have been calculated: 


1 


/ dx [92(x, 02) — g(x, 0) 


1 
M? 2 . 
+ Be fax? |E (ot — at)0,0% + F(a - a)(e.0% 


(Oe 
0 
— (fou — fra) (5.247) 
with 
(ems igqG yg |e), g=u,d . (5.248) 


The fi, can be calculated, for example, by QCD sum rule techniques and turn out 
to be small. Also the mass correction is small, basically because of the factor x? 
which suppresses the small x contributions. Thus the Q? dependence of the Bjorken 
sum rule is exceptionally weak and well under control. It is especially noteworthy 
that no anomalous dimension, i.e., no factor of the form [a(Q’) / a(Q?)]~4 (2B 
occurs on the right-hand side of (5.247). This fact has a simple physical reason. 


The main part of the Q? evolution of unpolarized structure functions is due to 
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Fig.5.16a,b. Graphs con- 
tributing to the Q? depen- 
dence of the zeroth moment 
of the unpolarized  struc- 
ture functions. For the spin- 
dependent structure  func- 
tions only (b) contributes, 
since the quark—antiquark 
pairs produced are unpolar- 
ized 
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(a) (b) 


the many quark—antiquark pairs that contribute at high Q? (see Fig. 5.16). Because 
the vector coupling to gluons conserves helicity, these quark pairs are, however, 
predominantly unpolarized. In fact a double spin flip is needed to obtain a polarized 
qq pair, and except for very small values of x this is completely suppressed. 

Consequently the zeroth moment of g/, g?, gb, gi should only show a very mild 
Q? dependence. (Actually there is good reason to believe that f 92(x)dx = 0.) 
Now, assuming that the strange quarks are unpolarized, which is actually a very 
controversal assumption, we can obtain the Ellis—Jaffe sum rule from (5.247). From 
the definition of g(x) we have, assuming strict isospin symmetry at the quark level, 
which is also controversial, 


(5.249) 


where Au, Ad are the fraction of the proton spin carried by the uw and d quark. 
The Bjorken sum rule implies that 


1 
[oat ~ foot t (Au — Ad) = aa 
z (5.250) 
Au = Ad + Bul : 
gv 


which is already one constraint. Still another constraint comes from the coupling 
of s and u quarks in hyperon decays. To understand this we have to review a little 
group theory. The general axial vectorial flavor SU(3) matrix element (B |S?, |B’) 
can be analyzed with the equivalent of the Wigner—Eckhardt theorem. Here 3 B' 
are baryon states from the flavor octet, o is the Lorentz index, andj = 1,...,8 is 
the index of the SU(3) generator. We find that 
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The isoscalar factors are listed? A peculiarity of the SU(3) group is the appearance 
of two unequivalent octet representations. This is related to the fact that three octets 
can be coupled either by the symmetric d,,. or the antisymmetric fos. structure 
constants. It leads to the definition of two constants, D and F: 


DA ee A: 252) 


Every axial-vector matrix element coupling two baryon states from the octet is 
thus proportional to a specific combination of D and F and can therefore be 
used to measure F /D. However, the combined analysis of all the hyperon decays 
described by different groups gave conflicting results. A conservative estimate is 
F/D = 0.55-0.60. From (5.252) we read off 


Au=Ad=F+D (5.253) 


Similarly by inserting the SU(3) isoscalar factors we get 


I v2 1 
(N|Sgo|N) = ¢-Nto (-a se Ba) = Otis (-~0 + iF ) (5.254) 


1 1 
(ed As) =F (5.255) 
vom ) V3 


Assuming again that As = 0 we obtain another independent combination, 


Au+dd  3F-D _3F/D-1 


eed pl aoe 5.256 
Wenger eD FIDE ° C200) 


I 
which together with (5.251) allows us to determine f g}(x) dx. A complete analysis 
0 


along these lines gives 


3 See J. J. de Swart: Rev. Mod. Phys. 35, 916 (1963). 
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Fig. 5.17. The perturbative 
anomalous gluon contribu- 
tion to 1 
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= 0.172+0.009 for Q?=5GeV’ . (5.257) 


This is the Ellis—-Jaffe sum rule. As mentioned several times already, its validity is 
a matter of dispute. We have presented it here to illustrate the potential usefulness 
of flavor SU(3) for the analysis of deep inelastic scattering cross sections. 

Next let us discuss the role of the anomaly for the isosinglet axial-vector current. 
To illustrate the point consider first the perturbative graph in Fig. 5.17. 


Wve Te 
=> = 
Pree 
1 
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It is obvious that for Q? — oo one indeed obtains the triangle anomaly, im- 
plying pointlike photon-gluon coupling. The basic problem of this interpretation 
is also obvious from Fig.5.17, namely that there is no unambiguous way to sep- 
arate the quark contribution and the anomalous gluonic contribution. It is unclear 
whether the quarks of the fermion line should be absorbed into Au, Ad, etc. or 
into a contribution of the structure 


1 
Agi (x) = (S) [S- E) AGG) s (5.258) 


0 
In other words, the Aq’s appearing in the analysis we have presented so far should 
be split up according to 
Aq = Ag — S£AG -c 5.259 
gS A (5.259) 
It turns out that, according to variety of reasoning such a separation is very prob- 
lematic. 


1. Performing the perturbative calculation for the graph in Fig. 5.17 we get con- 
stants c that depend critically on the chosen infrared regulators indicating that 
we are not looking at a infrared save quantity. 
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2. From the operator-product-expansion point of view,we find that there is no 
gauge-independent local definition of AG. 

3. A so-called large gauge transformation, i.e., a gauge transformation with a 
nonzero topological quantum number, shifts contributions from Ag to AG. A 


detailed discussion of this rather complicated issue is beyond the framework of 
this book. 


On the other hand, there exists a practical argument for the decomposition 
(5.259). If we construct a phenomenological model for Ag, we will most probably 
miss the highly virtual quark components from Fig. 5.17. Therefore it might be 
easier to model Ag and AG instead. 

We do not want to discuss these still very much disputed questions further. 
Instead we shall show in the next chapter how one can calculate g; and gy from 
the MIT bag model. 


5.6 The Spin-Dependent Structure Functions 
in the MIT Bag Model 


To illustrate the properties of structure functions and the working of GLAP evolu- 
tion we present in this section a very specific example, namely the spin-dependent 
structure functions as they are calculated in the framework of the MIT bag model.4 

As discussed in Sect. 3.3 the quark wave function in the MIT bag model reads 
for massless quarks 


N Jo(ER)Xnm ) ¢ 
V(x) = ——|.. ; exp (—1Et 5.260 
= Tae Cee ae Gam 
ER 
Ce 5.261 
2R3(ER — 1yj2(ER) oe!) 
The corresponding field operator reads 
Woxy= So {bam)Un(x) + alma). (5.262) 


m=+1/2 


A major problem of the MIT model and all other models which lack Lorentz 
invariance is that the hadronic scattering tensor W,,, depends explicitly on the two 
coordinates 2; and x2. To cope with this problem a modified form of the scattering 
tensor is used. Into the usual expression 


1 : : : 
Wa = ae f atx exp (ig -*) IU .G). iO) (5.263) 
with the covariantly normalized proton state 
(p|p') = (21) 2E6@ — p') (5.264) 


4 We follow the reasoning given in the article R.L. Jaffe: Phys. Rev. D11, 74(1953) for the 
unpolarized structure functions and adapt all steps to the polarized case. 
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we substitute target states at rest denoted by |7) and normalized according to 


IT) = [27 2E8(0)]-'/? |p) 


(5.265) 
(TIT) =1 
Their SU(6) spin-flavor structure has the well known form 
|T) = [2a (Naa) — A(NaCA(N) — a(ACN a1) 
nA 5.266) 
— (Na (Na) + 2WNaAaA(T) — AHA A c 
— d(Na(nac) — aa (a1) + 2d(Haa(I10) 
We thus get 
ne = Cao) Hl d*x exp (—igx) (T|Gux),jO)NT) O26) 
E=p—=M 


Introducing a second coordinate this is equivalent to 


Wav = 7 [os [on exp (—19@%1 — X2))(T|Pu@),A@2VIIT) 
(5.268) 


where we have used the standard equivalence of (276(0))* with the total time- 
space volume T - V. The expression (5.268) does not depend on the average time 
= 1/2(t; + t2) which can be integrated out, leaving: 


[6 @) 
E 
Wav = — / dt ie dx. exp (-ig°t + ig: (x1 — Z2)) 
20 
EL (5.269) 


x (T|Piu(@1, £), (2, 0)]|T) 


For the nucleon E = M = 3E,(quark) = 6.12/R. The limitations of the bag model 
come into play if |~, — 22| ~ R, implying M |t) — | © M|ay — x2| © 2MRo. The 
corresponding Bjorken x value is 


< W@R)_ 1 
A ee Oa (5.270) 


Thus, even if one tries to correct for the static boundary condition the model 
remains intrinsically bad for x < 0.1. We can only hope to get a reasonably good 
fit to the data for larger x values. Actually, it will turn out that the situation is 
not quite so bad. The bag model is a constituent quark model and thus can only 
apply for small Q?. By evolving the bag structure functions to much larger Q? 
they become much more realistic. Inserting j,,(x, t) = W(a, t)i YW (x, t) we obtain 
in the usual manner (see (5.122)-(5.135)) 
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Way = — ee: jet d*k k? - sgn(k°)5(k2) / dt / d?x; | dx, 


a=u,d,s 
18,0) bag bag 


x exp (i(k? + q°)t — i(k + q) - (a — 2) (5.271) 
X |Suove (T | Pals, ty Galea, 0) — Fale2,0)7’a(a,0)) 7) 
“ie nova (T Paw, 1977s Fo (w2,0) + Palate, 07? bala, 0) 7)| 


The spin-dependent structure functions describe the antisymmetric part of W,,., 
called Wf, 


We = = itaro | gi )s? + gale) (8? —p74-*)| (5.272) 


with p? = M2, s* = —M?, vy =P .q, q* = —Q’. s° is the polarization vector of 
the nucleon. Choosing the target rest frame and the z axis in the direction of the 
spin implies 


ion. 0,,0, 0) memmesee=(0,.0,0, Ma, (5.273) 
v vy \2 v v 
= (ironyo+ (a) )=(rongrm) 6 
q (F ay 777100 Gg + Me (5.274) 
i V 
(57,0,0,-) , 
. ! vM 
Wes = 1E wv03-77 108) -+ an) (™ - 0+0- um) 
=iE,wsgi(x) - (5.275) 


From (5.271) it thus follows that 


(27)" ee | ssa) i gi Hl Px, / dx, 


—oo bag bag 
x exp (i(q° +k )t — i(k + a) — £2)) 
x (7 |B lsst) (Pk — 7°?) 52,0) — [(@1,) + (wa, 0)]| 7). 
(5.276) 


g(x) = 


This is the general formula from which one can calculate g;(x) for any model. Next 
we insert for %, the standard | decomposition into eigenstates Y », and creation and 
annihilation operators Dh Peds m- Neglecting quark masses we write furthermore 


©, (= Fino) agu( En) (5.277) 


with W,,(a) from (5.260), so we use the fact that all flavors are described by the 
same wave function. Also in the bag model only u and d quarks contribute: 
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MN? 
NO) = daqp Do Pa DAT bembam|) 


my 


x i d*k sgn(k°)6(k?) [a Hl dex, 


—co bag 
x [ex exp (i(q° + k)t — i(k + q\(a — £2)) 
bag 
x {Pn (ai) (9k? — y°k*) -ysWm (a2) exp (iEt) 
= WV, (22) (y°k° aay 7k?) 5Wn (21) exp (—iEt)} 0 (5.278) 
The t-integration leads to a 6-function which allows the k°-integral to be performed. 
Furthermore the a and m sum is easy to do as only the lowest m-state (« = —1) 


contributes. The proton flavor decomposition is 


(7) = fan ielel —ulutd? —ututal —uldlul + 2uldtyl 
Ji8 (5.279) 


—utdtul —dlulut —dlutul + 2d tala! 


and we use the fact that the result must be proportional to sgn(js) as the spin 
direction enters. This factor is thus introduced in the remaining equations. 


SS 0; (T bon Pam|T)sgn(m) 


Qn 


4 | 
2 ee 
9 isl a teOileee 
| 32-2 5 
See a i SS SS : 
+5 ist ap lap ie 8 9-6 9 (5.280) 
for the proton and 
oll 41 
Selb Bae aE OU 2 ae eat de | eS (5.281) 


Os 918 


for the neutron. The fact that in the bag model g/(x) = 0 is a typical problem of 
this model. We shall keep this shortcoming in mind and calculate g}(x). We shall 
also omit from now on the index m of Y%,. 


5MN2 k? 
Pix) = dk dQ 0) [6(k° i 
ORO) = Fars | ak d Qesenlh) 57 18(k® + &) + 6 — by 
x [es [ex exp (—1(q + k)(x, — x2)) 
bag bag 
x sgn(u) { (a1) [y°k° — 7° cos & k] 1s¥(@2)|,o__ 40g 
+ U (a2) [72k — 9° cos 0 k] ys¥(@1)|,0__ 90 net (5.282) 
The valucs for k° = —q° + E have to be inserted in the whole expression. As 
q°? = v/M > E, k® is in both cases negative, implying sgn(k°) = —1 and 


k= =k: 
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5MN? 
c= 362m) J Ac0s 6 | ax [ex exp(—i(q + k)(a, — £2)) 


bag bag 
x san(yi) -k° { D(@1) (7? +7" cos 6) 15% (@2)|,0<90 42 
+ (x2) (7° + 7° cos &) 1sV(@1)|,0-,0-2} (5.283) 
Inserting (5.260) we find 


A = W(x) (7° + 7° cos 6) ys¥(w2)sgn(u) 
= sgn(u) (fo Ex) x7,.(21), if (Er) xo ey(21)) 


. 1 0 cos 6; - 1 o 
0 -1 = —cosh - Il 
0 1 Jo(Ex2) X xp (22) ) 
x - : 5.284) 
@ a) Care ( 
We use the well known relation 
x 
oe jae) me) = —X~K«p(2) (5.285) 
and define o(1) as —o - x, /|a\| etc. 
A = sgn(u) (jo(Exi)x4,,(21), yi (Exi)x7,(2i)o()) 


o>  cosb ( Jo(Ex2)X ep (22) ) 
3 cos oa 1f1(Ex2)0(2)X cp (922) 


= sen(u) [fo(Ex1 Yo(Ex2)x71,(21) 0? Xx u(2) 
— if (Ex) Yjo(Ex2)x5,(21)0(1) COs 4 Xp (22) 
+ ijo(Ex1 ji (Ex2)x4,,(21) cos 0,0(2) Xp (22) 
+ fr(Exy fi (Ex2) xf (2)o(1)o* o(2)Xu(M)] (5.286) 


For the 1s;/2 state we have 


1 1 0 1 
Kensie) — (5) for p = +5 , and (‘) for jf — ae (5.287) 
thus 
Xt (21)0* Xeu( M2) = sen(u) (5.288) 
= i foru=t 
+ = | ae? 
Xen IU) cos Oxi = ae 
o i for p= —} 
= sgn(4) cos 6 (5.289) 
3 il Dee 
fee: oe f @)  @)! - iG) 
Ka oi la O(2) Xu = Xap ei ae i(a)2 —(%)3 


(x)? (2)! - oa) ee 
—(X2)! — ia)? (2)? “lary | [aro 
(5.290) 
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For 4 = 1/2 this gives 
Tapa (CD Ga) — n'a)! — Gay")? + iG"! ied?) 
(5.291) 
and for pp = —1/2 


(1)? G2)? — G1)" 2)! — 1)? 2)? + 11)! (2)? — 11)? O2)') 


~ ary |r| 


(5.292) 
which can be combined to give 
£1 L2 (x1)! («2)* — (61)? (2)! 
S 2. cos 6; cos A — oe 5.293 
200 ( fe a ini [lea oe 


Upon integrating over 2; and 92) the second term in (5.293) vanishes. This is 
easy to see. If one chooses in (5.283) (q + k) to lie in the 3 and 1 direction the 
expression must be invariant under (x,)? > —(x,)* or (x2)? —> —(x2)*. This ensures 
the vanishing of the mixed term in (5.293). Thus we have found 


A = jo(Er) jo(Er2) — Vj (Er, )jo(Er2) cos 6, + Vi (Er2)jo(Er)) cos A> 


+ j1(Ery)j(Erz) (20054 cosy =| (5.294) 
|x ||x2| 


The factor sgn(jz) cancelled in fact, as claimed above: 


5MN? 
GO 362m) J &00s 64 few da. exp(—ip - (x1 — x2))- k* 
=1 
x {AQ DVncgoee + AZ Dag} - (5.295) 


We have introduced the momentum of the hit quark p = q + k: 
Baer i, KRUG (5.296) 


The angular integrals we need are 


[02% expip-2) = [424 DN'idlie) 


Im 


x Yim (Sp) Yim(21) a Anjo(|p||x1|) (5.297) 


and 


[am exp (—ip - x1) cos 0, 
= / dQ, 4m S~(—i)'ju(|Pl|211) Yin Op) Yin 21) Yio 01) V4 
Im 
= —4nij\ (px) cos(2,) (5.298) 


/ d§2, exp(—ip - x)) cos 6 cos p = —47ij, (px)) cos({2,) cos(yp) (5.299) 
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R R 
5MN? 
g(x) = (an)? [ dos [es xp f dx Keke 
0 0 


36(2m)4 


x { om (Exaile ol) 


— cos Op cos Oyjo(Ex1 1 (Ex2 Yo(px1 fi (px2) 
— cos Oy cos Oj (Ex1)jo(Ex2 jo(px2)/1(px1) 


+ Ji (Ex ji (Ex2) (2hvomnntor) cos &, cos Op 


— ji(px1)ji(px2) (cos 6% + sin 6 cos? y + sin’ 8, sin? y) )| 
k=q°+E 


a . | \ ; (5.300) 
k=q°—E } p=qt+k 


The x1, x2 integration can now be done analytically with 


] 
Heo = i dx x2): (ax)ji(bx) 
0 


l atone Leteay 
= ar [bili ®) - ai Yi 1@] (5.301) 
5MN? 
ci.) — ome [ &e0s Ox k? [ (tg (ER, pR) — 2cos 6 cos Oto(ER, pR) 
x (ER, pR) + t7(ER, pR)(2 cos” 4 — 1))|,_,0 4 
ae se Nees] (5.302) 


(5.302) is basically the MIT bag model result for g\(x). The only part still missing 
is the relation between 6, and 6,. With it everything will be defined: 


_ ps _ kcos& +43 


OS, = = (5.303) 
° [pl Jk +4 
p? = |p’ = 43 + + 293k cos % (5.304) 
2 ae 
Doma ae 
a= ——_—_ 5.305 
cos Gy Bask ( ») 
The last equation implies 
eo Stn Saar (5.306) 
And with k = qo + E this means 
2 
(pkn) =@3-—G0 FEY = (Me FEY (5.307) 


Inserting (5.312) into (5.310) gives 
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(p? -93 —) +293 pp? +(e +h) Gs —*) 


cosy —— 
i 293p 293p 
Se 
_ PP +(g3 +40 EM FE) _ p* +293 (Pain) 
7 2@sp 2q3p 
(5.308) 
(ae 2 re ea ae) 

cos Oy cos Op = ny) 

_ pt 2p? — (B+ 2) (- 2) 

4q3kp 


The quark momentum p is in principle unknown, but at a proton at rest the prob- 
ability of finding a parton with a momentum in the multi GeV range should be 
exponentially small. This fact is also contained in (5.302) and (5.303). t(ER, pR) 
and thus g;(x) decrease sharply with increasing p. Thus we only get a sizeable 
contribution if p ~ pmin < qo, k, 93, implying k ~ q3: 


pe 
COS 0 (5.309) 
P 


GBa-Kw  g — 4 FE 


g 0,2 — ~ 
cos A cos Ap Tp lene 
~ 243xM + 2qoE _ xM £p ean 
2g0p Pp 
With 
dcos 0; _ 2p_ _ P. (5.311) 
dp 2q3k k2 i , 
(5.302) simplifies to 
SMER P 
P = d 
9) = SRICER — 1y2(ER)-9- Gay i a 
Prnin 
Pani 
x BCER, pa — 2tp(ER, pR)t\(ER, pRy-=8 (5.312) 
Pp 
ein Ve 
a tt (ER, pR) (2 (22) a ) | + Prin ~ i) 
Des = |2 = Mx! 


The result is shown in Fig. 5.18 (remember g?(x) = 0). 

It is obviously very far from being physical. However, one can argue that 
this would be the correct result only at small scales and that one thus should 
evolve it with the GLAP equations. As these equations have the very nice property 
of producing acceptable gluon and sea-quark distributions if one evolves from 
sufficiently small scales one thus obtains an acceptable result after evolution from 
uw? = 0.2 GeV’ to 2 = 10 GeV’, see Fig. 319: 

While this agreement does not look too bad it should be realized that this 
is only due to the GLAP evolution down to unjusifyable small values uf (ie lo 
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Gg; Fig. 5.18. | MIT-bag-model 
predictions for g?(x) with- 
out GLAP evolution for var- 
ious values of MR (solid line 
MR = 2.81lw, dotted line 
MR = 3.5w, dashed line 
MR = 4,0w) 


0.05 


0.00 


g)(Q? wu? x) MR = 3.50 w Q? = 10 GeV? Fig.5.19. | MIT-bag-model 
prediction for g}(x) after 


2a a a: | | GLAP-evolution from vari- 
0.8 a -| ous starting values of j:°(sol- 
l ; | id line up? = 1 GeV’, dotted 
0.7 F a Gy EMOS line p? = 0.5 GeV’, dashed 
| See line 12 = 0.4 GeV’, dashed- 
0.6 oe ay es a. | dotted line p? = 0.2 GeV’) 
ite We 28 ene | up to 10 GeV?. MR = 3.5w 
0.5 Ah pat = ‘2 ae | was used 
i .; se a | 


see how strongly this evolution softens the distribution, we show in Fig. 5.20 the 
correspondigly evolved result for our simple modell of Example 3.9. 
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Fig. 5.20. GLAP evolution of oy u? = 02 GevV2 
F,(x,Q*) as obtained from 
the simple model discussed 
in Example 3.9. For very 
large values of OQ? the agree- 
ment becomes acceptible 


data 

0.2 GeV? 
10° GeV? 
10' GeV? 
10? GeV? 


6. Perturbative QCD II: The Drell-Yan Process 
and the Gribov—Levin—Ryskin Equation 


6.1 The Drell~Yan Process 


Deep inelastic scattering is investigated by shooting electrons or muons at different 
fixed targets or by colliding them with a proton beam. From these experiments 
only information about nucleon structure functions can be extracted, while little 
is learned about the inner structure of pions, for example. There are, however, 
different options for high-energy collisions. Electrons can be made to collide with 
positrons (as is done at Stanford, DESY, and CERN), and protons can be made to 
collide with protons, pions, kaons, or antiprotons. The latter is done at sites such as 
Fermilab, where secondary beams of pions, antiprotons, etc. are created and collide 
with a fixed target. 

To determine the internal structure of hadrons in these reactions, it is again 
preferable to consider reactions as hard as possible. For such reactions there is 
hope that perturbation theory will yield good results. To obtain information about 
the inner structure of hadrons, these must be in the initial channel. We therefore 
consider the collision of two hadrons. The process most similar to deep inelastic 
scattering in these reactions is the annihilation of a quark and an antiquark, each 
deriving from a different hadron, into a lepton pair (see Fig. 6.1). This is called the 
Drell-Yan process. 

Bear in mind that the creation of hadrons in ete~ scattering is described by 
the very same, time-reversed graph. While quark annihilation into leptons tells us 
about the initial momentum distribution of the quarks inside the hadrons involved, 
ete annihilation is used to investigate how full-blown hadrons are created from 
just two dissociating quarks, that is, how the momentum originally carried by the 
quark—antiquark pair that has been created is distributed between real and virtual 
constituents of all created hadrons. This is mainly a dynamical problem in which 
nonperturbative effects are crucial. Its description in the framework of QCD is of the 
utmost difficulty and has consequently not yet proceeded beyond phenomenological 
models. Keywords characterizing this area of research are “hadronic strings” and 
“Set physics”. 

We shall first address the Drell-Yan process of Fig.6.1. By carrying over our 
experience of deep inelastic scattering to the Drell-Yan process, we expect the 
cross section to behave like 


do(DY) = [4a(%a)Go(xo) + 96(%6)GaXa) FQ +4 > > HW) dea dey. (6.1) 


Here a designates the first and b the second hadron. Consequently qa(%a) gives the 
probability of finding a quark of flavor q carrying the momentum fraction xq, in 


q a 
Fig. 6.1. The Drell-Yan pro- 
cess 
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the first hadron. This is based on the expectation that at sufficiently high energies 
all color interactions will be suppressed by the large denominator of a propagator. 
However, this argument has to be treated with great caution, since there are also 
soft processes that cannot be neglected (see below). Another problematic point is 
the kinematic difference between Drell-Yan and deep inelastic scattering. While in 
deep inelastic scattering the photon momentum is g* = —Q* < 0 with a large Q?, 
now q* = M? > 0 holds with M the invariant mass of the lepton pair. An extended 
formal analysis has shown that such formal continuation is possible and (6.1) can be 
justified. Basically Q? is substituted by —M? in all formulas. This, however, quite 
substantially changes all logarithmic terms: In(Q?/m) — In(—M?/m?*) = in + 
In(M*/m?). The running coupling constant still has its usual form with a(Q?) > 
a(M*), but in practical calculations the perturbative expansion does not converge 
well owing to the term proportional to iz. It must be conceded, therefore, that the 
analysis of Drell-Yan reactions is afflicted with far more uncertainties than deep 
inelastic scattering. All this will be discussed in more detail below. 

First we shall evaluate (6.1) further while skipping the more involved questions. 
In doing this, it is customary to define some new quantities. Let s = (P; + P,) 
be the invariant mass of the colliding hadrons. The momenta of the partons par- 
ticipating in the Drell-Yan process are pg = xP, Pp = x»Pp. Neglecting hadron 
and quark masses, the invariant mass of the lepton pair is then 


M* — (pq +s) = 2a - Py = 2015 Pa Pp = 20%(ha en) =e) 


It is furthermore standard to change the variables x, and x, to 


M2 1 Xa 
ee ee 5 y=5ln — . (6.3) 


Keeping in mind that for the energy and longitudinal momentum of the lepton pair 
E=x,E, +xpEy , Pr =XQ8k, — XpEy 


is valid, we obtain in the center-of-momentum system of the two hadrons (i, = 


Ep = v/s /2 


Thus y is the rapidity of the lepton pair in the center-of-momentum system. To 
rewrite (6.1) in the new variables, we need the functional determinant 


OGay aa 
Oa) ae 


Finally we must know the elementary cross section q+q— wt+p-. Calculating 
this is very easy and will be done in Problem 6.1. We obtain 


1 4202 


CNet e f0) ras 


(6.5) 


The additional factor 1/3 stems from averaging over quark colors, since the struc- 
ture functions of the nucleon are already known. 


6.1 The Drell-Yan Process 269 


The Drell—Yan cross section for quark—antiquark annihilation is thus to lowest 


order 
Popy 42a? 5 E P 
ae oi So e3 [a(ea)Go(%r) + 46(%6)Ga%a)] (6.6) 
q 
or with 
ds ee 
ivan. | eS a 
1 i 
Ana? dx, | 2 Sep ce ae 
OpDY = 9 fo fS- 28 etsy (=) + Wb (=) dn) 
0 Te 
(6.7) 


To calculate Drell-Yan cross sections one has in addition to calculate the Compton 
process g +G — y*+q — yt” +4, which is usually even more important. We 
shall not do this, since all the problems encountered are exactly the same for both 
processes. We shall simply state the corresponding result for the Compton process 
at the very end. 

Equation (6.7) and the corresponding Compton cross section yield unique pre- 
diction for lepton-pair production in high-energy proton—proton collisions. When 
this was measured, it turned out that the experimental cross section exceeded the 
prediction by a factor of about two. This missing factor, i.e., the quotient of the 
measured cross section over the calculated one, is termed the “K factor”. Surpris- 
ingly it is independent of x, and X,, i.e., a true constant. Its source can, in the 
framework of perturbative QCD, only lie in higher-order corrections. Since such 


je Fig. 6.2. First order gluonic 
“al Ie corrections to the Drell-Yan 
process 
eo + 
q e 


Fig.6.3 First order gluonic 
corrections the muon—quark 
scattering 
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Eee ee 


higher-order perturbative corrections are of the same order as the lowest-order 
contribution, convergence of the perturbation series is exceedingly questionable. 

To gain a deeper understanding of the problems in Drell-Yan reactions, in the 
following we shall discuss the calculation of some corrections to the annihilation 
graph q + 4 — *. The relevant processes are displayed in Fig. 6.2. However, we 
can avoid much work by using some results from Chap. 5. The graphs in Fig. 6.3 
differ from those in Fig. 6.2 only by the exchange of the Mandelstam variables s 
and u. But the graphs in Fig.6.3 are just those we calculated in Chap. 5, namely 
the term with ys = p’. Accordingly one gets for the processes in Fig. 6.3 the result 
(see (5.10)) 


ve 
pasta 3(S4i4 0) (6.8) 


Here we have replaced —Q* by M?. We must then, according to the “crossing 
symmetry”, exchange s and u: 


ae 
Ft a(* +i4o's ) (6.9) 
ut 
Here an additional minus sign had to be taken into account. This phase is related to 
the definition of particle states (we replaced a quark by an antiquark). We shall not 
discuss this any further, since it is immediately obvious that F? must be positive. 
Now the combinatorial factors remain to be determined. The different charges give 


e’e4g°, spin-averaging yields 1/4, and color averaging 


Epa) iG.) oer 
cc! Ce 92 9 
We therefore have 
En 8 2M?2s 
(niall E oane @ 0, f@ 8 
2s (2nys [9 56 (a +a —P r?) ( aI ea ‘ (6.10) 


With dt = dQ\q|?/x (Exercise 2.6, (6)), we obtain 


el ; 
ig = = A054 167? (¢ + is + mal *) 
2s 8x5 9 te ut 


AAs eFT 8 “oer 2hd2s 
= ey pe ees a. (6.11) 


s2 9O\t ou ut 


It should be noted that the relation between the Mandelstam variables connects u, 
s, and ¢t: 


“u=Me=5 27 


The additional contribution to the cross section is thus, at given s, a function of ¢ 
only. We find that 


Ma) 


holds and that the integral diverges at the upper bound of the integration, i.e., 
for t — 0. The appearance of infrared divergences is typical for all calculations 
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of perturbative QCD. Its reason is that in the framework of the parton model all 
small dimensional quantities like quark masses and gluon virtualities are neglected. 
These quantities normally inhibit the appearance of infrared divergences. The sim- 
plest solution to the problem would therefore be to introduce finite masses and 
virtualities for all particles. But then the results would exhibit a strong dependence 
on these parameters and thus be more or less meaningless. The only chance of get- 
ting reliable predictions lies in the hope that the infrared divergences of different 
contributions cancel. This is indeed what happens. 

At this point it is useful to recall QED bremsstrahlung, where similar problems 
surface owing to the vanishing mass of the photon. It turned out there that the 
infrared divergence canceled with the diverging radiative corrections. This effect, 
known as the Bloch—Nordsieck theorem, is of basic relevance for the consistency 
of QED, and even more so of QCD. Its physical background is related to the fact 
that massless particles with arbitrarily small energy, e.g., photons of infinitely long 
wavelengths, are, strictly speaking, unphysical since they cannot be detected by 
any means. The transition from some state to the same state with an additional 
undetectable photon is not well defined. In perturbation theory, however, all states 
can be classified by their occupation numbers and such states can be strictly dis- 
tinguished. Since this distinction is unphysical, it can very well lead to spurious 
divergences in different contributions that cancel each other. 

Next we face the question of how a radiative correction whose amplitude is 
proportional to g* can cancel an amplitude that is of first order in the coupling. 
This is explained by noting that all radiative correction graphs interfere with the 
lowest-order graph since they have the same initial and final states. Fig. 6.4 depicts 
this. 


oO! 
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Fig. 6.4. All graphs leading 
to the same final state inter- 
fere with one another. There- 
fore both photon + gluon 
graphs and radiative correc- 
tions contribute to the order 
as. The Bloch—Nordsieck 
theorem states that infrared 
divergencies of these contri- 
butions cancel 
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The validity of the Bloch-Nordsieck theorem is of great relevance for the 
whole of perturbative QCD. Nonetheless a general complete proof seems still to 
be missing and is clearly confronted with problems for the Drell-Yan process in 
particular. We are unable to explore this theoretical question in more detail here, 
but the Bloch-Nordsieck theorem holds for the lowest-order term, investigated in 
the following, as will be shown. 

The procedure to show that two divergences cancel is as follows. First a reg- 
ulator is introduced to render the contributions finite. Then, after summing the 
contibutions, we send the regulator to zero or infinity depending on the nature of 
the divergences (infrared or ultraviolet). 

In our case we choose a finite gluon mass mg as a regulator. Then the calcula- 
tion of the graphs in Fig. 6.2 must be repeated with a finite gluon mass. We shall 
skip this and give the final result only. (Usually such calculations are performed 
with computer algebra programs such as REDUCE). The result is 


da@ed=) +o) 


2 Ae. 
_ aaserm& [ut | 2(M*+mG)s 221 I 
= 5 |e tot = M’mg\ ata )\ dt (6-12) 


with 
u=M’?+me—-s-t 
and 


a 


Fave do(q-q— 7 4G) 


Popy(q+4—> wt + uo" +G)= 
Obviously the changes in the cross section are minor. In particular, the troublesome 
terms with 1/t are unchanged, and an even more troublesome term in 1/t? has 
appeared. The crucial question is thus: What are the bounds of the integral for 


finite mg. We choose the center-of-momentum frame to calculate these bounds. 
Here k, = —kg = k, and thus 


S = (Bie = eat) 


(6 = Me = ne ky = Ae ek ae (6.14) 


From this, & is calculated: 


(s — M2 ~— m2)? — 4M2m2 
ee (6.15) 


Bounds for ¢t arc calculated from 
t = (pq — ky)’ = M? — (EYE, — E,kcos6) , (6.16) 


frinfin, = 0° = 2B Bp ee (6.17) 
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We put 2E, = ,/s and we use (6.15): 
team = Me jz (Ve — M? — m2)? — 4M? m2. + 4sM? 
+4/(s — M2 — m2)? — anne ) 
ue} ( ernie 0 naan) 


1 
5 (@—m? -ma) (© — M?— mg? — 4nd) . (6.18) 


I 


Obviously fmax 18 now nonzero, so the integral is finite. As claimed above, Faas 
goes to Zero as mg — 0. This result can be rewritten by intoducing the quantities 
a = M?/s and b = m2. /M?: 


2 


M 
finfinax = ~ (1 ~a—ab+V/(1—ay + ba(ba —2 — 2a)) . (6.19) 


The integral over ¢ is explicitly calculated in Problem 6.2, leading to 


, _ 8TAase, pS B ZS oe s—B+4/(s —B)? — 4M2m2 
9s =i 7s s—B—,/(s — BY —4M2m2 


a 
B M2m? 
—4 (1-2) =e (6.20) 


with 
B=M*+mg 


To get the total Drell-Yan contribution we have to substitute rs = xgxps for s, 
where s is now the total four-momentum squared of the colliding hadrons. We also 
have to insert the relation between o(q + 4 — y*) and do/dM?(q +4 — y* > 
ut), which is derived in Problem 6.3. For negligible lepton masses this is 


do a 
= + = a - * 
FTV 7A ak ea y=o(q+q> 7 a2 


dM? (6.21) 


In our problem, i.e., the first order gluon correction, M? corresponds to the invariant 
mass of the 7* and gluon. We therefore replace it by 7s. Thus the correction to 
the annihilation part of the Drell-Yan cross section is 


dAopy 
dM? 


a os i ahs i dx, SO 2 laelsoMtoCss) + Galte)ao(s) 


=> i dr i os ous) DanC) + dled an - 6.22) 


216 
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We still have to specify the integration boundaries. Obviously it holds that 

rs >(M +mg) & M? ¢ - 28 | (6.23) 
On the other hand 7s can be very large. We write 

ts <M°N (6.24) 
and later on set 1/N ~ 0. Because qa(xa), Fo(x5); and so on are smooth functions 


of xq and x,, we can neglect the small shifts in x, and xp induced by the difference 
between Ts and M2, i.e., we can neglect the 7 dependence of the x,xp: 


1 
dAgpy (8 axa = 5 
dM2 30 | Xa py [qa(%a)Go(xb) ar Ga(xa)4o(x)| 
0 
M?N/s MP+mg 
8raase, a ( a ) 
x e Ts) = M24m2. 
M2(14248)/s if 


x In 
M24m M24m2 M2 m2 
ras (1 af wre | =A e 
M24+ m2. M?m2. 
=4 (: -*i*e) ~4e | (6.25) 


The 7 integral is expanded in 6 = m2/M?. To this end we substitute r = M*/sr: 


LSD E 
24 8raa,e, ee 
9M? i 


1 
ons 


1-r(i+6)+ V0 —r+ YP —46r? 
 —————————————————————— 
1—r(i+6)— y[l—r(1 + BP — 46r? 


a ee 157 (6.26) 


We study the limit 8 — oo. We shall now take this limit, and in doing so we 
shall make sure that we keep all the constant terms as well as those proportional 
to logarithms of @. Powers of @ are, however, neglected. 

We make the substitution r — r/(1 + 8). The factors 1/(1 + 8) lead only to 
corrections proportional to G, which we neglect. The leading term, which we have 
to take care to treat correctly, is that proportional to 2/8. 


1+. + BP 


2 
1—r(il+ 8) 


x1 
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1-2,/p 
ee 8maa;e; /) Ae il + r2 = 21 = r) 
9M? l—r 26r?/(1 —r) 


2 — 
fee ed 
iar 1—r+(/( —r) — 46r2 
1+r? 26r? 


bor \a-ne[i- I= 487770 =r] 


—4/(1 —ry — | (6.27) 


In the terms on the right-hand side it is tempting to neglect 4@r2. This would be 
incorrect, however, since it is of the same order as (1 —r)* at the upper integration 
boundary. To treat this carefully we have split up the logarithmic term into three 
parts. The first contains the approximation valid for (1—r)? > 4Gr?. The other two 
terms contain the ratio between the approximate expressions and the exact ones. 
We investigate these first: 


en Laer 2r2 
h=2 Jo ey oe ie 
J Ise (i—ry . | i=407 a =7¥] 


Sin ee (6.28) 
(l-—r)+ V(i —r) — 46r? 


Obviously these terms vanish unless r + 1. Thus we set r? = 1 except in (1 —r). 
Next we substitute 1 —r =f: 


1 


hous |p) = Se 
“6 f ies ?(1- V1 —45/) ey 1 aye 

2/6 
(6.29) 


Now we substitute ¢ = 2,/8/u, dt = —2./B du /u? = —t du /u: 


du u? 2 ) 
eee ce 2 ae - (6.30 
h 4fs : 2 (1- vi?) D Creer ( ) 


In this expression it is now safe to let ./8 go to zero. We are left with finite 
integrals only. To do these we further substitute uv = V1 —z?, du = —z dz /u: 


AUS 
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1 
BAB |(=- 
0 


1 
1 
1 
2) in? | uae +4 fae in +) (6.31) 
2 i 1~—z 2 
0 
We finally substitute z = 2u — 1 and use the fact that 
l 1 2 

2 Js; a ~ = Linx), Lia @ =< - sin ze) (6.32) 


1l-—x 


Here Lin(x) = )7°2., x?/n?, |x| < 1 is the dilogarithm, also called Struve function. 


1 


1 

=2 In’ ——_ 

4 =2 In @)+8 | du x aye 
2 
pe ae 
=2in'(@2)—4 (5-3 Sie *0)) ao +4inQ) . (6.33) 
The last integral in (6.27) is trivial, since one can directly set 6 = 0: 
1-2/8 

h=-—4 ‘i dr /(1—ry —46r? — —-4 | (d-ry= . (6.34) 


0 


The remaining integral leads to an expression found in good integration tables: 


Z 
J; = —2 / dr — [ In(Z) + 21n(r) — 21nd — r)| 


l-r 


1-2,/8 ; 
ins) fo + 2(r —1)+2 
0 


1-2,/8 1-2,/8 


l 2 
=f Jo a In(r) +4 oe 


0 


= amo [5-220 (2v8) +0 (vB) 
“CE ube eva] 


 In(l =) 
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PLT 


=2—41nv (2/8) =f 3m +31n(B) + 41n() In (2V2) 

= 7m +2+431n(B)+41n (2/8) |In() —In (2V8)| 

= 3m 42431n(3)+4 [in (V2) a In(2)] [In (VB) Bs In(2) 

= 3m 4+24+3In(B)+4 in? (Va) 3 In?(2)] 

= In?(@) + 31n(9) + 5m +2—4in*(2) . (6.35) 
Finally we put the results (6.33), (6.34) and (6.35) together to get 


8maa,e2 


4 (6.36) 


I = (1n°(B) +31n(8) +7) — 


Or 


1 
dA dx, a Z 
eS | Do [taboo Ceo) + duledan) 


2 
ED [In?(3)+31n(3) +72] (6.37) 


9M? 

We hope that this explicit example shows how the logarithms associated with the 
infrared divergences can be isolated and where one has to be careful to avoid errors. 
We shall next discuss how the Block—Nordsieck theorem works for this specific 
example, i.e., how the logarithmic terms in (6.37) are cancelled by those of the 
radiative corrections. However, we shall give only an overview of the explicit 
calculatioon of the radiative corrections, since it contains nothing new. 

According to Fig.6.4 the graphs we have to calculate are those contributing 
to the vertex correction to first order (see Fig. 6.5). If we introduce a momentum 


pon Boe Dm 


cutoff A, after the introduction of Feynman parameters the two relevant integrals 
are 


a 
atk 2(1 —x)[ —2(1 —x)] 
ee ae dy ih eee 
ie af / / 2) [2 +p%x(1 —x) -s(1 —x)]’ 


ee ln (4) (6.38) 


Fig. 6.5a,b. First-order radia- 
tive vertex corrections 
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and 


Ae ] _ 5 ee 
ono( 1428 fa fay fu [Cann oe ee eS 


y(l —y)x2q?2 + s(1 —x)]’ 
i 2x(1 — x) 
[ —yd —y)x2q? + s(1 — x) 


2as af 2G ms 7 oT 
a sal fe) ee Gee 
oft = | In (2 31n a 5 3 (6.39) 


In contrast to deep inelastic scattering the four-momentum squared (@ =M 2) is 
now positive: 


m2 m2 
g = g 
In (+, = JRE c ee 


= Re[In(@) — iz] = In(@) (6.40) 


=In*(6)—2? , (6.41) 
so the correction to a can be written as 
205 2 We 
aay 1+—| —In*(8) —31n(@) - = + — ; (6.42) 
37 2 3 
The corresponding correction to the Drell-Yan cross section is 
1 
dAopy (rad. — corr.) a fd a a 
= a i} ne oS [7a(%a)A6%) + Gal%a)4o(xs)] 
a 
0 
8radse7 


Svea i (- In? (8) - 31n(B) — 5 + =) . (6.43) 


Adding this result to (6.37) gives the final result: 


dAc (total) _ me 
TYE | ys [4a(%a)Go(x5) + Ja(%a)qn(xo)| 
4ra@ ee Ae 


which implies that the Drell-Yan cross section is just multiplied by a constant 
factor, which can be identified with the K factor 


K (1st order) = 1 + 


= 47? 
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AUS; 


If we insert a, © 0.3, we get K ~ 1.6, which is already a good step towards 
the experimental value K ~ 2. Thus it can be hoped that the perturbative expres- 
sion will indeed converge to the correct K factor. One can continue by pursuing 
this tedious calculation order by order. Instead we wish to address a much more 
fundamental approach, namely that it is often possible to sum up certain radiative 
corrections exactly, i.e., to all orders in the coupling constant. Such techniques 
are called “resummation techniques” and are a central issue of current research in 
QCD. We shall sketch the relevant arguments for a comparably simple problem. 
The result will be that K is proportional to exp[27a,(M’)/3], implying that 


2 Z 2 4r? 
= exp Fra, w)| [ = Res =f = (= = | 


2 2x 81 i 
= = M2 p= a 2 eee 
gue) ones) 
2 
= exp [Fre (w?)| (1—0.0446a;) . (6.46) 
This suggests an excellent convergence of the perturbative expansion after the 


resummed exponential factor is isolated. Furthermore the numerical result for a, ~ 
025 085, 


yp 
K (1st order + resummation) = exp |—7a, (M? | 1 — 0.0446a 
) = exp | Fra, (M?)] ( ae 


ii 01 e 


agrees well with the empirical values. In fact (6.47) is further improved by also 
taking into account the second order and serves then to determine a,(M7) or 
Agcp. The starting point of the argument is as follows. The terms absorbed into the 
exponent are the 7” terms in (6.43) and (6.44). According to (6.40) and (6.41) these 
arise from the analytic continuation of the logarithm to negative arguments. Thus 
it is sufficient to keep only the logarithmic terms to high orders, to sum them up, 
and to continue them then to negative arguments. This procedure is called “leading 
logarithm-approximation” (LLA) and is the standard procedure for resummation. 
Next we shall discuss the correction due to gluon emission in the production of 
a quark—antiquark pair by a massive photon. The resummed corrections for the 
Drell-Yan process can then be obtained from the result by analytic continuation. 
The calculation can be found in Exercise 6.4. Here we simply give the result for 
the decay rate I’: 


UD ay he ee 

dx; dx, : 37 (1 — 2x — 2x2) 

where x; and x are the energy fractions carried by the quark and antiquark. The 

gluon energy fraction is x; = 1 —x; — x2. We treat the decay of the massive photon 

in its rest frame, i.e., k, = (M,0,0,0). Obviously this expression diverges if x1 

or x2 approaches 1/2. This is obvious from Fig. 6.6 for the case x) — 1/2. The 
intermediate propagator becomes on-mass-shell, if 


(k — pry = (MC — x1), 0,0, - MY = M71 — 1)? — 27) 
= (2) — Oh. (6.49) 


(6.48) 


P2 
Pi D3 


Fig. 6.6. Illustration of 
origin of divergences 
(6.48) 


the 
in 
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For a finite gluon energy only x, or x2 can be equal to 1/2. Thus (6.48) has two 
leading, logarithmically diverging contributions: one for x; — 1/2 and one for 
X2 — 1/2. We change to the coordinates 


t = (p. + ps)’ = (k — pi)? = M7(1 — 2x) 


E E 
= z = — = he (6.50) 
TP By) 3M 
de d? 
4M? —__ => 6.51 
dx, dx2 dt dz ( ) 
er > 2a; 142? 
= 20€ 
dt dz 237 a) 
oO [41 ee 
= = 6.52 
309 FI (5 2 ) 


The new variable z has obviously the meaning of the fraction of the energy of the 
original quark state carried by the final quark state after gluon emission. Therefore 
it is not suprising that we recover in (6.51) again the quark splitting function P,,4(z) 
known from our derivation of the GLAP-equations. As usual the virtual corrrection 
adds effectively the ‘+’ prescription to the bracket in (6.52). Let us now turn to 
multi-gluon emission. An important point to know is that for the specific gauge 
we used in Problem 6.4 only a single amplitude contributes, namely S22. The t- 
integration leads to a logarithmic divergence. With (6.50) we get 


1-2 t ee a 
Si = sc = = = von no logarithmic divergence, 
1+27)M? Nae i 
Sox = eps See logarithmic divergence, 
Gal =) (6.53) 
S 16c ane no logarithmic diver 
—— — —* a 
12 =, —— g ic divergence, 
C= Ag’ ee? 


Thus for the leading term the two-gluon emission probability is just the product of 
two one-gluon emission probabilities. There are no interference effects. This fact 
is intimately connected to the form of the GLAP-equations. If interference effects 
were important, one would not get such a simple equation on the level of distri- 
bution functions, 1.e. probabilities. Therefore in leading logarithmic approximation 
one simply gets 


ae ey esa O's (tn) 
dz iedz dij dae 3a; ( anh Paq(z1) } --- nt, Palen) . (6.54) 


We define the #; such that t) > f) >... > t,. Note that for our specific gauge 
only those graphs in which the quark lines couple to gluons contribute in the 
LLA. Graphs in which the antiquark couples to the gluons give no leading-log 
contribution. This fact has no deep physical meaning but is exclusively due to the 
specific gauge used. Equation (12) in Problem 6.4 contains p2/x2 and not p;/x1. 
This asymmetry generates the asymmetry in the contributing processes. Now let us 
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define S(O) to be the probability that after n-gluon emissions the outgoing quark 
still has a scattering angle 8 = p, /py < O, with py and p, being defined with 
respect to the jet axis, and the original quark momentum, respectively. For the 
following we need the relation between ¢ and the scattering angle 0. With 


= (<a —x)M,k1,4/z7(01 =)? = Kh ) ; (6.55) 
P= ( gre 2) My het (Us 2) = M2 ki ) (6.56) 


we find that [using kj < (1 —z)?(1 —x1)?M? ~ (1 — 2))?M?/4] 


2 
ee a {2 Se ae ea wae 2z(1 oa 
ki 
x G =n sai eed } 
des ts) le ) ee 
m2 G crass ey ae) (6.57) 


We are interested in typical bremsstrahlung processes, i.e., z * 1. For z — 0, 
multigluon emission plays no role. The angle is related to k, by 


oo i Apel 
~ z(1—x)M- M 
2 


=>ki< <M? ; (6.59) 


<O (6.58) 


Remember that the leading-logarithm approximation (LLA) we are investigating is 
only valid for x, + 1/2. As a consequence of (6.58) we find that 
OM? 

4t 


(l-z)< (6.60) 


Instead of calculating S(Q) we calculate the conjugate probability 


e2M2 


M2 Pes 4t 2 
2a, 1+2z 
Sho — 7 (eC) — f— / dt dz yea oe 
e242 0 
4 
M2 — 
f 
4a; i l 
eS il = dt dz 
ac, i i —2) 
e2y2 0 
4 
M2 
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2 
2 M 


4a; e) | eae 8 
a ee [-in (F) In(t) + 3 in (a)| em? 


4a, y oO? 1 Q eC 

=|]— og aA = 

1 a [is ( a 

2 
yee (=) , (6.61) 
37 

For T(@) one does not have to treat the subtleties of the radiative corrections 
canceling the infrared divergencies for t + 0,z — 1. For finite © the integrals for 


T\(Q) are finite. The probability is strongly peaked toward 6 < QO. Therefore we 
can approximate 


So SII) (6.62) 
which results in 

S(O)~[1-T1()]" (6.63) 
We still have to correct for the fact that the 4; were ordered according to 

i ae ae (6.64) 
so that only one of the n! permutations contained in (6.62) is chosen: 

S(O) ~ =i —7T6)|" . (6.65) 
With (6.64) we can now easily sum the gluon emission to all orders: 

2 os Ip? (+) 
S(@) ~ Si SiO) ec) ae ae (6.66) 


Obviously this still lacks the proper normalization factor. For 7;(@) = 0, S(@) 
must clearly be equal to one. Thus the missing normalisation factor is e~! and the 
final expression reads 


_ ACs 7 Of Ce _2 as (i w)! 
NO a ae ue (6.67) 
This expression has the structure of a form factor and is usually interpreted as 
such. It is then called “Sudakov form factor’. Clearly (6.66) suppresses the emis- 
sion of collinear soft gluons, rendering the cross sections finite. The Sudakov form 
factor 1s probably the best-known example of resummation in QCD and is of great 
phenomenological importance in describing jet formation correctly. As we shall 
discuss at the end of this section the renormalization group equation imposes the 
condition that the exponential must always be of the form (6.66). The only prob- 
lem remaining is to find the correct analytic continuation for the given dynamics. 
In our case this is relatively easy. Figure 6.7 compares the graph for which we 
have calculated (6.65) with the gluon corrections to the Drell-Yan cross section. 
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Se ee 


9) 2 ~~ +Fig.6.7. Comparison of the 
gluonic corrections for two 


Drell-Yan processes 


and 


Obviously the outgoing gluons just have to be substituted by incoming ones. This 
corresponds to the analytic continuation to z > | rather than z < 1. According to 
(6.59) this is equivalent to the continuation 9? — —6?, which in turn implies that 


20s Dilek 2a. > eflige 
ex | =5 2 Re [in Gall + exp | -5 l-x + In & 
2 an Er 
=> exp (5 Os n) exp -3 x In (>) : (6.68) 


As we have integrated over t respectively O the second factor is contained in the 
@s corrections in the last bracket in (6.46). The remaining exponential factor is 
indeed exp(27a, /3) as stated in (6.46). 

The appearence of this factor is a typical property of higher order corrections 
and the standard result of resummation. We also wish to analyze it in a different 
way starting from the renormalization group equation, for a general form factor 


with q? < 0: 

0 0 > 

= —-y|F — On 6.69 
Here 7 is the logarithm of the renormalization scale 7 = — In(jz). Note that 7 is 


defined with a minus sign. The general solution to (6.69) is 


Tv 


kneel = F{q?, &(7, a)| exp [ao +(q7, (9, a)] : (6.70) 
0 


with the running coupling constant 


a 
_———— (6.71) 
= es NF 
flailing 
RE ee og 6 \ 
(2 +85.) acr)= (G+ Ogee) ae 
Lae 29 (4; 2y,\ 9 
s Poa IN" 6 Ag 3°") (4nyP 
(me 


284 


6. Perturbative QCD II 


a? Ze 
2 sd =1)=0 (6.72) 
(l= 
where we have used the explicit form of the @ function from (5.181). The trick 1s 
now to expand (6.70) in orders of 7 


F[0,q*,0] +7 F’[0,9°,a] +0 (a”) 

= F (0,47, a (1 =f Ty gece a)| +.. ) 
i Ongena 
F{0,q?, a] 


(6.73) 
= qo) | — 


Thus the anomalous dimensions can be obtained by calculating perturbatively the 
vertex corrections and then dividing the coefficient of In(js) = 7 by the constant 
term. As the logarithmic divergent term must have one order of a; more than the 
constant, it follows that 


ylq,0s] = as f (47) (6.74) 


and 


vq, as (0, a)| = as(0, a)f(q’) : (6.75) 


To continue this argument one would have to calculate f(q”) explicitly, which we 
do not want to do again. The point we wish to make is that from (6.70) it is 
already clear that any form factor must have an exponential factor. The “Sudakov 
form factor” is consequently strongly connected to the existence of anomalous 
dimensions in QCD. 

To complete this chapter let us add a few brief remarks on the phenomenology 
of the Drell-Yan process. 

As discussed in Sect.4.2, the parton model predicts quite simple behavior for 
the total cross section: 


1 SEY 
10/3 Em>4GeV (6.76) 
11/3 Eom > 10 GeV 


oe (ete~ — qq) 
~ a(etem > tpn) 


We have just discussed the K factor that describes the resummed QCD corrections 
to this process. We sketch in Fig. 6.8 how these corrections improve the agreement 
with the data. The QCD corrections increase R, i.e., the K factor is always larger 
than 1. The change in the theoretical prediction for R has been included in Fig. 6.8 
(at A = 2 GeV). To obtain a truly precise prediction, QED radiative corrections, 
higher QCD corrections, mass corrections, and so on must also be included. These 
increase R somewhat more, in particular for small Egy. 

Figure 6.8 shows that the parton—-model predictions are in general slightly too 
low while the QCD-corrected results clearly gives a better description of the data. 
In this comparison one must take into account that in some energy regions the 
presence of resonances can induce large variations of R. 

Choosing a special subgroup of the Drell-Yan processes, one can perform a 
far more specific test of QCD. This has been done most successfully for 3-jet 
events, which are characterized by the property that most of the energy is carried 
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6 ; Fig.6.8. The prediction of 
the parton model for the 
5 le ; 1 ‘ ie Drell-Yan process includ- 
4H ing QCD corrections. The 
‘ = bara Vege i i | | art i HH tt data are taken from Review 
‘ ' i | an ee of Particle Properties, Phys. 

i R Rev. D45 (1992) 

tt 


a | | | 
>—$—$—$<—<—_____ 
i | J/W(A1S) (28) 


2 4 6 
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by hadrons, leading to three narrow and clearly distinguished angular regions. The 
simplest process that can lead to a 3-jet event is the gluon bremsstrahlung whose 
graph is shown in Fig. 6.9. However, not all bremsstrahlung events are identified 
as 3-jet events, but only those in which the angle between gluon jet and quark jets 
is sufficiently large. Conversely, the graph 


e q 
G 
et G 
q 


also contributes to 3-jet events, as long as one gluon jet is not resolved from the 
others. Finally the simplest Drell-Yan process, 


I 


et 


| 


contains, with a certain statistical weight, events with unbalanced momentum dis- 
tributions generated by the nonperturbative process of hadronization. A calculation 
of the 3-jet probability and a determination of the strong coupling constant a, 1s 
therefore an extensive and model-dependent venture. 

A typical calculation goes like this: 


1. One calculates elementary QCD processes in perturbation theory. To order a?, 
these are the graphs of Fig. 6.10, for example. 

2. One calculates hadronization using one or more of the special computer codes 
developed for this purpose. These programs are based on some basic assump- 
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Fig. 6.9. A typical 3-jet event 
in the laboratory system 


Fig. 6.10a—c. Elementary 
graphs of the Drell-Yan pro- 
cess up to order an 


tions about the creation and decay of color strings between separating quarks 
(see Fig.6.11). A typical code of this type depends on a substantial number of 
parameters and gives good fits for a large number of processes. 

. Finally one determines by the experimentally used definition of 3-jet events 
the corresponding contribution to this class of events. Here also experimental 
sensitivities enter. 


Ww 


In this way the result of Fig. 6.12! was obtained. Here the energy asymmetry (whose 
exact definition is not important to us) is shown against the total center—-of—mass 
energy. The two curves result from different hadronization programs. The coupling 
constant used was 


a 120 6(153 — 19N;) In jin (%)| 
aa (33 — 2N/) In (3) a Co = Nye _ (%) (6.77) 


with Ny = 5 and A = 100 MeV. 


' See M. Chen: Int. J. Mod. Phys. Al, 669 (1986). 
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Equation (6.75) is the correct form of the running coupling constant when 
two-loop processes are taken into account. As the Drell-Yan process is calculated 
to order a, the coupling constant must also be determined to this order, to be 


consistent. 
Using this fit to determine A gives 


A = 100 +30 ie Mevment an (c eaGey) = 0 122002 (6.78) 
Other analyses give somewhat different values for A. We do not want to enter this 
controversy here; we simply wanted to illustrate the procedure used. 

In a similar way one attempts to describe semi—exclusive hadron—hadron scat- 
tering processes with hadrons in the final state. But here the uncertainties and 
model-dependence is even larger, so that frequently nothing more than rather gen- 
eral statements result. Such statements may concern, for example, the power of Q? 
with which a specific cross section decays. These processes are therefore less im- 
portant as tests of QCD, with the exception of specific reactions like charmonium 
production (see Fig. 6.13). 

The Drell-Yan process offers a number of possible ways to tests QCD. Although 
the results are quite convincing as a whole, their quality bears no comparison 
with tests of QED or of the Glashow-Salam—Weinberg model. Another problem 
is that there is no competing model to QCD at this time. One does not therefore 


Fig. 6.11. Creation and break- 
ing-up of a color-string 


Fig. 6.12. The fit of expen- 
mental 3-jet events with A = 
100 MeV. LUND and ALI 
denote the two hadronization 
routines used 
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Fig. 6.13. Charmonium cre- 
ation in hadron—hadron reac- 
tions 


Hadron 1 


J/y J/y 


Hadron 2 


J/y 


know how specific the predictions of QCD really are. There may be other models 
that describe scaling violations, 3-jet events, and so on equally well. Conversely 
many theoreticians consider the fact that there is only one theoretical candidate for 
describing quark—quark interactions to be the strongest argument for the correctness 
of QCD. 

As a result of the analysis described here we conclude that A lies in a region 
between 100 and 200 MeV. (A depends on the renormalization procedure. The 
values given are for dimensional regularization (MS), see Sect. 5.1). 


EXERC (SE ee 


6.1 The Drell-Yan Cross-Section 


Problem. Derive the elementary Drell-Yan cross section in (6.5). 


Solution. According to the techniques given in Chap. 2, we get 


So ye eo. 
do = Fi73 OnE On 4 Mee” Oi +P2—U a) - (1) 


Here we have simply neglected the quark and gluon masses, thus getting the flux 
factor to 1/M?. (M is the invariant mass of the two quarks.) Spin—averaging yields 
a factor of 1/4, and F? is calculated from 
F* = tei Yow) 1dr y"f27") 
= 16(pi'py + pypy — 9” pi- pride + 2uGiv ~ uv G1 - 92) 
= 32(41 Pi 92° P2+91°P292°P1) - (2) 


This is simplest in the center-of-momentum frame, where 


pe CI a 
~ 8M2 (2n)2M 6 Cay = Pi) . (3) 
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Eee 


With p, = (E,0,0,£), po = (E,0,0,-£), 91 = (E,E sin@cos¢, E sin@ sin 4, 


Exercise 6.1. 
E cos@) and q2 = (E, —E sin @ cos ¢, —E sin @ sin ¢, —E cos), it follows that 


F* = 32 [£*(1 —cosé)? + E41 + cos 0)’ | 
= 64E*(1+cos 6) , (4) 


and therefore 


e* d(cos@) E? 


d ae 4 2 

OSS, ay: 64E"(1 + cos* 0) (5) 

oe et 18 4nd? 2 
~ §M24r3 °° 3M2 ©) 


This is the relation we used in (6.5). 


RRR 


6.2 The One-Gluon Contribution to the Drell-Yan Cross-Section 


Problem. Calculate the total Drell-Yan cross section for one-gluon emission, i.e., 
integrate (6.12) with bounds (6.17). 


Solution. As s, u, and ¢ are related by (introducing B for simplicity) 
ee ae : (1) 


we have to choose which variables we want to treat as independent. We use ¢ and 
s, thus the integral becomes 


tmax 
81a, aes fale SG i ee ee 
t 


9s? B-s-t 
fmin 
2Bs 1 I 
2 ee 
GS) ni(a+g—) | 
87a, ae? 


952 f C —s)Int — 2t +(s — B)In(B —s — 12) 


ct 2Bs 
B 


= Hs Os 


[In(¢) — In(B — s — 1)] + M?me (-7 + a) | @) 


tmin 


We now write 


i / 
tmax /min a 7 3 —-BF (s = By — Mn ’ (3) 
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2 2 2 
Exercise 6.2. F 87 Als Ae; Bets t ; ae \ i 
> a ————|-—2t+M ae 
‘ = Bos "|B-s—1 ec umes — be 
8ra,ae? | B2 + 5? 5 a (Ss By — Ae me 
ee |e yh) ————— Eee 
9s2 B-s ;=B + Gaye 


AG aia 4M 2m2. 
— 24/(s — B)? — 4M2m2, + M?me(— 2) ny ESA Ta J 


— BY + 4M2m2 
(4) 


and obtain the final expression 


a Hin — PO — Den 
ve 8maa,e7 ol +B /s* = Si B+ (s B) 4M MG 
a 1—B/s s —B—,/(s —B)? —4M?m2 
~ sya —a A | ‘ (5) 
B = M? +m 


Obviously for mg — 0 the logarithmic divergence is recovered. 


EXER SE 


6.3 The Drell-Yan Process as Decay of a Heavy Photon 


Problem. Derive the relation between the cross sections for q+q — y* > pt +7 
andq+q— 7": 


do a ab, = = fe a 4m? we 2 


Solution. The decay cross section for q+ q— y* > uw? + 7 is 


Ce | 
~ M4 2po2dp) 


Pk Bk! 
Ahk,” a) 


We Diem mae op ales k’) 


where p, p’, k, and k’ are the quark, antiquark, 2~, and jz+ momenta. The virtual 
photon has the four-momentum q with g? = M*. We now multiply the right-hand 
side of (1) by 


dg 
OG = 6H) 5 AM Ge aarti : (2) 
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giving 
204 1 
do = fed BD 2 on rae See —2 pv 
erica oe 
x (pt p'—q)&(q —k-—k)\@k Pk’ Pg dM? . (3) 


We perform the & and k’ integrations 
To [et Pk! (20)? Li” 6'(q —k —k’) 


_ 4 
Cm 


i Bk Pk [KERY + kK — gt (kk! +m) Og —k —k’) 
(4) 


We then evaluate this expression in the rest frame of the virtual photon, g = 
(M,0,0,0), k° = M /2: 


(OO = 5 [ee ak! | — 2k#kY + k¥g” 
+ gtk” — gt¥(—k* +k +g +m)]5(qo — 2k) 8°(k — k’) 
= - i Pk (2k# KS + 2M KOSH — DKMKY 
og = 2m eG 2k). (5) 


Because the integral over just one component of k vanishes, this expression 1s 
diagonal. For p» = v = 0 we get 


aa / dk k? (2k)? — 2K ]6 (q° - 2VK? +m?) =0 oi 


qe 
This is also required by current conservation: 
quit’ = Gi =0. (7) 


For p =v = / we find that 
y . | 3 ee (XG 2 0 ae 
H = — [Pk |-2@/ + (> —2m 5(q ~2Vk +m?) (8) 
1 
We substitute k/k/ — 1/3 k? and get 


Ha fare (5a? +24?) 8(m—2 k? +m?) 


T 
2 
_44(M 7 ae’ 
S74 2 
AE ae 6 
30 4 M2 


As [#” must be proportional to g’” — qq” /q*, owing to current conservation, it 
is easy to obtain (note that g,.J4” = 1° — 3/”) 


Ag 
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a DD 4 4 2 3/2 
Exercise 6.3. yey Gua q q ) M* (: = a) . (10) 
q 67 M 
Substituting this result back into (3) gives 
204 1 j 
= LE OE ea W, & + oa 
We = iM pophdge (pry =a) 
3/2 
Giga M* 4m? 3 5 
ae —{l- dqdM* . 11 
To bring this into the form of do(q + q — *), we substitute 
Vh P 
(- wy 5 aq ) = Srete (12) 
a is 
and get 
d>q 
d 22° Wy Be*4(9 4- 354 He = i ee 
_ ini fe : 2s eae a ” apoph -2ao 
1 4m2\ >? 
2 
a Tye 
x dM aE ( a) 
a 4m?2\3/? ‘i : 
32 (\- o(q+q— y*)dM? : (13) 


This completes our proof. 


RRS ————>>E>EEESE———SS— SS 


6.4 Heavy Gluon Decay Into Quark, Antiquark and Gluon 


Problem. Derive (6.48). 


Solution. The differential decay rate for a one body decay in its rest frame is 
simply: 


] a fae 3 
OF = ei) Vee eS ee 
2M QQrpP2E, 2n)32E, Q7)32E; 


x (2n)" 64(k — py — pr — 3) (1) 
with 
M = u(p2, $2) (~io | eet 1€ Gq Yp) v(P1, 51) Ep en (2) 
and 


M, = —ii(p2, 52) (—iee, Yu) wie (-in. =) v(P1, 51) Ep ey : (3) 
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The factor 1/2M in (1) is just the photon field normalization. In the photon 
rest system all four-products are rather simple for zero masses. 
2p1-P3 = (+P) = (ky — my = -2k, +p 
= M* — 2M?x) = M(1 — 2x) 
2 pr: ps = M*(1 — 2x)) 
2pi-po2=M7(1— 2x3) , 


(4) 


where x; is the energy fraction carried by the parton i. Due to (4) [M, + M,|? 
depends only on x;, x2 and x3 = 1 — x; — x9, such that the phase space integral is 
very easy. 


Pp, Se 

(2n)32E, (27)22E> oe 

Pi Pp» 

= ee (M - MWh Sse — ay = 2)... 
lam | — x2)M3 #0 (P1 P2) 

= / AnE? dE Pi oe dE> dcos(@12) 

i 28x x2(1 — x1 — x2)M3 
x6 (wa Sei Ma) Dae cos(612)) Pe 

= | x?M3x2M? dx, dx» sf 2X 1X9 cos(@12) 


25 3x 1x2(1 — x1 — x2)M3 Mx, x9 


(27)* 6°(k — py — pr — p3) + 


a/ 2x1 x2 cos(O9)=1—x] —x9 
M? dx, dx 
= oe ary (5) 


such that the decay rate reads 


M 2 
dP = 2 dey de [Mi + MP (6) 


We now make an special choice for the polarization vectors of the gluon. The 
reason for this will become clear later 


Ny P3p! + My P3p 
doe eS fp! . oe — = Lay! (7) 


or, = =n? « (8) 
€ 


The choice (7) is equivalent to choosing the axial gauge n-A = 0. n,, is an arbitrary 
four-vector with n? = 0 andn-e =0. We get 


Si = 5 > MM; 


spins 


nee} oma ge WhO ep 
(9) 


ASE 
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Sia = — SoM My + MoM) 


spins 
' + p3 Po + Ps 
wage 2 fe ne tb 
es PW pe (on tps 
Po + ps Pitys_ + #3 } 
+ tr ey ee (10) 
{oon ae | Piva (p1 + p3 2 
Sy = SMM; 
spins 
Y + 73 (p> Pee Bs 
=—4 gee" tf a+ hs it 7 ee (11) 
a LU resemirgge LUN aces 
We shall use the gauge 
P2 
ny, = («, —_ p : (12) 
Ba 
M2 
rE pe d= 13 
n M oe aP (13) 


This choice will result in a specially simple result and will thus be justified only a 
posterion. From 


n, St! =n, SHH =0 and pr," =0 (14) 
we find that 
! 1 = 2x } 
pitpt+ps—- 2) SH = (pi —p 2 | (15) 
2x9 m 2x9 m 


This allows us to substitute all momentum vectors occurring in the trace according 
to 


(73) 0» (Ps) 0 


(Pi) 2) ae (16) 


1 — 2x 
(p1) 1 aa (v2) 2x5 z oy 


which simplifies the calculation substantially. We start with Sj. and introduce the 
notation c = 497e7e*. 


Nese 


Si = ee (1 + Ps) Yu Pi Yu! Pi + s)} 


20 HH 
= Tae [MPC — 2x5 +1 — Quite yb ry i + 93)} 


— 2p, - pstr{po Bw} | 


Pes 
= apt (20-3 4 Pin Or + Paw + Pw Or + Pp 


2 Dio, 
= Guy! Pi P3) — M2 4 (poy Pi! + Poy! Plu — Inp! P2 pi) | ee) 
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With (14) this reads Exercise 6.4. 


es ee 
i = M20 — 22 [16x2P a pPiy — 801 - 2X2)Poy!Pip 


— 4x9(1 — 2x9)M? 9,47 + 201 — 2m) M21 — 2¥3) Gut | (18) 


With (16) and 


Seg n= = 4p = 29 (19) 
this gives 
TG 
SS es 7 a 4) 
4c 
=~ ed 
=e (27 4x) 
l= es) 
8 
“Vs (20) 


Analogously S22 gives 


2c See! 


pene ce, 
eae 


{P22 + bia + ody} (21) 


which is the same as Sj; with y ans py’ interchanged and p, interchanged with pp. 
Thus the analogy to (18) now reads 


= DE 
~~ MY = 2x1) 
+ 8x1(1 — 2x1)? — 4(1 — 2x) M21 — 2xs)} (22) 


& { [16 Danae a (eee Pa] spent! 


Again using (16) this simplifies substantially to 


2¢ (1 — 2x2)(1 — 2x)) 
= —— 8 {2 - 
S22 Ma — ar P2p P2yn x] 
+400 = 2nyh=25)} (23) 
With 
n> py 2 py: po 


Ul 
an = 


Be We =a) 
~~ M21 = 2x9)4528 
4x3(1 — 2x1) 


=M* CSE SIR - 
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2600 OE ee 


Exercise 6.4. Te ane rm 
= M1 - 2)(1 2) —) 
= M?’ = (2x + 2x, — 1) 
Ve Cae) . (25) 
we obtain 
eopageaze = 4x2(1 — 2x1) [> _ (= 2m) = 2x1) 
(22)? | (1 — 2) = 23) 2x2 
men! = 2} 
8c 
= 1 sa = =e [16x x3 — 4(1 — 2x2)(1 — 2x4 )xo 
+ (1 — 2%)? — 23)| 
= a eNi eS [16x? — 16x} — 16x3x3 
+ Axo(1 — 2x2)(1 — 2x2 — 2x3) + (1 — 2m)? — 243)] 
= aE SS [8x2 — 16x3 x2 + 4x2(1 — 2xy)(1 — 2x3) 
+ (1 — 2x2)?(1 — 2x3)] 
= Sry [8x2 + 4x, — 8x? + (1 —2x)?] 
= ayia (1 +4x2) 
cl x 
Cae 


Finally we calculate S)2. 


Ye SAE : 


Sp = “HAT a gt By (2 + ds) (01 + ds) } 


4e SHH 


~ MAG — 20) — 2x7) 
ees i 
PA — or 2) 


w{ pubs (ats + Hsp + 2s) Yn} 


[2(P2) tr{o be 7} 


+ 2(P1), trp iP2 u/s } uF 2(p2) wt(bpabs7}| 


4c yew 


Sir @= 2a) 


44 poy Pr Pr Pip +2 Pip Pi ° P3 Prp! 


+2 Pip Pip! P2* P3 a 2 Pow Diep? Ps = 2 Poe ee Pay 
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7 l6c SHH Ceo) 25) (l= a2 
~ RAG al ay = ers os 
Ge 2) 2%) 
— (1 — 2x}) ———= + (1-2 xi) — 
eat) ll 2) 
_ 16c Wel = 2x) 5 | 2x, 


(1 = 2m) = 2) (I= 2x1 — 2x3) 4x2 


x Exe = 2x3) + 2ng(1 — 2x9) — (1 — 2x1) — 2p) + 21 — 2) = 4x}| 
mee l6c 

(1 — 2x2)(1 — 2x3) 
x [4xo(1 — 2x3) + (1 — 2x2)(1 — 2x3) + 2x2(1 — 2x1) — 2x2)| 
2s Be Geer ayn 
~ (=a oe Deel 2a 25) 

l6c 
= eye (27) 
This completes our calculation: 
M 
dt = 6433 dxy dxz (S11 + Si2 + S22) 

M 2 

ee dx; dx Léa, 4rae7 
glam (dedi al 
1- 2X a = 2x2)(1 a 2x1) 1—- 2X9 
8M -(1 1— ; 

= cree dx, ye ed Se xe 2a Sai at : gael? 

TW Z (1 = 2x2) = 2x1) 

BD 2 2 

= 30e;M Sy ES dx; dx. (28) 


3m ° (1 — 2m)(1 — 2x) 


6.2 Small-x Physics and the Gribov-Levin—Ryskin Equation 


In the previous section we acquainted ourselves with the leading log approxima- 
tion, which enables us to resum all terms which contain factors In(t) and are of 
lowest order in a,. We have also seen with respect to the K-factor how powerful 
this technique is. We now turn, however, to a kinematical range in which the LLA 
is not sufficient, namely to deep inelastic scattering at very small x, more precisely, 
for x so small that e.g. a, In(1/x)/a > 1. With the completion of the HERA accel- 
erator this region (down to x ~ a few times 10~°) became accessible for the first 
time, generating an intense theoretical effort to isolate, understand and resum the 
relevant graphs. In these reactions Q? is still rather large, so that QCD perturba- 
tion theory should be applicable. As one has to keep track of two logarithms, Int 
and Inx, the techniques we shall sketch in this section are called double leading 
logarithm approximation (DLLA). As we have discussed in Sect.6.1, in leading 
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Fig. 6.14. Dominating graph 
in the double logarithmic ap- 
proximation 


Fig. 6.15a,b. Sub-dominant 
graphs 
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logarithmic approximation only ladder graphs contribute. However, this still leaves 
two possibilities open. In the ¢-channe! which is of interest to us here one can 
have either gluon or quark lines. It turns out, however, that gluon exchange in the 
t-channel dominates. This means that for e.g. deep-inelastic scattering the graph in 
Fig. 6.14 dominates over those in Fig. 6.15. One can show this by explicit calcu- 
lation. Instead we would like to cite a result from Regge theory, which links the 
s-dependence of any scattering reaction to the spin of the exchanged particles. The 
leading-logarithmic behaviour for a ladder diagram like that shown in Fig. 6.16 is 


eee sy (6.79) 
(n — 1)! 

Thus it is clearly advantageous that the particles at the sides have maximal spin. 
We shall discuss next the fact that in LLA the ladder decomposes in products 
of factors for each rung, such that the Regge argument applies to each part of 
the ladder and Fig.6.15 really shows the dominant contribution. We shall now 
calculate this diagram explicitly, proceeding iteratively. This analysis was first 
performed by Gribov, Levin and Ryskin. Their work? is still the basis of the 
present day discussion. Our presentation follows their arguments. We start with 


just two exchange lines where q, and p, are the momenta of the entering photon 
and quark and q/, = 4, +xpy- The mass shell conditions imply 


(kj-1 — kj)’ =0= Cc — a4) Pu + (Bi=1 — 6) ay + (14 — hit), ) 
= (ay-1 — a1) (6-1 — 8) 2p -9' + (1,4 — kei) , 
(6.80) 
where we have used 
pei , gomr—0 = 
pp=0 , (q') =q? +2xq-p =—-O? + 2xv =0 - 


Now the LLA implies that along the ladder the momentum changes continuously 
from (ko). = Pu to (Kn) = Qn ~ 9. (Remember that we are interested in the limit 


? See Gribov, Levin and Ryskin: Phys. Rep. 100, 1 (1983). 
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s => Sy 


x —+ 0, implying gq, ~ q;,-) We saw that one gets a strict ordering of momenta, 
implying 


i an Oy > as... > 0,2 > 0 : 


(6.82) 
Ee Se 1S ee Vora /c ere | 


Furthermore p,, and q,, are assumed to be asymptotically large, implying that the 
a; and 6; can become very small; (6.80) even shows that their product must be 
asymptotically small. This implies 

Gea 


Sh. 2ST (6.83) 
Qj Bi 


Oy] 


such that (6.80) reads 
o-1 i 2v=— (kha) >0 . (6.84) 
On the other side we have 


k? = 2a; BV oe Ay = — (ie = fae + lea ~ lon ‘ (6.85) 
i] 


The loop integral reads 


d*k; 
I — | nyt lee (ki-1, —k;, kj — ki-1) saya (—Kiai, ki, kit eS k;) 


x PG (ki, —hin, kegs — hy) 1023 (—hy, hea, ki — hist) 


B34 03 3404 


2 
2 ] 
x 276 ((é = Kis1)’) 276 ((é-1 —k;) ) (=) 
x 0304 (ki -_ ki+1) qeie2 (Ki-1 2s k;) d!23 (k;) d¥2"3 (kj) Ouletg ey 
(6.86) 
where d#243(k) denotes the nominator of the gluon propagator which is gauge de- 


pendent, e.g. d#2#3 = g#2#3 —(k#2k#3)/k?, Please remember that all the horizontal 
lines are cut, i.e. on-mass-shell. As the ladder is the square of a matrix element, 


BS: 


Fig. 6.16. Generalized ladder 
diagram 


Fig. 6.17. Two-gluon-ex- 
change subdiagram of Fig. 
6.14 
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its net colour content must be zero and it must be a scalar. This requirement 1S 
imposed by 67!°1g,,,,,. To see which quantities are large and which are small in 
LLA it is useful to introduce the so called Sudakov variables in a; and (3; 
= ! 
fe =O; Put Biduthiu ; (6.87) 
Gn = Wu XP py 


with all k?, being much smaller than v. The two 6-functions in (6.86) are thus of 
the form 


6 (ai-1 Bi 2v + (ki-14 — ki)’) 6 (iris 2v + (ki-1,4 — Kis11) ) ; 


(6.88) 
and the integral reads 
A(a, B) | 
d*k = / da dB d*k - ; 6.89 
i + | 8,4) Ce 
k- k 
pe SE a ee (6.90) 
P-q P-q 
O(a, 8) =3(% ed = | 
; (6.91) 
az oe |goPo — 93p3| = as 
§=2v—Q? =v —-—Wwv = IW (6.92) 
1 
=> [oe = 58 | dadsats (6.93) 


Next we shall analyse the lowest exchanged gluon. Inserting the explicit form of 
the three gluon vertices we find 


Bigg, = LZ (go, hy hp et) eo) ee le) 


HM] 12 Q] ¥1202 


x (aia (Ki-1 = ki) Og 
= 2 b 
Sd Lo ae (k= ap ki), Yup. + (—2k; 7 Ki-1),, Iu201 


+ (4-21), devel [Gir +H), a8] + Oh = Pel ae 


+ (2k—1— ki), oh | ete (Uae (6.94) 
As d2122 (k;_ — k;) belongs to an on-shell propagator we have 
(Ki) o, die (Ki-1 = k;) => (ii), 21a (Kini = ki) etc. j (6.95) 


A choice of gauge in which the interference terms vanish in LLA is 


k Gg a- E kg 
daplk) = Jas — > area > Ch=Qn—xXPu . (6.96) 


The expression for B simplifies drastically if we use this property and neglect all 
terms proportional to 
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k? ? ke ork; het == 7 (Ki; = ih i: shi = sha 
1 1 (6.97) 
= —sh = 5k 
Ionia (ki-1 = ki) esl) Gite, . (6.98) 
We also use the relation 
alae aiazet = 3.64252 p (6.99) 


Bras = —3P 5" — A ior hieg Suara + (2k — Ket), Hiei Door 
—0 
+ 2kip, (2k—-1 — ki), Yoru, + (2k; — Kai) 2Ki 0901112 
7 ie Kio (2k;—-1 a ki), Iur20\ 
+ 2kioy (—k; a 2Ki—1) Joiv, — Kio, (2k = Ki). Jorvy 
t= 2k;-1),,, (ki — 2ki—1) Fore, }d°'% (ki—1 — ki) 
= —3.9°62"2{ ko Gov, (4k; — hii — 2kj—1 + hy — 2k; + 4-1) 


+ Kio, Gorm (4k;-1 — 2k; ar 4k; = 2k; _) <3 2k; + ki), ° 
= (l= ee (ki — 21) su Fore 4°! (ki—1 — ki) 
= —3 Goe2 ein alti + Kio, Jorurkivy 
— (kj - 2h i), (ki — Zhai) Goren fd? (ki-1 — ki). (6.100) 


To simplify this expression further we assume that the gluon exchange we are 
considering is the lowest one. Then 


Kit iP» (6.101) 
and with a;_, >> a; we find 


qeie2 (Ki-1 = ki) me fie2 (cen) . 
og, NS ny Se tae ot ee (6.102) 
Ri ki—1yo, 4°" (ki-1) = 0 


such that only 
Bru = 3 gee 20j—1Pv, 20j-1Py, 2 = 24 9 OF Pvz Py (6.103) 


survives. B is multiplied by the two gluon propagators of the ladder side, leading 
to 
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ee 
P Ki Cu, rene? | 


a 3) eh 
Buy = 24 GF O05, _| (>. 7 c+ k; 
— Pkilys + Kins ¢*P 
Ps ck; 
ie ee 
as 2a) 2 as Bip q Cv; Si in 2 


- [it TR 
Ws a; Pq 


: b; 1 
a Gg 62207 _, (>. aa Prey, — Pv; — a ins Oy Kit)v; 
i 


« (4 Lin = ~ (hus 


a 
re 24 2622 pe Cela. CELE (6.104) 
In the last step we have used the fact that 
2 
— ki. > a4 8; 2p -q = 28;0;|p3q3| > 2(Gigs) as laips| > {5/43 
(6.105) 


Now we insert all our results into (6.86) 


24g? f -; 
= On ¥ da; df; d hy ee Kai, Kai =k) 
x TA (Kis kits ki — biti) 2m 6(0% 18; 2v + (iv ~ kis)’) 


V3V4 04 
2 


z (Kit), (hi1),,,0" 


x 6(aj B41 2v ar (Ki+1 he kit)) 


x anak, Se) (6.106) 

i 
We have seen that the combination [’'J’d depends in our approximation only on 
the momentum with the larger index, in this case kj,; and not k;. Therefore we 
can replace kj by k;_,. Furthermore we can perform the @; integral. 


24 g? Gp 
= J [eo Ce = 7 2 6 (0; Hi41 2y ate (Ki+1 ieee Kit) ?) 


7 CP 2a Qj 
a 1 a 
x (Kit), (his),,,6 aa rm ie Ce eg er) 


I 
x 123 (ki, kia, kina — kip d@ (ki) — Kian). (6.107) 


V3V404 


Next we simplify the transverse momenta 
Cy, (2,) 
2 v bt 2 al 


1 1 
——— [ee RB (6.108) 


= Tr 
V3 13 
2 i 
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Note that now v3 and j3 can only be | or 2. Thus our general ansatz in (6.86) has 
to be modified accordingly to get a consistent expression which can be iterated. 


2 k2 An H3H403 7 ¥3Y4 04 
i i 


: 2 
_ [eo ital) jek ue Os (i) 12 774293¢2 72b3¢2 qo304 A 
a 
x 6(a;8j41 2V + (hin — hig °)6? by, (6.109) 
In the last step we have assumed as usual that radiative corrections turn a, into 


a;(k?). Obviously 7 has the same form as J modified by Gaia? Oj.y, atid tote 
slightly different 6-function. Let us define 


¢=inin (4) ; n= Fin(—) : b=11- Nr (6.110) 
to write this expression in a simpler form. 
w= FTA 
= c= [FS ni laa = InIn (=) (6.111) 


The parameter a; obviously corresponds to the momentum fraction x carried by 
the gluon on the ladder side after the emission of i gluons. It can be at most | and 
at least a;4; =. 


1 
DA dod 24 1 
ae fo en ; 6.112 
ears a Ane) = n( +) (ny 


O74] 


If one puts all the expressions together, one will get a factor a; /(a;41)° from the 
next exchanged gluon instead of a;_1 /(a;+1)*. This factor comes partially from the 
6-function. To correct for this we multiply with a; /a;—, and then we can substitute 
a;—, for a; in the delta function. Thus we finally get 


Yi gi 
FO) = F095 ye TOVS | ay f ae! (6.113) 
0 0 


This is the crucial equation as it can be solved to obtain the explicit expression for 
a graph with n exchanged gluons, which we denote by / ) From aj—1 >> a; it 
follows that 


Vie ee (6.114) 
Similarly 
oWeneemei|e? | —|ky |) = € > G1. (6.115) 


The last inequality is due to the fact that consecutive gluon emission increases 
|k; |. With these bounds / ) can be written as 
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g iy ig y & y 
1 = fac fan fate far... f a6 co (6.116) 
0 i y\ n—l n—l 


PA 
€y =InIn es (6.117) 


describes the transverse momentum of a quark inside a nucleon and a, =x, such 
that y = 24/b In(1/x). Obviously / can be integrated analytically, 


Fn) SWE Suk 
~ 22 nt nl 


(6.118) 


} 


which also allows the sum over n to be performed: 
YI = b (V2E=Sly) = FOO) (6.119) 


Thus with the approximations made we get a very simple result, which allows 
us to proceed much further with the analyses of this complicated problem. One 
should, however, keep in mind that our derivation is only valid if p and q are very 
large and if there are many exchanged lines. Consequently F(y,€) is physically 
reasonable only if it is determined by the /“) terms with n >> 1, which is the case 
only if 


l 12 l In (k?/ A?) 
i l= aap In (=) In (aa Soe 0) 


Let us illustrate this requirement with a numerical example. Lets assume k4 (init) > 
A? = 0.04 GeV’, k? = 10GeV? implying 


In (k?/ A? 
a ee A ee (6.121) 
a In (44 (initial) / A?) 


Thus for x = 0.01 we get y|€ — &|/2 ~ 14, from x = 0.001 we get 21 and 
for x = 0.1 one has y|€ — £o|/2 = 7. The approximations we made required this 
parameter to be really large compared to 1. From the numerical examples it is 
obvious that there is an experimentally accessible range in x and Q? in which this 
approximation should be valid. As y|€—&|/2 also gives the number of gluon links 
for the most important ladder-graphs one sees that the number of emitted gluons is 
very large, ee, 21 tonx = 10° Gluon bremsstrahlung from gluons is thus the most 
important process in small-x physics. As we shall see later, the modified evolution 
equation, called Gribov—Levin—-Ryskin equation (GLR) leads only for very small x 
values, like x ~ 107‘, to noticable phenomenological corrections compared with 
the usual GLAP evolution. Thus the GLR equation is only important for domains 
in which the approximations made so far should be reliable. From our numerical 
example it should also be clear that the double logarithm £ cannot be very large, 
such that y must be large. Generally for the DLA y > € must hold. 
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The function F(y,€) has a simple analytic property 


O° F ae y = 
SE oy t (V27E = 6) sage =| 
gee = ne 
= Ee! (V2 = &)) + Vers x 
: | ners h (VE=@)) + (VnE=E9)| | SS 
Vxe=2) : zy * 
1 
slo (V2E=&)) (6.122) 


which allows us to write the recursive structure of the ladder in the form of a Fig. 6.18. The Bethe—Salpeter 


Bethe—Salpeter equation. equation for the summed 
. : ladders in double-leading- 
; logarithm approximation 
EG) — le 5 Jo’ [ee FOG e) (6.123) (DLA) 
0 £0 


This equation is illustrated graphically in Fig. 6.18. 
For \/2y|€ — | >> 1 we can use the asymptotics of the Bessel function to 
obtain another interesting result, 


5) _, 2xp (V27E = 60)) 
hy (VE &)) JOE ey” (6.124) 


where the exponential is a very large number. From the structure of the Bethe— 
Salpeter equation, on the other hand, we have 


He eet sD Oa Oa 6 ) Org 10) (6.125) 


implying to exponential precision (i.e. neglecting small factors of the order O(1), 
namely V 27, (2y(€ —£))'/4, ..., which correspond to negligible terms when added 
to the argument of the exponential function) 


By We =O ey 20) EO eV Eby) 
Vey eo) 20 yy KE oy 2 — <5) 


for an arbitrary position (’, €’) along the ladder. This equation can only be fulfilled 
if 


(6.126) 


ve Py y 


eee ah (6.127) 
J2¢e(E! — &o) + V2c(E — €') & V2c(€ — &) 


We have thus obtained the interesting result that both y and €, and consequently 
x and k7, are strictly ordered along the ladder. The more gluons are emitted, the 
softer the leading gluon gets and each consecutive gluon is emitted with a larger 
transverse momentum. 

We have seen that our approximations seem to become better and better with 
increasing y(€ — 0). It is natural to ask whether there is a bound to this, and 
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indeed there is. We have treated QCD perturbatively adding up ladder graphs. In 
doing so we neglected all genuine non-perturbative processes, like complicated 
multi-particle processes. If these become important the DLA becomes unreliable. 
Typically such a breakdown of perturbation theory is signaled by an unacceptable 
behaviour of the S matrix in some domain and the same happens here. The crucial 
point is that the total cross sections cannot exceed the bounds given by general 
scattering theory. Using the optical theorem we shall now derive an inequality 
which must be satisfied by the F-function just discussed. Let us define A to be 
the forward amplitude for elastic photon scattering off a proton. Then the total 
photon-proton cross section is linked by the optical theorem to its imaginary part 


1 
On = Im{A(yp a 7p) } : (6.128) 


On the other hand, the elastic photon-proton cross section in the forward direction 
iS 


do |A?| (Im{A})* 1 5 1 ; 
dp? ee 16782 lone ee FpAem. BPs — &) 
orwat 
(6.129) 
We have used the fact that 
a 
oe qo F028 — £0) ; (6.130) 


with g* coming from the quark propagator in Fig. 6.14. In (6.129) and (6.130) we 
neglected all factors of order O(1). As the photon-proton elastic scattering cross 
section must be smaller, and in fact is much smaller, than the total photon-proton 
cross section we conclude from (6.129). 


Qe.m. = x 
Typ > Trp a F(y,€ — 0) (pi) ~ Oyp Gem. € SD) FY, — &0) 
G:l3n) 


or 
| SS oece exp(€)+exp(£o) ev 27(E—-£0) 


=> & > /y(E—f) +e . (6.132) 


As & is small, i.e. at most of order one, we get the additional constraint 
e726 
y= 2 : (6.133) 


This constraint is very serious as it implies that we cannot just go to arbitrarily 
small x to make the DLA valid. To see how relevant this constraint is let us return 
to our numerical example: 


k?=10GeV => €R1.7 


24 1 e4 
——- Inf{-]<— 3 x>3x10? . (6.134) 
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For k? = 4GeV* we get x > 6 x 107. This is a typical result, i.e. the unitarity 
bound restricts the validity of the simple DLA very seriously making it virtually 
useless. Thus one is faced with the demanding task of taking higher order ladder 
graphs into account. This was first attempted by Gribov, Levin and Ryskin, leading 
to an equation that now bears their name. This equation is quite often used for 
phenomenological studies, but recent work suggest that it could be invalid. Because 
of these controversies we shall sketch only its derivation as a typical example of 
how one is trying to proceed. 

The basic idea is still to stick to ladder graphs, but to allow them to branch as 
illustrated in Fig. 6.19. The crucial new element is obviously the coupling between 
three gluon ladders. As a gluon ladder can be identified with the “pomeron”, this 
coupling is also called the “three-pomeron vertex” and is subject to intense inves- 
tigation. We shall not analyse this vertex in great detail. We shall just derive its 
form assuming that the topmost ladder is cut and shall then jump directly to the 
resulting iterative equation for F(y,&). The notation we use is given in Fig. 6.20. 
The lower horizontal gluon line leads then to the factor 


Ta, fy dy Mg 1 AoWVa rds Vy 


Fig.6.19. An example of 
higher order ladder graphs 


Fig.6.20. One graph con- 
tributing to the three-ladder 
vertex 
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d*k ; 1 1 1 
bom 16m? 02(k?) 64. ((k — t+ ty) Gam Peay 


x { TEy2@(— 0k, 0— ky Meese k— 20-2 —k) 


@,@7C2 d1c2¢3 
Vey (tk OE ai (Cn et) 
3‘ 93 04(k a £) dosog(k —e+ #) 97 og(k i. 1) dyuyp3(k) duyv,(k) 
% Gy ig 6a, Juv bse} : (6. 135) 


Inserting the definition of I" the expression in braces gives 
{...} = 9" Siyesea Soreah Saraner Sayeres 
x | - (k + 0% gHti#2 + (2k — £)HI g#2@3 4 (20 — ky? gett] 
x [CC — + 2 gies + (2k — 20+ Ly g&805 4 (0 — k — 20'V0 gets] 
x [(H2r! — +r) gO + (Ok — Or + 1/4 G67 4+ — k + r'VR ger] 
x |(2r — ky? gi’ 4 (2k — ry"! g@8¥? + (—k — r)%8 g”! J 


K dpe ae — & e') Aorogk — 1) Ayn yz (k) dyu;(K) 
x Guy 4 Ivy V4 9 (6.136) 


Again we use the strong ordering of the a’s to identify the leading terms. As 
Oe Oe 
O42 7) — —_(a)? and = >= 1, 6.137 
Ond(h) = ay? and (6.137) 


the terms (2£ — k)#2g3"1 and (2r — k)’2g’1"8 contribute in leading order in the 
first and last bracket. With k#?d,,,,.,(k) = 0 etc. we thus have 

{...} = 9" (36050) (—3be509)20"? dys (k) 20? dine (K) 

x [ce St. 28s gitse4 aL (2k ae 4 oy g 248s a (2 ya 20") gests] 

x [(-2r' — k + r)P7 g¥426 + (2k — rv +r!) 2627 + (r — ke + r')26 ga 

x Angoglk = £) dosog(k at ) Aozu4(k =) ee (6.138) 


Now for the three momenta k — £, k —£+ €' and k —r there is no strict a-ordering. 
Using the orthogonality of the d-matrices we have 


gry 
(eh 0G beet encae (ks), 
x ae Kar 4 pies 248s ss 26'% gest] 
x | - eS ig 78s af pot ge ae 2p 1&6 gn 
Fngoy(k — 2) dosog(k — €+ ) Cee) (6.139) 


The two square brackets and three d factors give some scalar. According to the 
ladder approximation the largest scalar is kK? ~ —A+, thus neglecting numerical 
factors we can short cut a lengthy calculation by concluding 
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pay 
(ool AU at oe (kL), (k1) Ai (6.140) 
The integral over 3, can be done easily. 


[2.8 (42 + Braves +07) ~ [be by (K+ haces) 


~ po (6.141) 
k2 
poe cs (6.142) 
gp 
And the two propagators give 
ae l 7 I 
(k—-£2  k?-2k-L —k? — Brags 
= =| yl 1 
Be Ocgr— ps ap Byores Bxs Aye + ag 
mw Orsrr ale Boreal 
Cpe + Oe Ae eee (6.143) 
l Olly 1 
Seen ga eet (6.144) 


(kK—-r) apv_p +a, k? 
Alltogether this gives 


1 1 
dk d 2 ik = Og 2 
/ Leer 1 2 (apie + aya + Or) ke hi) UF) Seat 
(6.145) 
and again only the even part in (k ie (k De survives: 

, 1 
(eee a ee ee ay . (6.146 
ih 1 d&g On Te a2 (Cpr ; + ag)(Opr— ea) ka Gp; 5 Oarbs ( ) 


As we discussed after (6.112), the rung just above the ladder-branching provides 
a factor a;. On the other hand the factors containing no a, are absorbed into the 
lower rungs and the @, ¢’ integrations. The remaining k-dependent term then simply 
reads 


l 


| eee 
[eke da, a2 (kt) a a 


dir Soba ~ f od EH Gaaey Fexin (6-147 
and the tripple-ladder vertex is simply ~ a,(k{)/k{. Substituting a,(k})/ ki iw 
exp ( —&- exp(€)) one can than write down a self-consistent equation illustrated 
heuristically by Fig. 6.21. From the form of the vertex derived, the following form 
of this equation seems plausible: 
tS) € 2 
=_—/f exp (—e> — €} F°(Qy, : 6.148 
By ae 2 (y, €) — exp ( Cieicx6) (6.148) 
This equation is actually the result of a much more careful derivation, which can be 
found in GLR, Phys. Rep. 100, 1 (1983). The complete argumentation would be far 
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Fig. 6.21. The self-consistent 
equation for ladder-branching 
(Fan diagrams) 


F(y,é) 5 A = : 4: 


too lengthy and, furthermore, the validity of this equation is presently very much 
under discussion. Here we just wanted to present the fundamental ideas central to 
all discussions of low-x physics. Hopefully this whole field will be much better 
understood in a few years from now. 

Leaving all the theoretical problems connected with (6.148) aside, many 
people have analysed its phenomenological consequences, substituting typically 
F = x G(x) (the gluons are by for dominant at the small x-values considered). 
It turned out that, if correct, the non-linear term should lead to observable effects 
at the lowest x-values attainable at HERA with sufficiently large Q* to allow for 
QCD perturbation theory. 

One should also notice that (6.148) has a rather simple intuitive meaning. The 
GLAP equations are linear in the distribution functions. This is justified as long as 
they are sufficiently small to make a, G(x) < 1, i.e. for reasonably large x. If the 
distribution function get larger, non-linear effects have to become large at some 
point. While the usual GLAP evolution increases all distribution functions with 
increasing Q*, at some point e.g. gluon-gluon fusion should start to be important, 
leading to a saturation at extremely small x. 


7. Nonperturbative QCD 


Our discussion began with the baryon spectra shown in Fig. 1.1. It is believed 
that exact solutions of the QCD equations reproduce these spectra, just as atomic 
spectra are explained by QED. Since such exact calculations are not yet available, 
one cannot be absolutely sure that QCD is really the correct theory of strong 
interactions. 

Many different nonperturbative approaches to the QCD equation have been pro- 
posed, frequently employing assumptions and approximations whose justification 
is not quite clear. We shall therefore discuss only the technique of lattice calcula- 
tions, which is accepted to be the most exact, and the technique of QCD sumrules 
(Sect. 7.3) which is conceptually somewhat problematic but extremely successfull. 
Later some phenomenological ideas are considered that can help achieve a better 
understanding of the features of QCD. 


7.1 Lattice Gauge Theories 


Lattice gauge theories try to solve the QCD equations in an approximate way by 
drastically reducing the number of field degrees of freedom. Continuous space- 
time is replaced by discrete points. Usually one is restricted to quite small lattices 
in order to achieve practicable computing times. Even a lattice with 16 points in 
each direction, i.e., a total of 16* points, is considered large, and this is a major 
problem of these calculations. One expects that for a sufficiently large number of 
points N the obtained results should no longer depend on N, i.e., they converge 
to a limiting value. It can be argued whether the lattices used at the moment have 
already reached this limiting value. 

A further problem is the violation of Lorentz invariance. The regular lattices 
usually employed have a discrete symmetry, which does not correspond to that 
of physical space. One cannot exclude the possibility that this leads to mistakes. 
However, it has been shown, for example, in two-dimensional calculations with 
cylindrical symmetry, that the physical symmetry is conserved for sufficiently large 
N.A possibility of avoiding artificial features of the lattice is to use irregular Monte 
Carlo lattices. Averaging many results of such lattices then cancels spurious effects. 
But at present this approach still demands too much computing time. 

In addition special features of QCD result in difficulties. An increasing number 
of lattice points leads to a diminishing distance between them. Correspondingly 
one also has to modify the running coupling constant, which vanishes in the limit 
N — co (asymptotic freedom). But such a modification can cause phase transitions 
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resulting in sudden changes at a specific value of N. These phase transitions, 
however, are artificial effects due to the discrete treatment of the theory and have 
no physical meaning. Because of their possible existence it is very difficult to 
decide at what value of N the continuum limit has really been reached. 

Finally the lattice formulation of QCD is not unique and a complete treatment 
of fermions faces tremendous difficulties. 

Although a number of unsettled questions remain, the results obtained with lat- 
tice gauge calculations have so far substantially improved our knowledge of QCD. 
An example of its successes can be seen in Table 7.1, which shows ratios of hadron 
masses obtained by the IBM lattice groups.! The agreement is typically better than 
5%. In addition the QCD scaling parameter in the MS regularization scheme is 
compared with the value derived from various analyses of the experimental data. 
The very good agreement obvious from Table 7.1 probably implies that dynamical 
gluon degrees of freedom, which can be treated exactly, are much more important 
than the dynamical quark degrees of freedom, which were approximated rather 
crudely in this calculation. 


Table 7.1. The ratio of hadron masses calculated on the lattice 


Lattice calculation Experimental value 


me | Mp 1.167 £ 0.016 

me | 1.333 210.032 

mn /Mp 1219. 0.105 

(ms +my — my)/mp, 1.930 + 0.073 


LSS se O11 


ma/mp 


ms [ty 1.821 + 0.075 
ms [mp 2.063 + 0.067 
mo/mp 2.298 + 0.098 


Agco(MS)/mp 0.319 + 0.012 630 08 


To understand how gauge theories can be formulated on a lattice, it is helpful 
to rewrite the QCD equations. In Example 4.1 we sketched the geometric interpre- 
tation of QCD and discussed the change of a quark spinor owing to an infinitesimal 
parallel transport: 


Wx + dx) = (1 + de# - D,) F(x) 
= U(x) + de"A,U(x) + det [ig u(x)| U(x) 
= (1+ dxd,) 1 = de“ig,(x)] W(x) (7.1) 


with the abbreviation introduced earlier 


The first bracket contains the basic dependence on the position and the second 
bracket describes the effect of the parallel transport on Y(x). This expression can 
be written as 


' See F. Butler et al.: Phys. Rev. Lett. 70, 2849 (1993). 
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O(x + dx,x) = e7igduerert (7.2) 


The combined effect of many infinitesimal parallel transports leads to the integral 
ONG) 2) = IP ee Sedutewe | ; (7.3) 


where C denotes the path from x to y. Since the operators A u(Z) do not commute 
with each other, a so-called path-ordering P has been introduced. P is defined in 
such a way that A u(Z1) stands to the right of 4 y(Z2) if the path £ reaches z, earlier 
than z. Under a gauge transformation 


W(x) 2 ey x) (7.4) 


U(y,x) transforms like 
U(y,x) dP Cy, x)ei99@) (7.5) 


It should be noted that QCD can also be formulated as a theory of the path- 
dependent phase factors (7.3). But we shall not discuss this further. 

From (7.5) the gauge invariance of tr [(Uc(x,x)] follows directly. Furthermore 
Definition (7.3) shows that the specific choice of x is not significant. Therefore 
tr [Ue(x, x) =tr [Uc] is an interesting invariant known as Wilson’s loop operator. 
Because of (7.3) the gauge fields can be completely replaced by the translation 
operators U(x, y). We restrict our discussion to regular rectangular lattices. The 
transition to other lattice structures, however, is by no means trivial. 

Let us denote the lattice points by 


0 SS EPO) (asin ee (7.6) 


The quark fields Ye(x;) are defined at these points. The translation operators can 
then be built from those fields, which connect two adjoining lattice points: 


Cae, —3)|— 2 (7.7) 
For a lattice with N* points the quark fields are therefore described by N* spinors 
Wc(x;) and the gauge fields by (8N*)/2 = 4N* matrix-valued Jink variables: 

Ue 0 Ca) (7.8) 


Each point has 8 links to its neighboring lattice points and the factor 1/2 is due to 
the double-counting of the links. In Fig. 7.1 this is depicted for a two-dimensional 
lattice. Usually the edges of the lattice are identified with each other, i.e., periodic 


boundary conditions are employed. . 
Discrete gauge field variables correspond to discrete variables U(x;,x;). If we 
denote the links of a lattice by £;, the U(é;) then depend only on the integrals 


Antz" we (7.9) 
ej 


Here A(é;) parametrizes the component of A u(x) that points in the corresponding 
direction @;. Therefore in the continuum limit (a — 0) 
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Fig. 7.1. A two-dimensional lattice. The quark fields are defined on the lattice points. The 
translation operators U(xm,x1), which describe the gauge fields, correspond to the lines 
below two lattice points (the so-called Jinks). In order to define the action one considers the 
product of the U operators on an elementary square (or plaquette) 


A(E))2Aoee) 
All) =A), 
A(ls)= — Aon), 
A(bs)= — Ai), 


(7.10) 


where a denotes the lattice constant, i.e., the length of the links. The links can 
be associated with either end point, but this has to be done consistently. We have 
associated £, and £; with the lower points x, and x,: 


ae Gan 
Every path C can be constructed from links, i.e., we only consider such paths. 
Hence 

Voi 2 || Came Ci) 


EE 


The Wilson operator is particularly interesting. For an elementary square, a so- 
called plaquette, (7.11) gives 


Wo = tr [U(L)U(A)U (4 )U (l4)| 


= re a, Waitt) 
= tc exp — iga (A(E1) + A(ex) + A(E3) + A(Es)) 


— = (AG). AG)]_ + 4G), AG)]_ + 4G), AC] 
+ (AG), AG)|_ + [A),AG)]_ + (A), 4G] _) 


4. 0(ga°)| } (7.13) 
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where we have used the notation of Fig. 7.1. From (7.8) and (7.9) it follows that 
A(é) changes its sign if the starting and the ending points are exchanged: 


A(ls) = -A(-63)_ (7.14) 


The sum A(¢,) + A(€3) is therefore a measure for the x, dependence of A: 


Aa 
~ 


Ae) + Aes) = a5) + Ce), 
Sard (7.15) 
A(l2) + A(l4) = ant OG) 
ier 
Owing (7.10) and the fact that 
An) — Ail — ait). .)Ai) 
=Ai(%r)+O(@) , 
we identify in addition the following: 
[AC.),A(&)]_ = [40,41] Ce), 
[4(€:), A(@s)]_ = |4o, Ao] Gx) + O(@) = O@) 
[4(€:), A(es)]_ = [4o,—Ai] Gx) + O(@) = — [40,41] Gx) +O) , 
ae Ai ge ee (7.16) 
(A), A@s)]_ = [Ar, 40] Gx) + O@) = [Aoi] +O) , 
(4), 4@)]_ = [Ar,-Ai]_ x) +O@)=0@) , 
(46), 4@)]_ = [40,4] Gx) +0@) , 
The Wilson operator can then be expressed as 
Aap fo iw & == | ua" [40,4i] Ota) 
=tr {exp |i’ (ado — Bye —ig [40,41 J ~ oa) } 
— aie {exp |-iga? Po ae o(a’)| \ : (7.17) 


In an expansion of the exponential function the linear term proportional to Poe 
ily 2. \* vanishes owing to the evaluation of the trace. 


] a8 
Wa = 1 -tr(1) ~ igaFiyst (3°) = 59 7a‘ PigFly tt (423°) + O(a) 
1 
= 3-79 a* Fin + O@’) , (7.18) 


which implies that 
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2) 1 
ee SE) = 50 FoF io OE) (7.19) 


If this is summed over all plaquettes and the sums are replaced by integrals, we 
obtain the well-known expression for the action 


D I 
S ge = WG) = 7 i dr Oa. ae (7.20) 
(a) 


The additional factor 1/2 is due to the fact that F//,,F°"” contributes Fi)F alt" and 
Far! = F4 F410 In the limit a — 0, ie., for arbitrarily dense lattices, the 
so-called Wilson action 


Sw => = -Way=>- 5 {3 — Re [tr(Uno)}} 2m) 
(| O 


therefore assumes the correct continuum value. In (7.21) we have denoted the 
product between the U operators of an elementary plaquette by Ua. Since 7r(UQ) 
is complex for a finite lattice constant, we have in addition taken the real part of 
the trace, making the Wilson action a real positive number. The properties of Uo 
imply that Sw is positive: with U(é,), Uo also is unitary and can therefore be 
diagonalized, yielding eigenvalues exp[ia]. Hence 


3 — Re[tr(Uo)] = 3 — Re [exp (ia) + exp (ia2) + exp (ia3)| 2) es) 


At finite lattice constants a the choice (7.21) for the action is not unique. One can 
think of different expressions that have the same limiting value but that can lead 
to different numerical results for small lattices, which can be treated with present 
day computers. To eliminate these uncertainties it is essential to employ different 
methods for formulating QCD on a lattice. By comparing the results obtained with 
different approaches one gets a feeling for the remaining uncertainties. Furthermore 
different methods are required to describe different aspects of QCD correctly and 
it is very important to find out for which problems a given method fails. 

If a specific form of the action has been assumed, for example Sw from (7.21), 


the partition function is an integral over all values of the translation operators 
U (é;): 


2= | D[VE] ef - SWVC} (7.23) 


All thermodynamical quantities of interest can be derived from the partition func- 
tion. 

Up to now we have considered only the gauge fields. To achieve a complete 
description of QCD the quarks also have to be treated dynamically. However, if one 
tries to apply the lattice formulation discussed above to fermions, a new problem is 
encountered, the so-called fermion doubling problem. The fermion fields are defined 
on the lattice points x; and the usual Dirac Lagrangian is discretized according to, 
for example, 
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l 
aoe = y Lyattice i) 
xj 
= = 2 Pal [Poy Yor ste ay) 


Wx + ay )y.¥O)) — mis Hx) (7.24) 


with the lattice constant a. Here a,, denotes a vector of length a in the js direction. 
In the continuum limit (7.24) corresponds to the symmetric Lagrangian 


eerie aH eh 
c= 8[Fi(wo = iC ) =m] v 


Now we introduce the translation operators into (7.24) (note that we do not sum 
over the index 2) 


WG 2) — exp (4,0 any (7.25) 


In position space the Dirac operator then becomes 


1 +H Ale 
ai lex («, 6) ) — exp («, 6) )] —m (7.26) 


and the corresponding propagator in momentum space 


=il 
So) [soe (c —iappY _ clan) -n| = (41. sina,,p" -m) 


—1 


2Qai 
(7.27) 


Now we consider the two limiting cases p,, — 0 and a,p" — 7. The former yields 


lim S(p) = [yup — m] SNe (7.28) 


Puyo 
i.e., the usual continuum expression. In the latter case we have 


ai 
l 
lim S(p)= Gln —ay,p")—m (7.29) 


apphon 


We define p, by Py = 4,24 — py and obtain 


peatieg OA?) — = laepe — m| oo: (7.30) 
Hence there are two free solutions for every given lattice constant a and for every 
quark mass. In the limit a — 0 one of them becomes the continuum solution. The 
energy of the second solution becomes infinitely large in this limit, so that these 
solutions decouple from all processes and become unobservable. This therefore has 
to be interpreted as a lattice artefact. Because of the periodicity of (7.27), which 
restricts the momentum eigenvalues to —7a,/a? < py, < +7a,,/a*, only these 
two solutions exist (see Fig. 7.2). 


SF 
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(2%, , sin (qup')+(am))' 


Fig. 7.2. Graphical solution of the eigenvalue problem for the discrete Dirac operator and the 
problem of fermion doubling. For each momentum component - two different solutions 
exist for the eigenvalue problem. There are therefor a total of 2" = 16 solutions 


Since the fermion doubling discussed above occurs for every momentum com- 
ponent, fifteen nonphysical states are obtained in addition to every physical state, 
provided the most obvious ansatz (7.24) for the lattice Lagrangian is employed 
(see Exercise 7.1). 

Here the question arises whether this problem can be avoided by a different 
choice for the lattice Lagrangian than (7.24). One finds, however, that those La- 
grangians which can actually avoid fermion doubling look very unnatural. We can 
only sketch the reason for this. 

All obvious fermionic lattice Lagrangians yield in the limit m — 0 a chiral 
invariant theory, i.e., a theory that is invariant under the transformation 


P(x;) > VID (x). (7.31) 
Correspondingly both the vector current 

(xi Yui) (7.32) 
and the axial vector current 

Y(xi Yu s¥ Qi) (7.33) 


would be conserved if there were no fermion doubling. But this is not true for the 
common continuum QCD. Divergent triangle graphs of the kind 


Yu 


Vay 


% 


violate the conservation of the axial vector current. This feature is known as the 
anomaly of the axial vector current. The anomaly is strongly related to the renor- 
malization properties of quantum field theories. Since the regularization of lattice 
gauge theories 1s automatically provided by the lattice constant, every lattice gauge 
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theory differs on this point from its corresponding continuum theory. Chiral invari- 
ant lattice gauge theories, i.e., those whose Lagrangians are invariant for m = 0 
under transformation (7.27), have no anomalies. But on the other hand the limit 
a — 0 yields the continuum theory with the anomaly. This seeming contradiction 
can be resolved by noting that a lattice formulation based on (7.24) contains addi- 
tional nonphysical fermions, which cancel the contribution of the physical fermions 
to the anomaly at finite values of a. In the limit a — 0 these unphysical degrees of 
freedom disappear and one is left with only one fermion-species and an anomaly. 
This will be further illustrated in Exercise 7.2. 

Clearly one has to change the lattice Lagrangian (7.24) in order to avoid fermion 
doubling. There are basically two possible ways of achieving this. The first is to 
make sure that in momentum space the propagator assumes the common unique 
form 


Se (ip (7.34) 
If this is transformed back to position space, one obtains a nonlocal lattice La- 
grangian. While (7.24) only contains products of fermion fields at adjacent lattice 
points, terms of the form Y(x;)y,,4%(; +na,,) with arbitrary n now occur. In Monte 
Carlo calculations, however, where a huge number of field configurations has to 
be evaluated, this approach leads to impracticable large computing times. 

The second possibility is therefore choosen. Instead of (7.24), the following 
lattice Lagrangian, for example, is assumed (r is constant): 


Lewiee(¥:) = So ser Dox) + ay) — Woes + ay.) y8h(o1)] — mB) 
p 
+3 Bente +4) +o +4086) “FeHn) 


(7.35) 
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Problem. Show that the discretized Lagrangian (7.24) has a symmetry group with 
the transformation law 


Coy — 1 0G,) a Va) Fo)T, |) f= 1,2,..-,16 (1) 
and the operators 

hei ,h=ws-* , hans? , 

h=nw(* , f= pw)? , taht 

eines, f= 1-7 5 fy 145 Ty , (2) 

re epg se Nip Is 1: Ty, 

ee Co ip= wey Ts Ns = 14-14 Ts 


Tio = Ty Ts- T+ Ts 
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and that one obtains the nonphysical fermion states by applying these operators to 
the physical states. 


Solution. In order to prove that (1) and (2) in fact define a symmetry group of 
(7.24), we naa the effects of 7) to 7;. Only the kinetic term is important. 


Se 55 BO Wer + ay) FO + ay) uO) 
bs 
— -s, Pex yyy’ (-)* yw s(—)* bo Wx + ay) 
be 


— Fee tay ys Ee prt) FYO)| 3) 


Because x, = N,-a, WN, € Z, we have Qe = (yew = +), and therefore 
the kinetic term becomes just 


a5 BOR a wee +44) 
bs 


— Wx + ay) ty yw) (4) 


In the last step we have permuted ys with the other y matrices and combined the 
minus sign with 6,,. For 4 # v we have (no summation over v) 


(Ce ie = Sa op ae (5) 

For 
Gras y =~ 22 it) 6 
Ye =(-) Ye = Vp . (6) 


Therefore (4) reduces to 


] = 
DH agy WO UY] + an) — BO + ay) H@)| (7) 
Lu 


and T> to Ts are the symmetry operators of the lattice action function in (7.24). 
Since all 7; can be constructed from these operators, our calculations can be applied 
directly to all T’s. 

Now we show that 7;Y(x), 1 = 2,...,16 are the non-physical fermion states. 
The phase factor (ya can also be written as exp(—i=#). Then the Fourier trans- 
formation of, e.g., TrD(x) yields 


Ss iP Xn TY(x) = Ys DS elle’ — F Sou kn W(x) 


T 
a Vos! (v° a ~,p',p*,p*) ’ (8) 


i.e., a fermion state with a momentum component p? diminished by 2 (modulo 
2x), which is one of the non-physical states. In an analogous way the applicion 
of all operators 7; yields the 16 momentum states 


0 pg a ee ee =) re * 
(p le k-sP iP a with 7,407 = 0,1 (9) 
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7.2 Anomalies in Lattice Gauge Theories 


Problem. Show that for m = 0 the contributions of the 16 fermion fields %(x) = 
T, W(x) (with 7; from Problem 7. 1) to the axial vector anomaly cancel each other. 
Make use of the fact that the axial vector 4,,, which is treated as a background 
field, couples to the fermions according to 


Spe 
Lx) = ‘SS ae Pex ypele sex + a,) 
mn 
~ De + aden VTE (1) 


Equation (1) is obtained by performing a chiral transformation (see (7.31)) and 
writing the gauge angles as 


AOE Se iy) WO) Gee ia) (2) 


In the same manner the gauge angles of other symmetries are also replaced by 
vector gauge fields. Correspondingly in the continuum limit one would write 
OO(x) 


Ox # 


=A.) . (3) 


Solution. To evaluate the anomaly graph we also need the quark gluon coupling. 


Gluon 


Gluon 
However, it is sufficient to know the quark A,, vertex in order to prove that its 
contribution vanishes. The coupling to the gluons and the fermion propagators are 


the same for all kinds of fermions. By expanding (1) into powers of A,, we obtain 
for the quark 4,, vertex 


oe = a 
Sag eles) Perse ap Ong) ae LACS ae ay wrst)| : (4) 
Repeating steps (7.23-26) yields the momentum-space expression 
Ar I 4 aden 
A (KPC) us 008 |5(P +9)- an) WP) —k—pje 2 . (5) 


Now we determine the contributions of W(x) = T,;W(x), choosing as an example 
ak 
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Exercise 7.2. W(p) > yors¥ (p° = “\P' pp’) , 


= af 0 Pile es (6) 
Vg) + ¥ (4 = 2 g!.q.4°) 170 ’ 


= ] 
Fanuc e424] 40 
i ag 0 1 ag is a 
=> W (4 = on) Y5sY YuYs COS [50 + G = a, VosV ( <3) 
eas 1 a 
=WV (4 — or) (—)°v0 +1 y,-y5 cos 50 + aa (—)oH0 (p = <r) . (7) 


Since V (p — “8 7) has the same propagator as W/(p), it can be replaced by W(p). 


The vertex contribution of 7,W(x) then becomes: 


—A (ECGs 008 [50 +4): a Vp) (8) 


Correspondingly the sum over all anomaly graphs, i.e. the sum over all 16 fermions, 
that can build the fermion loop yields a contribution proportional to 
14+(-):4+G4)-64+(-):-44+G):1=0 . (9) 


The first term is due to WY to W, the second to W% to Wj, the third to Wj2 to Ys, 
and the last to Wy6. 

Hence the lattice fermion theory defined by (7.23) yields no axial vector 
anomaly and for this reason alone does not provide the correct continuum the- 


ory. 


In position space the additional term gives the following contribution to the Dirac 


operator: 
— oF 
ci Op 0 ap 0 es 4r 
a (« +e pa (7.36) 
which, after Fourier transformation, becomes 
iF 4r iF 
ae 2cosa,p" — rane 2 (l1—cosa,p") . (7.37) 


The modified Dirac operator is now 


Zi 
S(p) = ir =. Sin(a,,p") — |» 4 - 20 ~ cos “0 © G25) 


The additional term is now no longer the same at a,,p" and at 7 — a,p". Moreover, 
it diverges for all unphysical states in the limit a — 0 because a,p" — 7. Only 
for the physical state does the additional term vanish for a — 0. Obviously the 
unphysical states acquire an arbitrarily large mass in the continuum limit and thus 
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play no role. In this way, we do not get rid of the unphysical states but they are 
guaranteed to vanish in the continuum limit. The unspoken hope in this approach 
is that reaching this limit is not made any harder by the additional term in (7.35), 
i.e., that larger grids are not required to reach the limit. It must be emphasized that 
there are many choices for the additional term besides the one discussed above. 

Finally let us consider Exercise 7.2 again. There we illustrated the general 
statement that a chirally invariant lattice theory cannot have a ° anomaly and 
therefore must contain unphysical fermions. The modified Lagrange density (7.35) 
now obviously no loger leads to a chirally invariant theory. For a,m — 0, L in 
(7.35) becomes 


1D Cy ee Fewer) (7.39) 


The last term here is not invariant under the chiral transformation 
D(x )W(x) = (Vx) P(x) 


Sy falsely, \\)" pel SOW (x) = G(x )e2159 D(x (7.40) 
* 


Accordingly the unphysical fermions do not contribute to the triangle anomaly (in 
the limit a — 0) and we obtain the usual continuum limit. 

When discussing fermion lattice theories, we left out the gauge fields for sim- 
plicity. It is easy to see from (7.3—-5) how they have to be included in (7.35). They 
describe the change of the phase between the point x; and the point x; + a,,: 


; oe 
Lattice gauge theory (Xr) ie SS oye [Poin Oo CHeier Ay )U Oi oe ay) 
Le 
W(x; + ay)yU~|(xj,x1 + a,) Vi) 
4r\ - 
— (m+ Z) Beanwen) 
E = 
on y [YoU Oj, x; + ay)WX; + ay) 


+(x; + ay,)U"(x;,%; +a, )W(xi)] (7.41) 


The fermions introduced according to (7.41) are called Wilson fermions. However, 
this formulation has a major disadvantage. The problem lattice QCD is particularly 
concerned with is the QCD phase transition from the confined hadronic phase to 
the so-called quark gluon plasma. This phase transition is discussed in detail in 
Chap. 8. A phase transition can actually be observed in two different observables 
(see Fig. 7.13), namely the free energy of a particle and the expectation value of the 
product WW. This expectation value vanishes for a massless fermion field. Since it 
drops to zero at the same (or nearly the same) temperature where the free energy 
abruptly diminishes, we conclude that the mechanism that generates a finite quark 
mass stops working at the same time when the color interaction is weakened and 
deconfinement takes place. Since these two effects are initially totally unrelated, 
one speaks of two different phase transitions, namely the deconfinement phase 
transition and the chiral phase transition. The relation between these two processes 
and the question of which is more fundamental is not yet understood, although there 
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are many different theories. In general one does not assume that this coincidence is 
purely accidental. All of this creates a problem for ansatz (7.41), where it is just the 
mass term that is modified, and it is thus unclear whether this leads to an unphysical 
modification of the chiral phase transition. Owing to the suspected interrelationship 
between both phase transitions, even the deconfinement phase transition might be 
modified in an unphysical way. For these reasons, calculations of the QCD phase 
transitions with Wilson fermions must be regarded with a certain amount of doubt. 

The alternative route usually taken, although also not fully satisfactory, is to 
accept fermion doubling and to identify the excessive fermions with additional 
fermion degrees of freedom such as spin, isospin, and flavor degrees of freedom. 

The kinetic fermion term in (7.41) shows that the field Y at the point (0, 0, 0, 0) 
only couples to the field yo at the point (1, 0, 0, 0), to the field 7, at (0, 1,0, 0), 
the field yoy, at (1, 1,0, 0), and so on. In general all fields which couple can be 
written as 


mo my m2 im 


0% 273° Ym, m1, M2,7m3) (7.42) 


Since W has four components, there are four independent collections of fields. 
Starting from (0,0,0,0), we can collect all fields coupling to the first component 
of W. Starting then with the second component, we obtain a linearly independent 
field configuration at each lattice site. 

Now what happens if the fields are defined relative to an arbitrary point n = 
(no, 11, 72,73) instead of (0,0, 0,0). Then the term 


Mig WI mig in 


Tt 
(roy sey D) vay Uy 219 Ng? yO (7.43) 


changes into 


Ga “if +n fen v3 +13 v) y 072Un wee ape +n “2 +n2+1 33 BEN 
(7.44) 


The additional commutation (in this case of 72) leads to an additional sign 
(—1)”*"!, Thus in general an additional sign must be introduced in order to have 
a consistent definition: 


(= [yore Vn Chel eorn 


The +, matrix has been absorbed into the definition of Y,, and is no loger present. 
The fermion contribution to the action is now 


= SG al Se WO). Yn (7.45) 
nym 


with 


3 
1 
F n 
nm = MASnm + Y (Vn bn m—n — UnuSnmtnl » (7.46) 
p=0 
The fermions thus defined are called staggered fermions or Kogut—Susskind 


fermions. Expression (7.41) can be greatly simplified by a simple trick. Remem- 
bering that for Grassmann variables 
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/ D[w;, Je" 7 = dco” (7.47) 


holds, one can use the same trick as when introducing ghost fields”. This replace- 
ment has the big advantage that the fermion fields disappear and only the link 
variables U are needed. 

The sum over states of a lattice SU(3) theory with fermions is therefore 


Z= | DO ledeo ec 86) - (7.48) 
with 
Ss = l ae oF 
oU)=BS (1- 3 Retr ern tarey aiamven a) ta (7.49) 
Nyy 


A disadvantage of this procedure is that the matrices Q” are very large and their 
calculation thus very time consuming. Another disadvantage is of course that there 
are still too many fermion degrees of freedom. Since each fermion flavor corre- 
sponds to four independent sets of fields in the above definition, the 16 fermionic 
degrees of freedom describe four quark flavors, while only two light, up and down, 
and one medium heavy (strange) quarks are physically present, rendering all calcu- 
lations with this action problematic. There are two ways to confront this problem. 
The first denies it exists by assuming that the number of quark flavors does not 
play an important role. In the second, following the Columbia collaboration*, one 
replaces the determinant by the following expression: 


2 1 
det O” — exp 7 In det O* (my, d) + A IndetO*(m,)| (7.50) 


This should reflect the fact that the contribution of one flavor to the action should 
be one fourth of the contribution of four flavors. Although this sounds reasonable 
it should be borne in mind that the determinant trick cannot yield a factor like this. 
The result of the above-mentioned calculations was that the type of the phase tran- 
sition depends critically on the individual quark masses. For a light strange quark, 
Ms = M, = mg, one obtains, for example a first-order deconfinement phase tran- 
sition, while realistic masses for the strange quark yield a second-order transition 
(see Fig. 7.3). As the nature of the phase transition is essential for its phenomeno- 
logical properties, one has to realize that an ideal procedure of describing fermions 
on the lattice has not yet been found, and all calculations with fermions have to 
be interpreted with care. This conclusion is reinforced by the numerical problems 
of these calculations. To save time and thus to be able to use larger lattices one 
often neglects the determinant det Q” all together, i.e., sets it equal to 1. This is 
called the “quenched fermion approximation”. It is motivated by many indications 
that the gluon dynamic is essential to our understanding QCD, while the role of 
dynamic quarks, for example, virtual quark antiquark pairs, is very limited. If this 
is true, then it is reasonable to concentrate on reducing finite-size corrections for 


2 See W. Greiner and B. Miiller: Theoretical Physics, Vol. 5, Gauge Theory of Weak Inter- 
actions (Springer, Berlin, Heidelberg, New York 1993). 
3 FR. Brown: Phys. Rev. Lett. 65, 2491 (1990). 
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Fig. 7.3. The phase transition diagram for QCD indicating the nature of the phase transition 
as a function of the quark masses. If the strange quark mass is much larger than the up and 
down quark masses, the phase transition is of higher order. This is true in particular for the 
physical values (dashed circle). If all three quark masses are small or very large (the last 
case is equivalent to a pure gauge theory), one observes a first-order phase transition. The 
lines separating the regions of first-order and higher-order phase transitions are only meant 
as an illustration of what the complete diagram might look like 


the gluon sector (by using larger lattices) and to neglect the fermion dynamics 
completely. The results presented in Table 7.1 were obtained, for example with 
quenched Wilson quarks. 

The problems of quenched calculations can also be illustrated at the level of 
hadrons. We know, for example, that a nucleon is surrounded by a pion cloud. 
There are even models for the nucleon in which this pion cloud plays a major role 
in our understanding of the properties of the nucleon (e.g., in so-called Skyrme- 
type models). Such a pion cloud, however, corresponds to the presence of virtual 
quark antiquark pairs, as illustrated in Fig. 7.4. 

To obtain the action of a lattice gauge theory with fermions, we just add (7.41) 
to the Wilson action: 


2 
s= x P 3 aa Wo) as Ge gauge theory - (7.51) 


Usually one introduces 
6 
@=— > ESO 
3 (7.52) 
and the sum over states is written as 


B= [oweven vere, SS (1 = 30) re E53) 
O 


Here ( cannot be interpreted as the inverse temperature 
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Si 


6 1 
B= e # kT (7.54) 


as it is in thermodynamics. In fact the nomenclature is extremely misleading, since 
@ is actually used with three different meanings, namely 3 = 6/9”, @ = 1/T, 
and @ the @ function of the renormalization group equation. The actual relation 
between ( and the temperature is discussed in Sect. 7.2. 

To calculate (7.53), we must rewrite the integral over all gauge transformations 
U(é;) into a parametric integral. For the simplest groups such as U(1) this can be 
done immediately. From 


U(é;) = dP) (7.55) 


it follows that 


27 
power... = x I] [eew... (7.56) 
6 


For more complex symmetry groups we use instead a matrix representation of the 
symmetry group and apply the following formula from differential geometry: 


fren... = const] f dan (ln)[deth | 
ia (7.57) 


Mj = tr] U-"a) Ua)| u-(az_u)} 


There are two principal ways of calculating the integral (7.53): either the expo- 
nential function is expanded in a series, or the integral is calculated using a Monte 
Carlo method. The perturbative calculation is obviously only possible for small 
exponents. In pure SU(3) gauge theory, this means that (3 =6/g° is small and thus 
q is large. It is therefore termed the strong-coupling limit. In this case, (7.53) is 
reduced to an integral over a finite polynomial of gauge matrices U(¢;) that can be 
calculated by group-theoretical means. The strong-coupling approximation yields 


Fig. 7.4. Virtual quark-pair 
production as a QCD ana- 
log to the pion cloud around 
hadrons. Such terms are ne- 
glected in quenched calcula- 
tions, which could lead to se- 
vere errors for a number of 
phenomenological properties 
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some interesting results and can further be understood as a test of Monte Carlo 
calculations (see Exercise 7.3). 

The principle of Monte Carlo integration is comparatively simple. Each integral 
can be calculated as the average value of the integrand measured at random points 
in the integration domain. Let us consider for illustration a simple one-dimensional 
integral 


/ ae 50" | (7.58) 
0 


Let y; be random numbers between zero and one. Then we can calculate the 
average, 


xXj=ayi , (7.59) 


and its value approaches the integral (7.58) for large NV: 


N 
Cees ae 7.60 
pes Goes 5 (7.60) 


In a similar way integrals of the type 
[PU ed, Wes), Beagle $7 (UE), BO), FC) (7.61) 


can be calculated by using random values for U(é;),W(x;),¥(x;) and averaging. 
This procedure is not really effective since exp(—S) is a very small number for 
nearly all random values and there is thus only a negligible contribution to (7.61) 
from these values. It is much more sensible to choose a distribution of the ran- 
dom values such that large exp(—S) are favored, namely in such a way that the 
probability of finding a combination of certain random values is proportional to 
exp (—S) calculated with these values. To obtain such a distribution one proceeds 
as follows. 


1. Starting from an arbitrary initial configuration C = [U(é;), Y(x;), ¥(x;)] one 
makes a small change leading to a configuration C’. The probability po(C — 
C’) for this change obeys 


pC + C’)=p(C'>C) . (7.62) 


One possibility is to make a random modification of U on a certain link of 
W, W on the neighboring points. 
2. One calculates the difference 


AS=S(C )=S(Cjee (7.63) 


If AS is negative, C is replaced by C’. If AS is positive, one chooses a random 


number 0 < y < 1 and uses C’ if y < exp(—AS). Otherwise one retains the 
old configuration C. 
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The resulting transition probabilities in this approach are 


1 for AS <0 
IE SO) = c~ cf 
) = pol ) e-45 for AS > 0 (7.64) 
AS : 
p(C' + C) = pyc’ c)4° for ENS, <0 ’ 
1 for AS > 0 
and therefore 
C3C’ 
ea = = _ cas (7.65) 
With 
De Cy=1 (7.66) 
Cc 
(7.65) implies that 
Se Spe + C= PreK (C1 Cy = eSE (7.67) 
é G 


If the configurations C are Boltzmann distributed, so are the configurations C’. The 
Boltzmann distribution is thus a fixpoint of our algorithm, and indeed any arbitrary 
distribution P(C) of configurations approaches this fixpoint under this algorithm. 
Each step maps P(C) onto a new distribution P(C’): 


Be) > PC pie 4c) (7.68) 
ie 
The distance E of P(C) from the Boltzmann distribution is 


E> |P(C) Ne | (7.69) 
c 


(N being a normalization constant, (7.72)). Under transformation (7.68), E changes 
according to 


eS Pc’) z hee 


Cc! 
=S-|S- P(Cyp(c = C')- Ne SO) 
GY || © 


Ge a R(C)— Ne | 
ELE 


=> |P(c)- Ne 
C 


ai9 (7.70) 


ee) EG) Ncw | 
c 
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owing to the relation 


S_ (PIC)-NeF®) =0 , Ga 


Cc 


which expresses the fact that P(C) and Ne~* are both normalized to one, Ec: 
is strictly smaller than Ec as long as P(C) is different from NV exp (—S(C)). 

This so-called “Metropolis algorithm’ therefore yields, after sufficient equili- 
bration time a Boltzmann-distributed random configuration. If C; are such config- 
urations, the integral (7.61) is simply 


ie 
sin, yA (7.72) 


In actual calculations one chooses po(C — C’) in such a way that the averaging 1s 
done in a certain but not too large area around that configuration C for which S(C) 
is minimal. The usual criterion is to choose po(C — C’) such that about every 
second modification C — C’ is accepted. For the initial equilibration, po(C — C’) 
must allow large changes, but when approaching the Boltzmann distribution the 
variations C — C’ become smaller. 

As a first example of Monte Carlo calculations we shall consider the “average 
plaquette” 


pe (1 oe sRett(Ua)]) 


6N f D[U(é)] exp(—S) (7.73) 


in a pure SU(3) gauge theory (i.e., without fermions). Up represents the product 
of the four parallel-transport matrices along the links of a plaquette (see (7.13)). 
We can rewrite P as 


1 oO 


Mie (7.74) 
and we realize that this looks like the internal energy of thermodynamics with kT 
substituted by @. N here is the number of lattice sites. 

The result of a Monte Carlo calculation is shown in Fig.7.5. Since 8 = 6/9 
(see (7.52)), @ — oo corresponds to the free limit in which the internal energy 
must obviously go to zero. For g — oo and 3 — 0 it reaches a maximum value, 
which has been normalized to unity. 

How can we check that this result is correct? First, one can check the con- 
sistency of the procedure by comparing calculations at different lattice sizes (here 
two lattices with 44 and 64 sites, have been used). More important is that P can 
be calculated analytically in the two limits of 6 small and @ large. Asymptoti- 
cally the function Pyc(P) should approach the asymptotic functions Pg sman(@) and 
Ps targe(G). The first is calculated by expanding the exponential in (7.74), the second 


4 See N. Metropolis, A. W. Rosenbluth, A. H. Teller, E. Teller: J. Chem. Phys. 21, 1087 
(1953). 
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from a saddle-point approximation (see Examples 7.3 and 7.4). The result is shown 
in Fig. 7.6. The Monte Carlo calculation gives an excellent interpolation between 
the asymptotic domains. 

While calculations of pure gauge theories can be performed quite reliably on 
today’s computers, the available computing power is not yet quite sufficient for 
calculations with dynamic fermions, i.¢., calculations are only done on comparably 
small lattices where it is known that errors due to the finite size of the lattice are 
still large. This fact is illustrated in Fig. 7.7, where the temperature of the QCD 
phase transition is plotted for calculations with different lattice sizes. The lattice 
size is N, x N3. Here Nz is typically one and a half to two times the size of N-. 
For simplicity, only N; is given in Fig. 7.7. 


Fig.7.5. The result of a 
Monte Carlo calculation for 
the average plaquette func- 
tion P(Z). (From M.Creutz: 
Quarks, Gluons and Lat- 
tices (Cambridge Univer- 
sity Press, Cambridge 1983), 
p. 79.) 


Fig. 7.6. Comparison of the 
Monte Carlo calculation from 
Fig. 7.5 with a perturbative 
calculation is in first and 
second orders and the re- 
sult of a saddle-point calcu- 
lation (dashed line). (From 
M. Creutz: Quarks, Glu- 
ons and Lattices (Cambridge 
University Press, Cambridge 
1983).) 
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Fig. 7.7. Results for the QCD phase-transition temperature Tc on lattices of different sizes. 
The size of the lattices is characterized by the number of lattice sites in the Euclidian time 
direction. The critical temperature is measured in terms of the scale parameter. The dots are 
the results of a pure-gauge calculation, the crosses are from a calculation with dynamical 
fermions. Note the size of the error bars, which give a measure of how much more time is 
required to do calculations with fermions 


One can see that the error bars are small for the pure gauge theory, that one 
can perform calculations up to very large lattices, and that the continuum limit 
is reached, i.e., that for large lattices the resulting phase-transition temperature 
does not depend on the lattice size. This limit can hardly be reached with existing 
computers. Estimates show that really reliable calculations with dynamical fermions 
require computers about 100 times more powerful than today’s. The construction of 
such computers (typically with 1 teraflop) is currently being attempted by several 
groups and should be successful in the near future. 

The reasons that lattice gauge calculations are computationally so intensive 
are manifold. First, the matrix Q” is just very large; for example, its dimension 
is 165.888 for a 12 x 24> lattice. However, determinant calculation is numerically 
quite a fast operation, and most components of Q* are zero, so that it is not obvious 
why this leads to such long computation times. The reason for this is more subtle. 
To be able to make a statistically reliable prediction, one should generate of the 
order of 10.000 configurations. The simplest way to generate these is to start the 
Metropolis algorithm with correspondingly many different initial configurations 
and to wait until the configurations are convergent. The number of iterations to do 
this is critical, since a 12 x 24? lattice can have 665.552 link variables and it will 
usually take an extremely long time to reach optimal configurations in this immense 
space of states. In fact, the effective generation of configurations is probably the 
problem into which most effort is being put at present. 

Accordingly the collection of configurations generated in computer centers by 
lattice-gauge experts is most valuable. If a sufficiently large and reliable set of 
configurations is obtained, all relevant observables can be calculated in a compara- 
tively short time. The problem is then to find sensible observables and in particular 
to account for deviations from the continuum theory caused by the lattice. 
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To obtain converged configurations at all in a sensible time, one must choose 
the changes in each Monte Carlo step such that the acceptance probability is about 
50 percent. This is often very difficult to obtain in actual calculations, and the 
speed of the calculation depends critically on the search algorithm used. Extremely 
sophisticated algorithms have been developed to solve these problems. One of 
these, the hybrid Monte Carlo algorithm, will be sketched now. 

Its basic idea is to introduce an auxiliary field coupled to the link variables 
and governed by dynamics of its own. Once the whole system is equilibrated, the 
equilibration is conserved under ‘time’ evolution and this hopefully will also hold 
for the subspace of link variables. The Hamiltonian 


1 
HS (hing) + Sen (7.75) 


nap 
is defined with a new field 7. The equations of motion are 


A 
Un (Te41) = exp [art (n ae +) Un (7) , (7.76) 
Ar Ar OSete(Tk) 
Tap | Te + +) = 1} (n _ =) — Ar : (7.77) 
i ( 2 iS 2 ous. 


The equations of motion guarantee that H 1s 7 independent: 


AH 1 AG AT 
Be 7 [tml [Pe (r+ F) - me (2) 
ca AT, \OScH a) 
Np OUR 
OSett OSesr 
= Es (- Tul) a - ae OU ) =0. (7.78) 


Once an vane configuration is found, 7 is set to 7; and the system evolves to 
a ‘time’ 7. The probability that this new configuration will be accepted is 


P =min{l,exp[—H(n) + H(m)]} - (7.79) 


If one were to solve the exact equations of motion, H would be conserved. The 
discretization is the entire source of change in H. It must be taken as an empirical 
fact that this procedure yields particularly good results. 

The big disadvantage, among all the advantages, of the hybrid Monte Carlo 
algorithm is that the derivative of the determinant term, Intr(Q”), when written as 
part of Serr, is proportional to tr[((O* )—'], which leads to time-consuming inversions 
of the huge fermion matrices when solving the equations of motion. 

Finally there is another, very fundamental problem. Near the phase transition, 
which is the domain one is most interested in, the configurations are quite unstable. 
Totally different configurations, namely those belonging to different phases, have 
nearly the same action and drastically worsen the convergence of the Metropolis 
algorithm. This is called “critical slowing down”. 

For all these reasons QCD calculations with dynamical fermions in the domain 
of the phase transition on reasonably large lattices and with sufficient statistics 
remain problematic today. In the following we shall thus restrict ourselves to the 
results of pure gauge theories. 
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7.3 The Strong Coupling Approximation for the Average Plaquette Function 


We expand the exponential function in (7.73) up to first order: 


p= av [wen -PD( — 5Re[ ico) 


x x (1 — 5Re| (Ua) 
/ fowen 1 (1 ~ 5Refix(Ua) | (1) 


For a lattice the functional integral consists of the product of integrals over the 
link variables: 


powen... =] f ave... (2) 


Now 
/ quey=1, (3) 
/ AU (EU m(G) =O, | (4) 
/ d[U 6) Un (GUS (64) = ma bp 86 (5) 


The factor 1/3 in (5) can be understood in the following way. From 1 te 
and a summation over n it follows that 


[EN UEU*ED py = [ AUEND ae = bog 6) 
On the other hand this is equal to 

; Sy = ; en =O (7) 
Equations (3) to (5) then yield 

foto =1 , (8) 

| D[U(é;)]Re [t(Uo)] 


= fowen; [Ue 1) Vir (2) Vim (3) Unj (4) 
+ Upp (AU 3) Ui (2)U (1) = 0 (9) 
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and 
i D[U(é;)]Re|tr(Ug)|Re[tr(Ug’)] 


= éo0/ J wort @tvenaven, (Uj (1) Ui (2)U im (3) Uy (4) 
+U (AU (BU G(2D)U EA) (Ujr 4 DU 102) U m3) Um) 
UH, CEE OV AO) Uji(D) 


1 ee 
= 600" ys 34 : 7 oui” kx! Ot’ Sram’ 
ie 
3 


1 1 1 
=séor > w= 5600 . (10) 
2 jk lm=1 3 2 


By means of these relations we obtain 


321-6 1-83 © boo 
oo 


Jag on’ 
6N L265 
(a) 
eee acer 
GQ = Te 


eal aes 2 
~ 6N ( 5 +O) ? (11) 


[P = 


The number of elementary plaquettes in four dimensions is six times as big as the 
number of lattice points N. This can easily be understood if all plaquettes pointing 
in the positive coordinate direction are assigned to a given lattice point. For the 
point 0, = (0,0, 0, 0) these are 


{(0, 0, 0, 0)(1, 0, 0, 0)C1, 1, 0, 0)(0, 1,9, oO}, 
{(0, 0,0, 0)(1, 0, 0, 0)(1, 0, 1,0)(0,0,1,0)} 
{(0, 0, 0, 0)(1, 0, 0, 0)(1, 0, 0, 1)(0, 0, 0, ys One 
{(0, 0, 0, 0)(0, 1, 0,,0)(0, 1, 1, 0)(0, 0, LO 
{(0, 0, 0, 0)(0, 1, 0, 0)(0, 1, 0, 1)(0, 0, 0, Ue = 
{(0, 0, 0, 0)(0, 0, 1, 0)(0, 0, 1, 1)(0, 0, 0, 1} 


(12) 


For arbitrary dimensions d it clearly holds that Nq = d(d — 1)N /2. We therefore 
obtain in the limit 6 — 0 for the averaged plaquette function 


p=1-4 +0) (13) 
Because 3 = 6/g? the approximation considered here is referred to as the strong- 


coupling approximation. 
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7.4 The Method of Steepest Descent for the Average Plaquette Function 


For very large values of ( the partition function 


—p iat Re{trUg } 
z= | lUIe x (1) 


is dominated by gauge field configurations, whose Ug is approximately equal to 
unity: 


1 
Ue es l= (: = zRe (sn) ) 20 . (2) 
Using 
-\a_a 1 
Ug =e! fa = 1 + idef, — 5 Ca + 0 (ed) (3) 
yields 


(4) 


The exact evaluation of this integral leads to a number of difficulties. But for the 
averaged plaquette function only the 6 dependence is important, and this can be 
easily determined. To this end we make the transformation 


ef = B-2e4, (5) 
; , 2 -}oa E240 i 
z = (6-}) * [ote ae ie) al (4) 
= p-# ‘const . (6) 


Here Nrg denotes the total number of degrees of freedom that are integrated over 
in f D[U]. Since there are 8 gluon fields and 4N links, there are 4-8 -N link 
variables. However, not all of them are independent. The necessary gauge fixing 
eliminates a quarter of these degrees of freedom, just as in the continuum case. 

Therefore we obtain 
Neg —3-3-N (7) 
2 ie const (8) 


The averaged plaquette function then assumes the form 


] 
E 5 2[= aN 2 
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In the last step we have modified the definition of P by taking the absolute value 
of Oln Z/OG. This is necessary because the derivative of Z can become negative, 
while P is positive definite. 


When calculating an arbitrary physical quantity on the lattice, one is in the end 
interested in the continuum limit. If 7 is the mass of the lightest glueball (a 
glueball is a meson with a dominant gluonic component), for example, one wants 
to know the limit 


lim M(9(a), 4) =Mpnys. (in units of A) . (7.80) 
For this continuum limit to exist, 

dM _ OM ag | 9M _, OM Og __aM "7 

da 0g 0a Oa ° Og 0a ~~ Qa ED 


must hold. As the discretization by the lattice is just another renormalization pro- 
cedure, the function 0g/0a is known, since the coupling constant on the lattice 
must have the form 


g(@) _ Ar An 


= SS (752) 
4m (11 = 3Ny) In (1 — 3) Nag 
where Q, ~ 1/a is a typical cut-off momentum. Furthermore 
22 
— 4 
gen) __ (7.83) 
a (Ol = sia 


(see Equation (7) in Example 4.3). go(a) is the bare coupling constant on a lattice 
of spacing a and g(—q7’) is the resulting physical coupling constant at momen- 
tum transfer g*. g(a) is therefore a function of a single parameter. It turns out 
numerically that A, must be chosen very small, A, ~ 3 MeV, to obtain the correct 
limiting behavior. How can this be reconciled with the value Agcp ~ 100 — 300 
MeV usually obtained from QCD fits? The answer is that A depends on the renor- 
malization scheme. Let us consider one-loop contributions to the gluon propagator 
in a pure gauge theory (Fig. 7.8). 

Renormalization absorbs these graphs into a redefinition of the coupling con- 
stant. The contribution of the loops is different in different renormalization proce- 
dures, and thus the bare coupling constants must be chosen differently. If go and 
go belong to two different renormalization schemes, it holds in general that 


2) 4 
go = 9 L +cg’y +09’ ) 
1 1 , 1 
BS 2eg' = 5 20 
go” ae li 


(7.84) 


where the loop graphs contribute to the second order in g. By explicit calculation? 
for a pure SU(3) gauge theory one obtains 


5 See R. Dashen and D.J. Gross: Phys. Rev. D23, 2340 (1981). 
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Fig.7.8. One-loop correc- 
tions to the gluon propaga- 
tor in pure gauge theory. 


The dashed line represents a 
ghost field 
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ae + 3.444 —In(ma)] , (7.85) 


goa) glg(m) 8a 


where go(a) is the bare coupling constant of a lattice gauge theory with the Wilson 
action and go(m) is the corresponding coupling constant in a Pauli Villars regular- 
ized continuum theory. In the Pauli Villars method, auxiliary fields of mass m are 
introduced to cancel divergences of the original theory. The mass m is then sent 
to infinity. Both go(a) and A, depend, of course, on the action used, and different 
relations would result for any action other than the Wilson action. 


16x? 
2 SS 
g(a) = hina A- a 
Pa (7.86) 
he 


Using (7.85) it follows that 


[go(a)]? — [go(m)]}~* = =al-Ina ~InA, —Inm +InAn] 


11 An 11 

Hie a In(am) + In Ve Pe ara [3.444 — In(am)] (7.87) 
Am 
— =3]l. ‘ : 

= A a 1pail (7.88) 


Therefore the A parameter of the lattice theory is indeed much smaller than the A 
parameter of a Pauli Villars regularized continuum theory. 

In general, one finds quite different values for different regularization proce- 
dures. Most commonly used is the so-called modified subtraction scheme, in short 
MS. The relations between the different A parameters are® 


An 

ae a L0eF ‘ 

ATs 

dale 0.0347, 

ons (7283) 
A . 
EUS 29 3765 gg eae 

Ais Ans 

auouFeynmen gauge) — 2.895 


MS 


In (7.89) we give thc relations between various common renormalization schemes 
without discussing these schemes in detail. 

Next we consider another interesting quantity, the “string constant” K. Color 
confinement should lead to the creation of a color string between two heavy quarks. 


° See R. Dashen and D. Gross: Phys.Rev. D23, 2340 (1981). 


3a) 


7.1 Lattice Gauge Theories 


A 
q = 
——— , ——_ 
For large seperation of the quarks the total energy is approximately 
E=A-L-B+2m, =V(L)+ 2m, (7.90) 


with the bag constant B and the two-loop potential V (L). If we further assume that 
the cross section A of the string does not depend on L, then V (ZL) is proportial to 
L and the constant of proportionality is called the “string constant”: 


VO =Kel (kh =A sb (7.91) 
Indeed, lattice theory leads to such a linear potential, as we shall see shortly, and 
thus justifies the heuristic picture of a color string. From (7.91) we obtain the 
estimate 


K =~ m-1 fm’ -(150MeV)* = (200MeV)_ (7.92) 


How can a two-quark potential be defined on the lattice? To this end, we consider 
an idealized rectangular quark loop (Fig. 7.9). 


q 
[ 
© 
OL 
Wilson showed that the g@ potential can be obtained as 
1 
V(L)=— lim —InW(C), (7.93) 
Too T 
i 
seers / D[U]e*trUc . (7.94) 


Uc is the product of all link variables along the path C. W(C) is called the “Wilson 
loop”. To motivate ansatz (7.93), we shall show in Example 7.5 that it gives the 
Coulomb potential in the case of QED. W (C) is most easily calculated for small 
values of 3. The high-temperature expansion (see Example 7.6) yields for SUG) 


(7.95) 


Fig. 7.9. The Idealized quark 
loop C. T is the extent in the 
time direction, L the spatial 
extent 
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In the high-temperature limit the string constant of SU(3) is thus 
i 
K=— ines y (7.96) 


For numerical calculations (7.93) is replaced by 


t. WE DW aa a) 


Seam = —7a In WLT—aWL-aT) G97) 
For sufficiently large values of T it holds by (7.93) that 

W(C) = W(L,T) =e? (7.98) 
and 

ote -5 pre AUC CS) ES) ee (7.99) 


Figure 7.7 shows the result of a Monte Carlo calculation’ on a 64 lattice. The 
number pairs are (L/a,7/a). Also shown is the prediction of a weak-coupling 
approximation (see Example 7.7). The Monte Carlo calculation again yields an ex- 
cellent interpolation of both approximations. As with the average-plaquette function 
(mean free energy), the transition between both regions is at 6 = 6. 


LAL Se SS 


7.5 The QED Wilson Loop 


We consider QED continued to Euclidian space (ie., x9 — ito, Ao — ido), 
employing the Feynman gauge 0,,A"” = 0. The action is then 


1 
oa [es (QpAy — O,Ay) (OuAv — OA y) 
1 
=-5 [es AyGAy % (1) 
We attempt to evaluate the integral 
1 i 4 aoe 
ACE) z D{A,,] exp 5 d°x A,OA, + fa Caan nee (2) 
The difference between (2) and (7.94) is that the factor 1 /3 has been replaced by 


1. In the case of the groups SU(N) and U(N) the functional W(C) is defined with 
the factor 1/N. The coupling to the charge is ensured by the additional term 


/ dy jy(x)Ay(x) =i0 / dsj An(s) (3) 
c 


7 See M. Creutz and K.J.M. Moriarty: Phys. Rev. D26, 2166 (1982). 
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where s denotes the length of the path C. The functional integral is performed by 
making the substitution 


Aglt) > Aue) +10 / i, DO) (4) 
G 


with the Feynman propagator 
BDC) = —on, 6) 


Equation (4) then yields 


5 | as ADA, +19 | bs, A,(s) 
ec 


=> 5 | os A, OA, -io fas, Ay) +i0 | as, A,(S) 


Z a [o. ds’, Duvlx(s) —x(8")] (5) 
c 


and therefore 


Fig. 7.10. Results of a Monte- 
Carlo calculation for the 
string constant compared to 
a high-temperature (single 
line) and a large-G approx- 
imation (double line). (From 
M. Creutz and K. J. M. Mo- 
riarty: Phys. Rev. D26, 2166 
(1982).) 
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Example 7.5. W(C)=-— | D[A,u] exp E d‘x A,OA, +10 | ds, 4,6] 
i i 2 fl / 
l Oe / i 6 
= 4 zexp  -& / ds, ds’, Duvx(s)—x(s (6) 
c 


In position space the Feynman propagator is simply 


6 uy 
Dyv[x(s) — x(s')] = a OME : (7) 


Now we are left with the evaluation of the integral 


4 al roma, Soe (8) 


To this end we consider the rectangular path: 


p40) L,0,0) oe 00) 
s= 2T+L s=T+L 

x,,= (0,0,0,0) x,= (T,0,0,0) 
s=0 s= 

s= 2T+L 


s, and s, then only point in the same direction if both lie on the same side of 
C. Correspondingly they point in opposite directions when positioned on opposite 
sides of C. In the former case (6) yields the action of a charge onto itself, i.e., the 
self-energy. The latter case has to reproduce the Coulomb potential. Therefore we 
obtain 


If 2T+L 
igs Jo [a 
Oo On? PROT eas) =a. 


0 ISEIL 


T+L 2T+2L ' 
1) is | 
a | Pa =e — sip 0) 
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For T — oo the second contribution vanishes. In the first term we substitute 
gf! — 2 + Log 
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P 
7 | ] T—s S 
Se J Z arotan ( a ) + arctan (5) 


we) ie 1 P+ 
Tees arctan 7 ae oe) In TT : (10) 
The limiting case from (7.93) finally yields 


hal Oe T 1 (2 soe 
V(L) = — lim — =.|- — ) ——In( —>— 
2 ee ie exo 272 F ay (=) 2n2 zs ( L2 ) | \ 


=-SL (1) 


which in fact is the Coulomb potential. 
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7.6 The Strong Coupling Approximation for the Wilson Loop 


We attempt to evaluate the integral of (7.94) to the lowest order of (3: 
1 1 
VC) gg [ Dlwietu@rr|~ 8 {1 — sRe[taUa)] : (1) 


Owing to equation (3) of Example 7.3 the integral over D[U] is equal to zero unless 
every link variable U() is compensated by the corresponding U —'(2). Graphically 
this means that each line in Fig.7.11 must be accompanied by a line with the 
opposite orientation. Since the exponent in (1) only yields complete plaquettes, the 
lowest-order contribution to @ corresponds to the graph in which the inside of the 
Wilson loop is completely filled with plaquettes (see Fig. 7.12). 

Figure 7.13 depicts a contribution to the next order in 6, which is neglected 
here. Just as either a quark and an antiquark or three quarks can be coupled to a 
color singlet, both the integral 


[owl usOuso Q) 
and the integral 


[rts uum OUu(O 3) 


are nonzero. 
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Fig.7.11. A Wilson loop 
with L = 3a and T = 4a 
Uq) 


Fig. 7.12. The lowest order 
contribution to the Wilson 
loop 


Fig. 7.13. A contribution to 
the Wilson loop of the next 
order 
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Employing relation (3) of hail Pos 
[ PLU1 Uy OZ = 56nd m @) 


we can easily deduce the value of W(C) from Fig.7.12. The first nonvanishing 
contribution is due to the (L - T/a”)th term of the power series. Because J = L/a 
and — J a, 


pees 
1 
WO)~ x5 / bi aS ;Re(ua]| Tato (5) 


From (4) we obtain a factor 1/3 for every link. The total number of these links is 
2/-J +1+J. In addition we get a factor (J - /)! for the number of permutations 
of the plaquettes shown in Fig. 7.12. Finally 


Ley 


Pd sRe [tr(Uo)] I = 18 my |tr(Ua) + wr(Ud)| (6) 


yields a further factor (3/6)/”. Therefore we have 


1 B TJ i 21-J 4247 
WON (Z) (5) 


(7) 
x SS One, os OR na 


Filgeees faye Ill 
De SET TAT art ttf \ikroneeker deltas 


Here we have made use of the fact that the integration over D[U] yields two 
Kronecker deltas for every link (see (4)). Hence the total number of deltas is 
2-[2/-J +/+ J]. But one delta per lattice point is contained in the others (see 


Fig. 7.14). 
Because there are (J + 1)(/ + 1) lattice points, we have 
Oe | ae = Il ey (8) 


Kronecker-deltas. Finally we have to count the number of summation indices. Every 
plaquette contributes four indices and the Wilson loop itself 27 + /) indices, both 
numbers correspond to the number of involved lattice points. Therefore there is a 
total number of 


41-J +20 +/) (9) 
summation indices. 3/ -/J + /+J — 1 of these sums cancel the Kronecker deltas, 


and the remaining sums yield a factor 3 each. Finally we make use of the fact that 
to lowest order 1/Z is equal to one and obtain 


1 B Tes 1 21-J+i4J 
: J)—(QBl- =il 
W(C) = 3 (2 (5) 34 J+20+/)—(B1-J +147 —1) 


s) 
B Ted 
-(§) 


B yor 
-(4) +0@) (10) 
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Fig. 7.14. Graphical deduc- 
tion of (7) 
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7.7 The Weak-Coupling Approximation for the Wilson Loop 


We are interested in the quantity Ka? in the limit of weak-coupling constants. In 
this limiting case (7.66) 


oB(a) _ an , 
4m (11 — 2) In Ea 


holds. We consider a pure gauge theory, i.e., Ny is equal to zero. Then one can 
solve (1) for a: 


~ 7 PA Tig 


1 
ee oe (2) 


Since the limiting case  — oo corresponds to the continuum limit, K should 
become constant for large values of @ (in units of Agcp). It can be seen from 
Fig. 7.7 that Monte Carlo calculations converge approximately toward 


Kea a 10 10e fore — ee (3) 
This corresponds to 
K=2-104 . (4) 


The second order yields® 


102 
1 aja) 
Nee —1.048 
a ae (= 5) i ©) 


This gives an even better approximation, shown by the double line in Fig. 7.7. In 
this case we obtain 


fe a0) Ae (6) 


Employing (7.89) we can estimate the value of A,. The number Aye  100MeV 
then yields 


K ~3x 104 x [0.0347 x 100MeV}’ = [S80MeV]/_. (7) 


This is approximately the same order of magnitude obtained by our heuristic esti- 
mate in (7.92). 


® See A. Hasenfratz and P. Hasenfratz: Phys. Lett. B93, 165 (1980). 
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The result of a Monte Carlo calculation yields 
K = (580MeV)*_ , (7.100) 


as discussed in Example 5.7. This must be compared to the heuristic estimate of 
(7.22). 


K = (200MeV)? (7.101) 
and to the result from a phenomenological string model 
K = (400MeV)_ . (7.102) 


The latter describes higher resonances (see Fig. 1.1.) as rotational states of strings. 
The length and mass of the string then depend on K. Conversely K can be obtained 
from a fit of the masses, which leads to (7.96). In comparing (7.100) with the 
other estimates, one must bear in mind that we have only considered a pure gauge 
theory. With fermions, (7.100) should change. This granted, the order-of-magnitude 
agreement of the different results for K is a pleasing success. 

Another very interesting result of lattice calculations is the discovery of a 
phase transition between two domains. For low temperatures, single quarks have 
an infinite energy, and quarks thus appear confined. At higher temperatures, a phase 
transition to another phase occurs where the quark condensate vanishes and a free 
quark has a finite energy that goes to zero as T — oo. This new, hypothetical 
phase is nonconfining; quarks and gluons behave like free particles with only a 
weak interaction that can be calculated in perturbation theory. 

To get this result, we first must find a suitable observable on the lattice. For 
the quark condensate this is trivially done by calculating 


(ww) = z fi D (UO, Vx), Wa) ePV aXe), (7.103) 
where S is choosen to avoid fermion doubling. In analogy to the Wilson loop, 
which yields the interaction energy of a gq pair, we consider the expectation value 
of link operators along the time axis to calculate the interaction energy of a single 
quark (see Fig. 7.15). 

To obtain a gauge-invariant expression, we demand a periodicity condition in 
the time direction or, equivalently, identity points at the edge of the lattice. The 
expectation value 


UE. vee 3 / D [U(O, Vx), Fx)] ete [U(L)] (7.104) 


then yields at large times exp(—{F) with free energy F, as does the Wilson loop 
of (7.93). The result of Monte Carlo calculations in general looks as sketched in 


Fig. 7.16. ee 
Calculations differ mainly in the abruptness of the phase transition, 1.e., in 


deciding the question whether it is of first or of higher order. This question is 
essential to deciding what experimentally observable quantities are related to this 
phase transition. Unluckily it is still controversial (see Fig. 7.16). As a further illus- 
tration, Fig. 7.17 shows the result of a calculation with four light fermions, showing 
a first-order phase transition. (Nonetheless, the majority of published papers seem 
to favor a higher order.) 
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Fig. 7.15. The definition of 
the Wilson line. The lattice 
sites 1,2,...,5 are identified 
with each other 


Fig. 7.16. Schematic results 
of a Monte Carlo calcula- 
tion for the confinement— 
deconfinement and the chiral- 
phase transition 


Fig.7.17. The result of a 
Monte Carlo calculation for 
the Wilson line ZL and 
the quark condensate (WwW) 
(From F, Karsch et al.: 
Phys. Lett. B118, 353 
(1981).) 
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x x x x 
x x x x fr 
x x x x 
x x x x 
x x x x 
tL 234 5 


From these calculations a critical value 6, is obtained. Converting this to a 
critical temperature is somewhat troublesome and thus often not stated. We shall 
discuss this in detail in the next section. The result will be a critical temperature 
in the range T, = (100-300) MeV. 


7.1 Lattice Gauge Theortes 


Physicists are currently looking for signals of this phase transition in collisions 
of nuclei with extremely high energy. The hypothetical nonconfining state has been 
termed the “quark—gluon plasma”. Its predicted properties are discussed in Sect. 
ee. 

As a last example of the application of lattice QCD we shall now discuss the 
calculation of glueball masses. The basic idea here is to consider two objects which 


couple to gluons and can thus exchange glueballs. This is then manifested by a 
Yukawa potential. 


Glueball 


ya —— 
Meson Meson 


Describing mesons by a field we expect a correlation function that falls off as 
(@)8@ +X) ze"™ . (7.105) 


The major problem in lattice QCD is now to find sensible lattice representations 
for mesons ©. The simplest object, a Wilson loop, leads to problems owing to 
the missing translational invariance. A translationally invariant Wilson loop, called 
a Polyakov loop, is therefore constructed by demanding periodic boundary con- 
ditions, for example for the x direction, and considering Wilson lines in the x 
direction instead of the ¢ direction: Ly (y,z,¢). The sum over all values of z and y 
is the Polyakov loop 


NS ean) = (7.106) 


V2 


i—pP 
We then look at the correlation function 
ety — (0|P(0)P(t)|0) (7.107) 


and determine the relation 


c(t a a) e—mtta) 


BU E) = = (7.108) 
c(t) mma 
ff 
an aaa (7.109) 
t—0o c(t) 
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The physical mass is identified with 


1 1 
= Ui es lim 1,,cG+9 (7.110) 
a little J, a little L c(t) 
6 large Bilaee 


where L is the extent of the lattice in the x direction (in units of a). As a typical 
result masses between 0.5 and 2 GeV are obtained for the lightest glueball. One 
challenging problem of QCD is now to observe these states experimentally. Great 
effort has been made in this direction, but so far without success. It therefore seems 
possible that the decay width is so large and the mixing to mesons so strong that 
no glueballs in the sense of well-defined resonances exist. 

To conclude, it must again be noted that all the results of lattice QCD must still 
be considered with caution, owing to the great conceptual and numerical problems. 
In the end, the justification of lattice QCD will come from its success in describing 
and predicting experimental data. These successes are so far very encouraging. 


7.2 Lattice Theories at Finite Temperature 


Let us first review how temperature is treated in continuum field theory. It will 
then be relatively easy to adapt the resulting expression for the partition function 
to the case of a discrete lattice. 

The time-evolution operator of quantum mechanics is exp(—ifft), while the 
thermodynamic partition function contains the weights exp(—E/T). It is therefore 
natural to assume that the thermodynamic formulation can be obtained from a field 
theory by means of the analytic continuation to imaginary times (tf — —ir). This 
is in fact an exact statement. It is easy to see that the usual Schrédinger equation 


0 i 
“a eae) 
Gare \o 5 (7.111) 
for example, turns into a diffusion equation when —i7 is substituted for f: 
0 1 
— —~A]|¢=0 : 
(f-ka)ee aan 


describing, for example, Brownian motion. Also the resulting solutions are just 
analytic continuations of one another: oscillations in time for quantum mechanics 
and decaying exponentials for thermodynamics. Owing to this exact formal equiv- 
alence it is relatively easy to derive the form of the partition function. In quantum 
mechanics the transition matrix element between two states ¢; and ¢¢ can be written 
as 

P(x, t=) 

An . Pte 3 ; Od(a,t 

(dae) = fim f Dppyetde't Jenene O— mene sen} 

$(x,0)=9;(x) 

(7.113) 

This is the path-integral formulation for the propagator, which is completely equiv- 
alent to the canonical formulation of quantum mechanics.? 


” See, for example, R. P. Feynman and A. R. Hibbs, Quantum Mechanics and Path Integrals 
(McGraw-Hill, New York 1965). 
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As the thermodynamic partition function is simply 


BTV ..J=N f Diba ibale ba) (7.114) 
we can reexpress it by the analytic continuation of the right-hand side of (7.113) 
9(L,—17)=$a ; 
a =e fa) 
Z0,V,--)=N' {Di} [Dida] ff Digyeo 4 Ses ear mer 
(2, 0)=da 
. fait Oba A 
= N’ frm / Didjeto # Se (o, ma“$2—H') (7.115) 


periodic 


For bosons the boundary conditions are periodic and thus the energy can only take 
discrete values 


2mn 
a= ie 5 a =, Il, 2.25% ; (7.116) 
while for fermions we would have got 
2 1 
yee Mae NOt ee (7.117) 


The frequencies (7.116) and (7.117) are called Matsubara frequencies. For gauge 
theories the partition function then simply has the same form as (7.115): 


Z=N / AG erin eines (7.118) 


where we have substituted ¢ for —it. By analogy with (7.114), we must conclude 
that T is now playing the role of the inverse temperature 7=1/7T. Unluckily this is 
again usually called 8, leading to substantial confusion. Further on we shall discuss 
the connection between 6 = 6/9” and 3 = 1/T: it is given by @, being the QCD 
beta function 


1 2 1 38 
ee il = — | 102 = —_N, | op 1° 
Bacp i6q2 ( 3 ) 9% (16n2)? ( 3 ) 99 + 
_ 4 2H (7.119) 


which describes the running of the coupling constant with the scale-size, which for 
lattice QCD is given by the lattice constant a. Finally the temperature T should 
not be confused with the length in time direction T appearing in the Wilson loop. 

The finite temperature partition function can be discretized in analogy to the 
usual action, but with a slight modification. One has to fulfill the thermodynamic 
equations for pressure and energy density 


OlnZ 
ae Ay 
r (7.120) 
2 T? OlnZ 
eam oT |, 
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This requires that the temperature, or rather T = Nc@ce = 1/T, and the volume can 
be varied independently, which is only possible if the lattice spacing in the Eu- 
clidean time direction a, and in the space directions a, can be varied independently 
(assuming that N, and N, are constants as usual): 


=| 
Nee. 


V=(Nga,? , T G12) 
With € = a,/a, the discretized action thus reads for a pure SU(N) gauge theory 


S LC sa. S [ = —Re [tr(Uiy Ulu) 


Po 
1 
+Br>~ [ aaa [tr(Uy Uj Ue uid] G22) 
Pr 
2N 2NE 
Bo = “ae w on = 
958 a, 


For € = 1 and the continuum limit a — 0 one must have 6 = 65 = B,. The Pg 
are plaquettes with one space and one time link. With the average plaquettes Pz; 


: 1 a 1 
Por = NINE {Pee ES [ ——Reltr(Uj UU Un], 
ij 


N 
Po,r 
(7.123) 
pressure and density for example read 
OB, OBr| 5 
Qe a 
oo BE gor BE i 
ag { OBs OBr| 5 
a Be, P} ; (7.124) 
g O Ne 
OB 2 Op. = 
4 as 9) o : T 
eae E DE ae BE Pe 


and the partial derivatives are given by 


OG. || mee oee Fr 2N O95 
06 \2 = ” ee 3 oe 
0G, ss Oga- 
= 2N/ us 
OE ie 9g, an 2NE OE A 2 
Bn) _ 2N O95? (7.125) 
Oag \¢ ~ € Oa é ‘ 
OG, Ogz* 
= 2N£&— 
Og é é Oag € 
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The parameter € was introduced to allow for the required partial derivatives but it 
has no physical significance. Physics cannot depend on the relative discretisation 
length for time and space directions. This requirement can be used to determine 
the € dependence of g, and g,. If one defines the quantities c,,, by 


Gee (Gee) ee" (as) (ene) @,)- Og) | (7.126) 


one finds!® 


oe eds eee 
pat = 2N J 9 %Po ~ Pr) ~ (65 Po +5 Py) at + Pr) 


\ “27 
ea —6N {g (Po =P,)—(c, Po te, P)} 


and numerically for SU(V) 


Neal 
T= AN 2 0.586844 20) 
e. {os 8 aaa +-0.000499 : 


3 (7.128) 


cl = 4N {0.568445 


ae 0.005306 | 


To obtain these results one has to calculate the effective action (7.122) on lattices 
with different values of €. The results have to be the same, as € is an unphysical 
parameter and this leads to (7.128). 

To evaluate (7.127) and obtain the pressure and energy density which charac- 
terize the physical properties of the quark-gluon plasma phase transition, further 
corrections are necessary. The expressions (7.117) still contain the vacuum energy 
which has to be subtracted to get a physical result. In principle the pure vacuum 
contributions can be identified by simply choosing N,V very large which corre- 
sponds to small 7 = 1 /N,a. In practice, however, one faces severe numerical 
problems. A typical simulation uses N3xN, = 16° x4 lattice sites and determines 
the vacuum contribution from a run with 16° x 16 sites (or sometimes even with 
a smaller N,). This might raise some doubts with respect to the validity of the 
results, but one should keep in mind that the thermal energy density is proportional 
to T* such that a change in 7 by a factor 4 (or even 2) already nearly eliminates the 
contributions of interest, such that the remainder is indeed a good approximation 
for the T = 0 contribution, or at least an upper bound. Let us denote the average 
plaquette for Nz = N, by P (obviously there is now no difference between P, and 
P,). The vacuum-subtracted pressure and energy density are then 


p(vacuum—subtracted)a* = pa‘(N? x N,)— pa*(N? x No) 
=D NG (Ces een, 


= 10s 


ic ee 
~ (P, + P, — 2P)} ; (7.129) 


<(vacuum—subtracted)a* = ea*(N? x N,) — ea*(N? x No) 
—6N ig (2, —P,) 
= (ele, See =I (7.130) 


10 See F, Karsch: Nucl. Phys. B205, 285 (1982). 
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Fig. 7.18. The phase transi- 
tion for a SU(3) pure gauge 
theory on a 16° x 4 lattice 


7. Nonperturbative QCD 


The deviation from an ideal gas can be parametrized by the function 


ee = 355 dg. = = 
A = SUM) ~ PSU) — ENE a g (Popa e Pa (GEM sill) 


ip da 
where A is a measure of the strength of interaction. 
Monte-Carlo simulations allow us now to obtain P,, P, and P for various 
values of Nz, N; and @ and thus 


pM oa" (VEIN: Omens (he) (7.132) 


with the temperature T = 1/aN,. 

As can be seen in Fig.7.18, a phase transition occurs for some value 6 = pa 
Next we have to translate this number into a physical transition temperature. The 
relation connecting the coupling constant g, and thus (, with the lattice spacing a 
is the usual equation for the running coupling constant (see Sect. 4,3): 


Oe ———————— Tiga 

N — E . 

(11% — 3Ny) n= ee 
N 


In lattice calculations the resolution gq? is —q* = 1/a? and A = A, is the lattice 
value, which is substantially different from the one in the MS scheme. Thus we 
have 


aM a 81M Zyoin 

te eC “353 pine ae 
where we have introduced the subscript L to distinguish the lattice @ function from 
the QCD beta function Gocp. 
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Inverting (7.134) gives 


= J an? By Wr No)/(33—N 2p) (7.135) 


ib 


and in second order 


Beco = —S09 — Big + O(gd) 


1 NO 
Sa iN 
Bo aa { = 3 ;) (7.136) 
1 N?2 N iN ee| 
” NO = Ne N, 
i‘ al 9 ya 2 
B 
1 -F _ By (Nr No) 1 
Ue eee ae syn = — -R(G(N,,Nz)) , @.137) 
A, Ar 
and thus 
Ar 


T= -_ 7.138 

NRG; No) va. 
To finally get physical values for T one has to determine A, by fitting to some 
physical known value, e.g. some hadron mass or to a, at some given momentum 
scale. Alternatively one can relate T to some definite temperature like 7, and plot 
all data as a function of 


T _ R(BANt,No)) (7.139) 


T,  R(B(Nr,No)) 
Following this procedure one obtains the open symbols in Fig. 7.18 and quickly 
realizes that something has gone wrong as, close to the phase transition, the pressure 
becomes negative. The reason is that the perturbative relation for the running 
coupling constant is not really applicable. The phase transition occurs for 


f= 5 ss ae iy > FSIS (7.140) 
such that an expansion in g? is not valid. The point is again that the lattices are too 
small. For larger N, and N; and given T the lattice spacing a would be smaller, 
implying that g2 would be smaller and ; larger. For sufficiently small g* the ap- 
proach just discussed would thus be reliable. At present one is stuck, since really 
large lattices can only be treated with the next (or next-to-next) computer gener- 
ation. To treat the higher orders, at least approximately, purely phenomenological 
Gocn functions were proposed, e.g. by J. Hoek"! 


See vane, 
ll = hy ee OD ea (7.141) 


o 7 
¢ — lai ap st @*) +a; 94 


' See J. Hoek: Nucl. Phys. B339, 732 (1990). 
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With a= 06035 (ode ee oe 10-5, a; = 0.0157993. As can be seen from 
Fig. 7.19, this form leads to acceptable values for p/T* and €/ T*, Equations (7.137) 
and (7.139) now read 


2 1 1 l by ; 
2\—b,/2b 2 
ee cece 2bog* bo | az (« ae (=) 


—o) = b 
x | arctan ibe wl Re f= In (1 — 2a,9? + (a? + a3)9*) , 
2 2bo 


a2 
(7.142) 
T _% ae Bee ue (a, — 8 /2NY + a2 
fi GE OO On (a, — B/2NY2 + a2 
ce as + (by /2bo)° 
a2 


BS arctan (a=£0") — arctan (BEN )\)I : (7.143) 
az a2 


To extract the physical significance of Fig. 7.18 it is useful to compare p and € 
with the results for an ideal gas of massless gluons. We shall show in problem 7.8 
that a Stefan-Boltzmann gas gives (for SU(3) the colour factor is 16) 


¥ ah sin*(mjo/Nz) 1 _sin*(tjo/No) 
Esp ~N3 € b2 +sin2(mjo/Nr) No b2 +sin’(mjo/No) 
(7.144) 


with 


3 
= Sih) (7.145) 


p=1 


The sum runs over the values jp = 0,+1,42,--- +(N,/2 — 1),+N,/2 and 
ju = 0,41, +2---+(N,/2 — 1),+No. In the primed sum the term with jo = j1 = 
jo =j3 = is left out. Again the contribution for VN, = N, was subtracted to get 
rid of the vacuum contribution. We still have to make finite-size corrections. The 
real continuum Stefan-Boltzmann energy density is 


eS = af 30 NE (7.146) 


For a 16° x 4 lattice (7.144) gives instead 


E 


SB 
-SB — 1.4922 
= (7.147) 


and the quantities plotted in Fig. 7.19 are 


Elattice Piattice 


lattice and = —_ tee __ 7.148 
1.4922 - 165-74 1.4922. 4.16574 a 
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We have seen that to obtain this figure several assumptions were made, and various 
corrections were applied, but it represents the present level of understanding of the 
quark-gluon phase transition and all further analyses have to be based on such data, 
and on those also including dynamical fermions. The latter we do not discuss here, 
as all the problems just explained are even more severe for fermions, and probably 
a final understanding has not yet been reached, whereas the gluonic part seems to 
be reasonably under control. The phenomenological implications of Fig. 7.19 will 
be discussed in Chap. 8. 


AeA [aS 


7.8 The Ideal Bose Gas on the Lattice 


We consider the partition function for non-interacting neutral spin-zero particles 
with mass m on an Euclidian (N? x N,) lattice. a, and a, are the lattice constants 
in spatial and time directions, respectively. The continuum Lagrangian reads 


= 5 (060% — mg"), (1) 
and 
™= 5,0) ~ - 


is the field conjugate to ¢. Since the system has no conserved quantum number, 
the continuum partition function reads 


Soi 


Fig. 7.19. Corrected lattice 
data obtained with a 16° x 
4 lattice for a pure SU(3) 
gauge theory 
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MAURIE ZV om) {exp 5 | \ (3) 
H= | @xH(a@,1),o@,t) , (4) 
(1,8) = nod — L(b, 09) 
1 
=5(+[vol +m?) (5) 
Z can be written as the following functional integral. 
i/iT 


2(T,V;m)=N / Dr / Déexp ¢ i / dt | d?x(nOo¢ — Hx, 4)) (6) 


Using the Hamiltonian (5) the argument of the exponential function can be rewritten 
in the following way. 


1/iT 


i | dt [eax x (— 300 - a0 + Ld, eue)) | (7) 
V 


0 


Therefore one can eliminate the z-field as in the case of gauge field theories. 
However, in a Euclidean space-time lattice it is not necessarily more practicable 
to expand the z-field into Fourier components, i.e. to transfrom the functional 
integrals into products of ordinary integrals. Since our space-time lattice consists 
of a finite countable set of points 

Xq = (Q0ar, Qdg) , 


N N, 
a = 0,152)... (SE = 1), 


2 
N N 
,;=0,+1,+2,...,4{—2-1],— , 
(F-)5 
eee | 0S 


(we restrict our treatment on even values of N,, N-), there is also only a finite 
countable set of fields to be integrated, 


NDnD¢ ~ a2NeNr iW Tae) A | (8) 


The normalization factor on the right hand side is due to N ~ V¥ ~ a3" and 
F' = 3, = N3N,. The discretized (it — 1) version of (6) taking into account (7) 
and the substitution 7 — 09¢ — 7m reads 


Z(T,V;m)~ aie a) iW area) dete :) 


x exp {fetes Se 0 = (Seated— eta)! 


a Ts 


3 
ae oS ( P(Xe se A= Hea)N’ fe m6) ; (9) 


ill oa 
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Here the partial differentiations have been written in discrete form as quotients of 
differences employing the lattice unit vectors e,,. The integration over the 7-fields 


: 3 
yields a factor Gey ew 2 and hence one has 


N3Ny 


ae 
Z(T,V3m)~ (#2 [ [Te en S18) (10) 


S{d) = saa, J ( +60) - oy 


a, 


3 2 
ss (i +¢)) ea) ee? He) 
=-a3a,)_L. (11) 


At this point the first problem occurs in evaluating the partition function. If one 
considers massless bosons, the last term in S vanishes. The S itself vanishes on 
lines of constant field configurations, i.e. d(xa) = const. for all lattice points Xo 
in the multi-dimensional integration volume. Consequently the integrand is equal 
to 1 on these lines and the integral diverges, because one has to integrate over all 
values of ¢(xq), including infinitly large values. 

In the case of massive bosons, however, the mass term has the effect of a 
Gaussian convergence factor, i.e. it suppresses large values of ¢(xq) in the multi- 
dimensional integral (10) and makes sure that the partition function converges. First 
we consider the case m + 0 and discuss later a possibility to avoid the divergence 
ee — a) 

But first of all we want to explain the similarities between quantum field theories 
ona lattice and spin models known from statistical physics. To that end we evaluate 
the quotients of differences in S (see (11)). Due to the periodic boundary conditions 
one obtains 

re 

SIp] = 5020, > 

a 


(4 eae mn) (sa) 


as 
a 5 
a ae d Xa + COX) — Fe 5 ai) : (12) 


The bracket in the first term can be rewritten as 


6 Z pe BL, ii wee 
Satna (Beet 2 
2 
= 13 
een S 
with 
eae e+ ao) 
= SE ae (14) 


B59 


Example 7.8. 


360 


7. Nonperturbative QCD 


Example 7.8. 


It follows that 
3 
s $2600 = “2 ye P(Xa + €:)P%a) — ar Eba + €9) $a) 


a —I 


S1¢] 


3 
k 
= Ss o%) a é — O(Xq + €;)O(Xa) 
a i=l 
+ k€o(a + co) =S[¢] , (15) 
where the fields have been renamed according to 


He) =e Ea) (16) 


However, the action (15) now is identical with the action of a spin system, namely 
the non-isotropic four-dimensional Gauss model, 


3 
So) = — 3 -o + Ke ee (Xe + €))O(Xo.) + Kr O(Xe + 20) Xa) ’ 


a nll 


(17) 
where we defined K, =k/€ and K, =k€. The partition function then reads 


3 
BTV myroKe / idcesen! (18) 


For isotropic lattices (€ = 1 = Kz = K, = K) one can transform (17) into a 
better-known form of the action, i.e. the action for spin systems. Then one can 
summarise the last two terms to 


K we O(Xn.n.(a))IXa) 


nna) 


where “‘n.n.(a)” denotes the lattices index of a nearest neighbour of the spin o(xq) 
in the four-dimensional lattice. Since one has to sum over all lattice points, the 
action assumes the form 


S[o]=-K Yo oj0;+ Soo? . (19) 
{ii} 


Here “{ij}” denote all pairs of nearest neighbours in the four-dimensional lattice. 
We have abbreviated the points xq in the four-dimensional lattice by i or, respec- 
tively. Equation (11) is nothing else but the action for a system of spins {0;} with 
a Gaussian distribution of the spin lengths |o;|. The case m = 0 corresponds to the 
critical coupling K = 1/4 in the Gauss model. The partition function assumes the 
well-known form 


z~ [ [[dove-t (20) 


for spin systems. The “energy” of the system H[o] is just the action S{a]. 
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Now we further evaluate the partition function (18). The only problem in doing 
this is the occurrence of terms which contain products of fields at different lattice 
points. These terms, however, can be removed by Fourier transformation 
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O(%a) = (NgNz) 1? S Tel O(q) (21) 


q 


The momenta g are those of the first Brillouin zone of the reciprocal lattice, 


N. N 
ae OE? a | —— = 1 | 
JO ’ ’ ’ uv € \.% 
No Ne : 
jy = 0,-51,3,..., (7% -1) 7%, i=1,2,3 


Now we insert (21) into the action (17) and make use of the disctrete form of the 
completeness relation 


ye = = N} N ro = ie N 7. 8qo,00q 054 ,0g3,0 . 2 
Hence 


3 
S[P] = — raco( —1+K, a SLI cm )a(g) 


~ SG ay(o-+2¢ + (mag? —2 re" 26 oe) 9g 


il 


es -2)( tan 297 OE Nae ewe —1] Ja) 
=; Seen ne ~ 25° [oos(a) ~ 1 
q i=l 


— 2€?[cos(q - ¢9) - i) )a@ , (23) 


Here we have used the definition of & and the expansion of the exponential function 
into trigonometric functions. Since the sum extends over all q, the sines in this 
expansion vanishes. Employing in addition q - e; = qidc, 7° €0 = 4iar, the unit 
vectors on the lattice just have the lengths a, and a,, and we obtain 


s{o) = ne Tea Heer 6 aa) (24) 


= [mag] Papa Ee ad + 4€? sin? | (25) 


al 
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The quantity Do ! is the inverse propagator for spin-0 particles on the lattice. 
Taking into account the relation 


| i = exp 5 Sony = (dete (26) 
i 


we immediately arrive at the result for the partition function of the system. Just 
like in the case of gauge fields (massless spin-1 particles) one obtains (neglecting 
irrelevant constant factors) 


3 k ae 
Z(T,V;m) = (keen? («cs [=5']) 


= e%eN* T] [D5 Mao.é,a)) (27) 


a 


& In Z(T,V;m) = N2N;, In€é — ; ye [Pa CR a e)) 


= NN, Ing — 3 Dotn mao p44) si =] 


4g? sin? |) $ 
+ 4€° sin E (28) 
With the help of 
OlnZ 
p=T 
CIE Ne (29) 
= T? OInZ 
Ora 
and the lattice relations 
0 eo 
OV |, -=Ee 3N3N,a4 he SE rex, | Cy 
Of ae 8 
V ar, Cy 
one can easily calculate 
a 2 4 DP ‘IN. 
p at = iS - g 2 [mag] + 4€° sin (aio) =) (32) 
3 3N3N, + [mag P + 4b2(j) + 482 sin? (ajo/N,) 
Ae e 4€? sin? (my /N 7) 
me aaa sin’(ajo/Nr) G3) 


where we have used the abbreviation 


3 
bj) = DJ sin’(mji/No) (34) 


ill 
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As mentioned earlier, one has to avoid the integration over constant field configu- 
rations in the evaluation of the partition function. These configurations correspond 
on the reciprocal lattice to fields without momentum, gq = 0. In the massless case 
m = 0 the term Jp = /; = j2 = /3 = 0 must therefore be excluded from the sums 
(32) and (33). 

The partition function (28) still contains the vacuum energy. One can approx- 
imately eliminate this energy by subtracting the corresponding terms for pressure 
and energy density on a lattice with N, = N, (to evaluate thermodynamical quan- 
tities one usually chooses lattices with N, >> N, ; because of T = | /aN, a lattice 
with N, = N, represents a system with much lower temperature and can therefore 
serve aS an approximation for the “cold” vacuum). 

Energy density and pressure for a non-interacting system of massless bosons 
on a (N2 x A) lattice with € = 1 then read 


s__ ty (  __sin’Qrjo/Ne) 
ae wpe (e b2(j) + sin“(njo/Nr) 
le, eon eee 
No b2(j)+sin’(mjo/No)} ~ 


l 
ee zee , (36) 


II 


where the prime on the sum indicates the omission of the term j = 0. The final 
evaluation of these quantities now has to be carried out numerically, which is no 
problem, because the sum includes only a finite number of terms. 

Since a massless Bose gas is known in the literature as a Stefan-Boltzmann gas, 
we denote the energy density (35) by e&, (the index L indicates that the energy 
density has been evaluated on a lattice). 


SEE — SE SSS TS 


7.3 QCD Sum Rules 


In this section we discuss the techniques of QCD sum rules, which allow an ap- 
proximate phenomenological treatment of nonperturbative effects in QCD. It turns 
out that this method is extremely useful in calculating the lowest-mass hadronic 
bound states or determining effective coupling constants. In addition, QCD sum 
rules offer some surprising insights into the internal wave functions of nucleons 
and pions. 

The basic ideas of QCD sum rules are met frequently in QCD. As the full QCD 
interaction is strongly nonperturbative and can be solved exactly only in special 
cases (e.g., using lattice gauge theories; see Sect. 7.1), one attempts to separate 
perturbative and nonperturbative contributions, describing the latter by a set of 
phenomenologically effective Feyman rules. 
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i nn 


The starting point for QCD sum rules, first formulated by M.A. Shifmann, A. 
Vainshtein, and V.I. Zakharow in 1979'*, is the operator-product expansion we met 
in Sect. 5.4. The OPE gives a general form for the quantities of interest, and QCD 
sum tules are a phenomenological procedure for evaluating the matrix elements of 
the operators that occur. This is a general procedure with many applications. We 
shall introduce it by discussing a specific application: the determination of hadron 
masses. For this purpose the operator to be expanded is the general time-ordered 
product of two currents: 


i / dx e4* Tiir(xyr(0)] = C/T + a CAG) One. (7.149) 


The operators O, can be ordered by their naive dimension (dim[qg] = 3/2, 
dim[G,,,] = 2, dim[m] = 1). As we shall only be interested in vacuum expec- 
tation values, we can restrict ourselves to spin-0 operators, which are 


Go =), 
O,,— mq da —4 
Opa 1, aa 
Ole gen) oe aS (7.150) 


' A° 
(pee GO ww > IG wv , od =O 
Oe Gs) GC, Gm ad — 0m mecie 


pay yi 


To evaluate (7.136) one must know the vacuum expectation values of all operators 
and the corresponding Wilson coefficients, which can be calculated perturbatively 
and will be discussed in detail below. But first we shall present the general tech- 
nique of QCD sum rules. 

QCD sum rules start from the fact that the vacuum polarization tensor can be 
described at the hadronic level, i.e., in terms of hadrons and hadronic resonances. 
The optical theorem states that the total cross section of a certain reaction equals the 
imaginary part of its forward-scattering amplitude. This can be understood from 
the fact that the cross section is proportional to the square of some amplitude, 
graphically depicted by doubling the corresponding graph. 

The forward-scattering amplitude corresponds to the vacuum polarization ten- 
sor. Hence for a vector coupling we can write 

Im/7” (s = q’) = Gazgn ? ior +e —-yo> hadrons) ; (7.15ig 
The cross section of virtual photons into hadrons has been extensively studied in 
electron positron annihilation, e.g., at DESY in Hamburg and at SLAC in Stanford. 
For low virtuality of the photon there is a contribution only when q? is just the 
mass squared of a hadronic resonance with photon quantum numbers, i.e., a 177 
resonance. (Here I is the spin, the first “—” represents the internal parity, and the 
second “—” C parity. Only neutral particles have a C parity.) Therefore the vacuum 


See M.A. Shifmann, A.I. Vainshtein, and V.I. Zakharow: Nucl. Phys. B147, 385 and 448 
(1979). 
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2 Fig. 7.20. A graphical dem- 
onstration of the optical the- 


Im = orem 


polarization tensor can be thought of as a sum of 6 functions of the type 6(q?—m3). 
In reality the hadronic states are rather broad (see Fig. 7.21), but here they can be 
approximated by delta functions. Bear in mind that, in principle, we can imagine 
inserting a Breit Wigner form instead; however, the precission achieved is such 
that it does not really make a difference. As IJ’ is dimensionless, this must be 
multiplied by the only dimensional quantity s = m2. All other constants appearing 
here are absorbed in a parameter gr, and we have 


Im pee (s = q’) =e S°+ ma ds — m2) . (7.152) 


©; a Tar 


Here the sum over resonances has been split into sums of resonances that require 
the creation of a qQ pair of flavor q. For gq = c these are, e.g., J /, w’, w”",---. For 
sufficiently high virtualities of the photon, more than one particle can be created, 
and discrete resonances are replaced by continua of states. For virtualities just above 
the continuum threshold, the cross section cannot be expressed in a general simple 
form. Above the continuum threshold this is possible, since just the elementary 
et +e7 —+ q+ 4 cross section can be inserted. 


Ano? 2 
a(et +e” — hadrons) = aS ie (7.153) 
q 


The ratio of the cross sections for multi pion production and (7.153) is plotted in 
Fig. 7.21. 

The rho resonance at 770 MeV is very prominent, while the higher resonances 
merge with the continuum. The continuum threshold so is at about 1.3 GeV. 


3 2 9 
Im [11” (s = 42)} = — YE 6s — mp) + Se? O(s — sy) . (7.154) 
Oo GR 7 loz 


Here we have counted each flavor f three times, since there are three colors. The 
continuum thresholds sor for the different flavors f can be taken to be free-fitting 
parameters. In our case we take only up and down quarks into account and choose 
50 = Sou = Sod & 1.3 GeV and neglect all except the p resonance in the first term 
on the rhs of (7.154). As we have already mentioned, its approximation by the 
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Fig. 7.21. The ratio o(ete7 
+ nn)/o(ete” — pty) 


2) 


) 
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free-quark cross section is poor near the continuum threshold, and one attempts to 
minimize the errors resulting from this by suitably adjusting soy. In the following, 
we shall expand the correlator in (7.149) in the framework of OPE and in this 
way obtain a representation of JZ’ as a function of expectation values of certain 
operators. On the other hand, the imaginary part of JZ’ can, as discussed above, be 
parametrized by discrete resonances and a continuum contribution. This will enable 
us to express the mass of the lightest resonance in terms of the expectation values 
mentioned above. This approach can be repeated for each J?© channel so that 
many masses (and coupling constants) are fitted essentially by three expectation 
values. Our trust in this procedure is based primarily on its success. QCD sum 
rules consistently describe a plethora of hadronic data, all of them with a typical 
accuracy of about 20%. On the other hand, the fitted expectation values 
a 
(o}anom 
(O|#u|0) = (0 |dd|0) = —(225 + 25 Mev)? 
(0 |msSs|0) = —(210 + 5 Mev)! 


0) = 36020 Mev)", 
(7.155) 
i 
(0 |mgGq|0) = —(100 MeV)", m= 3 (mu avid) 
(01 gop G"”q|0) = 0.436 GeV? 


have far-reaching physical implications. They describe physical properties of the 
nonperturbative QCD ground state and give, for example the vacuum energy den- 
sity. To illustrate this let us discuss the trace of the energy momentum tensor of 
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QCD, 
BQ) 5 : 
Os eae So maq , (7.156) 
with the QCD beta function 
3 
g 2 
Se iS ve 
BQ) (ane ( 3 °) + (157) 
This gives, on inserting (7.142), 
i 1 2 Oe aerate re 
eh, = Se | Le | er KE Somaq , (7.158) 
q 
(Ot) = —(370 MeV)? . (7.159) 


In the bag model Of; is simply (p is the energy density, p is the pressure) 
Oe =p—3p=-4B , (7.160) 
which suggests that the bag constant is (Nr = 3) 


B==( 
32 
which is substantially larger than the value fitted in the simple bag model (see 
(3.143)) B = (146 MeV)’. There do exist a number of modified bag models with 
a smaller bag radius and correspondingly larger B values. Some of them use B’s 
as large as (250 MeV)* and their authors claim that the sum rule value (7.161) 
would support their model. Such claims are, however, not very sensible. In each 
of these models additional interactions are introduced. The energy and pressure 
associated with these additional interactions and that due to the QCD vacuum state 
are interwoven, such that is not so clear which quantity should be compared to 
(7.159). Most probably B should only be regarded as an effective parameter and 
the bag model as a simple model with limited connections to QCD. 

On the other hand (7.159) is a clear statement of the fact that the vacuum of 
particle physics is far from being a simple empty state but is instead a complicated 
structure with a definite energy. To illustrate this fact let us calculate the total 
energy content of a cubic meter of QCD vacuum. 


= Gaga") ~ (260 MeV), (7.161) 


as 


3 
1 m? x (260 MeV)* = MeV x 260 x (10!°) Garces Te 
= 6.0 x 1047 MeV = 108 kg = 10 t (7.162) 


This corresponds to the mass energy of a million billions tonnes of matter. These 
numbers become much more exotic if one studies astronomical distances. 

Chiral symmetry, i.e. SU(2), plays an important and still not fully understood 
role in full QCD. The normal isospin symmetry transformation is 


DOr) > eT BO OL) (7.163) 


In the absence of quark mass terms a second symmetry follows from this, namely 
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h(x) 9 eT 2M Sap), (7.164) 


The reason that Vx) is invariant is that ys; anticommutes with every 7 
matrix, and thus any bilinear form with an even number of 7 matrices between 
at(x) and (x) is chirally symmetric, and all bilinear forms with an odd number 
are not: 


boxy Px) Bl (xjeXeOr WS yorye7 2047 Spx) 
= pl (xe 2A ye 2%™ p(x) 


= Pl eyo yed ere“ 4007" ype) 
=Wx)wwHe) - (7.165) 


Consequently the quark-mass term maby violates the symmetry (7.163) but since 
the QCD up and down quark masses are small, their symmetry-breaking effects 
should be weak, such that a symmetric theory should give a good description. 
Surprisingly this is not the case. While the up and down quark masses are only 
about m, = 5.6 + 1.1 MeV and mg = 9.9 + 1.1 MeV, the chiral partners p and a, 
have vastly different masses 


Ma, — Mp = 1260 MeV — 770 MeV = 490 MeV, (7.166) 


1 


which implies that in addition to the small explicit breaking of chiral symmetry 
there must also be a spontaneous symmetry violation. “Spontaneous symmetry 
breaking” (SSB) designates all cases in which a symmetry present in the Lagrangian 
is not present in the actual physical ground state. Let us add that p has the J a 
quantum numbers 1~~, while a; has 1*+. Both are the lightest mesons with these 
quantum numbers. As (7.164) mixes vector states with axial-vector states, p and 
a, would have the same mass if (7.164) were a symmetry operation. Similarily 
w(m., = 782 MeV, J? = 1——) and fi (mp, = 1282 MeV, J?© = 1**) should be 
degenerate, etc. The pion, however, should play a special role; see below. Let us 
also note that in lattice calculations (see Sect. 7.1) the restoration of chiral symmetry 
at the phase transition manifests itself by m, and ma, converging to the same value. 
If (7.164) is a symmetry operation, it follows that 


O3 = i dx Derios5 7° ver) (7.167) 


is an additional conserved quantity, similar to the total isospin 
. - 1 
ot = [ax Derms7 ve) (7.168) 


As (7.164) is a symmetry of the Lagrangian (neglecting quark masses for the time 
being), |0), Qs|0), Q2|0) ... all have the same energy. On the other hand we just 
argued that this symmetry is spontaneously broken for the ground state; thus 


Qs|0) =|v1) #0) , O2|0)=|vn) #|0) . (7.169) 


Owing to all the other symmetries of the theory, |0), |v), |v2),... can differ only 
by the presence of qq pairs. To lowest order 
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= a 
(0 [bua v1 
We substitute di (x) = Be )yst 5 w(x). As $7,(x) transforms as an isospin vector 
we find that 
Pix) > PLC) —150AK\MT an Pie), 
$20) > eida? (x08 $2 (x) e 160° (x08 


) = (7.170) 


TAGA 
= $i(x) + i620) [OF O0@)] ae 
=> (T*) , Gux) = — [08,4] 
Taking the vacuum excpectation value of (7.157) yields 
(0}(74) 5 Bud] 0) = —(O1F #710) + (017,03 0) 
= (0|ef|u) #0 (7.172) 


Obviously there must be at least one linear combination of the ¢°(x)’s with a 
nonvanishing vacuum expectation value. For SU(2) the number of generators is 
three, just like the number of vector components. In fact the pions are a regular 
representation of the SU(2). Therefore we shall not distinguish bestween A and a 
indices. Let us define 


Oo ieee | (7.173) 
Equation (7.172) then implies that 
10 02 2ea 0) = Ola|0) 2 0 (7.174) 


To describe SSB one usually introduces an effective field o with a potential that is 
minimal for a finite value o, here we have shown that even without specifying an 
explicit model one must always have an effective o term. Next we introduce the 
pion in our scheme. Fourier transforming ¢%,(x), we get 


(0 Fon SHO) un) £0 (7.175) 


We assume that 7), 7) are incoming or outgoing on-shell particles (either quarks or 
nucleons). We then multiply this expression by q, = Be — Py. On the other hand 
we know that |v;) should be identified with some field. In principle 


Qs|0) = |v1) 
could be related to any pseudoscalar, but for [Ho, Qs] = 0 it follows that 
Ap|v1) =+Qsfo|0) =0 . (7.176) 


such that in the absence of chiral symmetry breaking the particle must be mass-less 
(it is the corresponding, so-called Goldstone boson). The pion with its extremely 
small mass (compared with other hadrons) is the only natural candidate. Equation 
(7.174) thus implies that 
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(0]s@ 0" — drs5-v0)|* ) 
= (0 ee + 1b V0) *) 
=-im (0 |iysr*)| x”) ~ bab 7) : (7.177) 


Transforming this back into coordinate space yields 


(0 on (Serna 5¥) *) = (0|d"At | 7”) 


= 6” .const. = 6° f,m2 , (7.178) 


with the usual definition of the pion decay constant f,. This relationship is postu- 
lated to hold at the operator level to give what is called a PCAC (partially conserved 
axial vector current) 


Gyr = jodie (7.179) 


This equation implies that the violation of axial-vector current conservation can 
be described as being due to the coupling to pions. From this starting point many 
interesting relations can be deduced. We are especially interested in the following: 


l= / d'x e~** (0|T (442(0)0" AP (x)) | 0) 
=r / d'x e~** (0|T (27(0)n?(x)) | 0) 
= f?mss® -iD(k) . (7.180) 
We look at this in the limit k > 0 (D,(k) = 1/(k? — m2) — —1/m2) and obtain 
f= eno (7.181) 
On the other hand by partial integration we have 
I(k > 0) = | d‘x (—d”e**) (0|T (0"A2(0)4? (x) | 0) 
= / d'x e~** (0 | [0” (0) A? (x) 0"A4 (0) 
+0” O(—x9)0"A4(0)A2(x)]| 0), (7.182) 


p= 0 =(0- [as 5(x0) (0 | [43.(x), 0%A%,(0)] | 0) 
= () d*x 5(x0) (0 | [4G(0), 0%? (—x)] | 0) 
= fas (0 |[46(0, x), 0°45(0,0)]|0) (7.183) 


because only terms even in x contribute. As 45 is not explicitly time dependent, 
this becomes 


=i fas (0 |[48(0, x), [46(0, 0), #(0)]]|0) : (7.184) 
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This we shall evaluate for 
H = Ho+ Fim = +Ho+ i Py [m, (0, yu(0, y) + mad (0, y)d(O, y)] (7.185) 
with 


laa Gt aa) engt (ae —4y)) (7.186) 


By straightforward calculation (see Exercise 7.9) we get 


(0 | [43(0, «), [48(0, 0), Hin(0)]]| 0) = (0 | aL a) 0) (7.187) 
and thus 
(my + ma)(Oliu + dd|0) = ~f2m? = —2x (100 MeV)* (7.188) 


We have seen how the non perturbative effects leading to the breaking of isosym- 
metry and thus to hadronic mass correction lead to the introduction of a quark 
condensate (7.174). QCD sumrules invoke similar condensates to describe the non- 
perturbative effects of QCD. In general here one has to allow for the appearance 
of all possible condensates, of all the operators O, appearing in (7.149). Let us 
now return to this equation. 


Los = a————S———————————— SS st 


7.9 PCAC and the Quark Condensate 
Problem. Calculate 


| / (0 | [4G@, x), [45(0, 0), muy u(y) + madv)d)]]| 0) Bx By (1) 


with 
b 7 ae 7 u(x) Q 
Agx) = 9) 1155 9) » gx)= Hey! ) 
Solution. First we write 
mait(yu(y) + maddy) = ==") qv) + ™@—"“aQyr*qo) 


and then we write with simultaneous Lorentz and isospin indices a, 3, 7, 6 
GO — 797154 (0), 720] 
= [gz 0)4a(0), a7 W)a5()] (> 7s) (Yo) v5 


Sl ey donde) | 9a 145d) } Go — 44 (aa.45} Ye 
+ {qi,4}} 4898) (Fs) : (104s (4) 
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Exercise 7.9. as ’ 
Ga) = =92 ay 9995 — Tan tal qsaa tat He qe+ad deg 98965 


— 9594 4598 ~ qt qsqede +42 a 9698 + ce da 9590 
= qiqtqsqa(t+1—1—14+1+1~1) + [ar9a,97 96] (5) 
Now we use 
{qa(0, 0), q5(0, y)} = 0 = {qt O, 0), a7 (0, ve 
{qp(0,0), q1(0, y)} = Say), 


{q+(0,0),45(0, y)} = ba66°(y) (6) 
to get 
eee |) — eu + (0)qs(0) (5 Fas) — q+ (0)qa(0) (w515) | 
ad 75) 
= & (y)qa (0)qs(0) (T° Ys Was - (7) 


Similarly we obtain 


o> 0'¥sq(0), G00, y)7°g(0, 7) 


=e O20) (Sree) e700 (2S) 
a ay! 


= & (y)qz (0)as(0) aso 5 (7 er, (8) 
6 
a3 ad 


and thus 
, otha 
[ay |a80,0,%5 id 5(0,y) 1g, 4) + 


_ My tig 


5 qa (0)qs(0) (Ys VOT as 
My i 


5) qa (0)qs(0) (YsYolas a3 =J(0) . (9) 


The next step just repeats the preceding one. 


i Px [45 (0, x), J (0)| 


= fer & (ax) 


th 


+890, w)7° 410.9) 


+ 


My = mg ae 
a onsen ( 5 Vssion = stom 15] 
ad 


7 
oF suono(? 951570843 — 15°10603- 1s] | 
ad 


= = sions] ne (03 alt oF “) a ee (| 


My + Md ~ 
= 00) 400) ban + — 


“1 a(0) 7° q(0)5a3_ - (10) 
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Finally we take the vacuum expectation value of this expression. As the vacuum 
cannot carry any quantum number such as isospin, the second term does not con- 
tribute: 


i Px By (0 | [430,2), [43(0, O), muii(0, y)u(0, y) + md(0,y)d,¥)] | | 0) 


= M7 (0|i(0)u(0) + d(0)d(0)|0) bay. (11) 


Let us now return to QCD sum-rule calculation. We illustrate this method by 
presenting all the detailed steps for one specific example: the calculation of the p 
mass. We wish to evaluate the left-hand side of (7.149) at the quark level, using 
the condensates (7.150). The result will be compared with (7.154) and from this 
comparison we shall extract an estimate for the p mass. 

The simplest contribution to (7.149) is just the perturbative graph. The flavor 
structure of p is simply 


if = & 
= a —diu2) , 
aD aa — Sp (avin = ii dy) 5 (7.189) 


if a = 
f= $a nm) am) 


implying that 


(Viner (O)|) 4 = 5 (ur de) (dr wi — ii yydz)(0)) «2 
= (41 @)yudain Ow42(0)) (7.190) 
= (ua@)ydeaOrnd@) , 

(Vnle¥iv(0)|) 0 = (F@WI@)GOwgO) 


Thus we do not have to distinguish between up and down quarks, at least not 
in the usual limit m,,™q — 0. In the following we discuss the p® case. For the 
perturbative part (without any additive interactions or vacuum insertions) we get 


TIyw(q) = i / déx e'®™ (O|T{9)y9@)IOwIO}|0) (7.191) 
Wick’s theorem gives simply 
(0|7{9)1:9@)4Ow4O}|0) 
= (Vp) OW isis (0| T {Gi (*)4i,(*)4i, (0)qi,(0) } |0) 
= (Wy) Ww gig (O|T (4: (x)qi,(0)}|0) (0|T {4,(%)Gi,(0)} 0) 
= (Yp)iyin W)izig USF,t4,4(—%) ISP, ip i) 


—# 
= (eaenp  eery) 


DB 
7 ix GJpv — 2XpXv 


=o ar: (7.192) 


as 


Exercise 7.9. 


374 7. Nonperturbative QCD 


Using Equation (1) from Exercise 4.5, 
2 


Qe 2 E = 2 p= 
[ots ao Sepeli@es usr) — ) (=) , (7.193) 
* ay I'v) ae J 
it is easy to calculate the Fourier transformation of (7.192): 
i fate &* (0l7 Gey na Or4OH10) 


=i [ats e PE 2 ad ail XEJuv a 2X Ey XEv 


4 Gey 
oy Bie aA) Pe 
ia ON wae 4 


i a a fe ut. il 
a) | déxp e E78 
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l 1 4 

~ae(e+r0) (FF) 3 = (Pp? guv — Diver oc 
1 4 

= an (Ze a e -) 5 (p? Juv — PuPv) 


+ terms without an imaginary part. (7.194) 


Every quark color gives the same contribution such that we get finally 


l An? py? 
Tay = Fe (P7 guv — Pupv) In ( 7 ) +... (7.195) 


Thus we have calculated the perturbative contribution to lowest order of a,. Clearly 
these perturbative contributions alone cannot be sufficient to completely obtain 
non perturbative quantities such as hadron masses. The fundamental assumption of 
the QCD sum-rule approach is that these non perturbative effects can to a good 
approximation be described by vacuum properties. As the vacuum is supposed to 
be homogeneous those fields coupling to it must have zero momentum. 


In the presence of background particles the propagator of, for example a Dirac 
field is 


Se(k) = (¥ +m) os + 2ni d(k? — m7) O(ky)n(k)| . (7.196) 
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Assuming that n(k) = c m 6°(k), in coordinate space for m — 0 this becomes 


1 : 


_ai # | Cp OE en ik-x 
io Gay Ory [° toe OO 
-i 7 c 
= —- 4 —— 
ee) eee a) 


Spx) => 


(7.197) 


Thus it would seem natural to describe the complex vacuum structure by adding 
constant real numbers to the field propagators: 


[Seer]? = 5 OE ba — Ga) ban by (7.198) 


This form is also suggested by Wick’s theorem if the expectation values of normal 
ordered products are interpreted as condensates. 


T [We BP x’)] = 2 YEP?) : +(0[7 [WFO] |), (7.199) 


(vac| T {p27 (xb? (x’)} |vac) 
= (vac| : 2 (x U7 (x’) : |vac) a (O|7 { b&b? @’)} 0) 
1 


— “1 bab Oy (qq) + 1SFy (x = x’) Onn ; (7.200) 


Using (7.186) we shall next calculate the quark-condensate contribution to the p 
sum tule. It is represented by Fig.7.22, while Fig. 7.23 shows the lowest-order 
perturbative contribution. 


(a) (b) 


Fig. 7.22a,b. A graphical representation of (a) the lowest-order, purely perturbative contri- 
bution, and (b) the lowest quark condensate contribution 


With (7.200) we get simply 


; ; es 
IT yy = Dies Cie Gonoleau 1D Ey,f (=>) (-540)) bab 6ini3 
a,b 
= (a) [e's el tr(YyvSe(—x)) (7.201) 


For massless quarks the trace vanishes and we get strictly zero. Therefore we 
expand Sg in m and also keep the term linear in m: 
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_ ee 
—15p(—x) ae (2n)4 Js k 2 k2 a= m2 + 1E 
ES) Sa ee (7.202) 
On? (x2)? © 4m? x2 0 
We thus get 
ie wl 1 
yy = 7 (qq)m [os e7 yz 19uv 2 
mI) (q?\) (—4n2\F 
~ 2D) @ ro) m (4q) uv 
1 2 
a (99) Guy 
1 = 


In the last step we have reintroduced the usual 17 prescription, which we did not 
write out explicitly during the calculation. As two graphs contribute, we have to 
multiply this by a factor 2. Also we know that J/,,,, is transverse, and we can make 
this explicit by adding the g,,¢, term: 


uA . (7.204) 
qi) 


Tv = (47 Gye — Guugu) 2 


Next we calculate the lowest-order gluon condensate contributions, corresponding 
to the graphs in Fig. 7.23. 


Fig. 7.23. Lowest-order cou- 
plings to the gluon conden- p p p p 
sate 


The fields coupling into condensates all have zero momentum, since the vacuum 
condensates are time and space independent. Thus the gluon field can be easily 
expressed in terms of the constant gluon field strengths Gia. 


At(z) = 5%0G8,(0) (7.205) 


=> OAN(Z) — AAR) + GfareA?,(z)AS (z) 
il lee 1 
= 5 Gin) — 5 Giin(0) + 972028 fare Goy(0) G5,(0) 
SO) (7.206) 


where we have used the fact that G2 (0) is the same for all colors, since the vacuum 
does not distinguish any color state GP (0) = G5,,(0). 
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The quark propagator in coordinate space in the gluon background fields of the 
vacuum condensates is then 


_ se - Gould) 1b ¥-7 aed 
SEM = aE Gaye ae 31 OF Cantey 
2G 4.(0)Gpr,,(0) 1 
+4 ee © [ete d‘z, _ J eon = 
* Edo Iul? = 
iitseae (7.207) 


As we calculate in Euclidean space we do not distinguish between covariant and 
contravariant indices. 

We have to perform these integrals using dimensional regularization. In Exercise 
7.10 we do this for the first integral on the right-hand side. The double integral 
and all higher ones vanish. The result is then 


| AU! ig 
S(,y;4) =1 a (2 a Saqapa (Wp = Yo%u") Goyu(0) 


ig 
aK Fy3pa 1 Vo% Gp,(0) (7.208) 
with 


oo) (7.209) 


LS [>See es) 


7.10 Calculation of QCD-Sumrule Graphs with Dimensional Regularization 
Problem. Calculate the first integral in (7.207) using the techniques of dimensional 
regularization introduced in Sect. 4.3. 


Solution. We first introduce the usual Feynman parameters: 
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Then, again as usual, we bring the denominator into the quadratic normal form: 
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Exercise 7.10. Substituting z > z +ux+(1 — - gives 
1= 10) [din — [oe ee [a=9¢ A= 
22 +u(1 —uj(x —y)?] 
males ar u(¢ — y)| [Z, + UXp ae “uy . (3) 
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The nominator of the second integral is abbreviated by writing z? - f(u). We now 
integrate using (4.88) and (4.90): 
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This still has to be multiplied by G,,,(0), which is antisymmetric in p and yp, leading 
to 
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Only the first graphs in Fig. 7.23 have to be calculated: 
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= Cabo (0)Gy aaa 


Now we have to insert also the SU(3) matrices to express Gyr, Gyr,r by the 
vacuum condensate: 


aXe re : 
a 
Gp y Gos p! = {> 5) 9 aie Goin Gout 
_ la; ey ere (AMG) 
20 
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=> const = — 
24 


Inserting this into (7.210) yields 
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The traces give 
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This leads to the same integral we encountered in (7.203) repeating the same 
calculations therefore gives 
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It should now be obvious how to proceed further. Taking into account the following 
graphs we get 
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We have so far calculated the partonic J7,,,(q*) tensor. Next we have to relate our 
result to the hadron description of JI,,,(q7). The quark description used a current 
with the quantum numbers of the rho. However, several resonances exist with such 
quantum numbers as well as continuum states. The unique property of the rho is 
that it is the lightest state and this property can be used to project it out from both 
the hadron and parton descriptions. There exist various methods to do this; we 
wish to discuss here only one, the Borel transformation, defined by 


i 


_— i e7/M" Tm [IT(sy] ds. (7.218) 
0 


Inserting (7.154) into this expression and replacing the upper integration bound by 
So gives 


50 


/ e~5/M" Im (IT(s)) ds 


— 
aM 2 


a ae = a HE (7.219) 


Obviously for small enough M? only the lowest-mass state survives. Here, however, 
we run into problems, since M? cannot be arbitrarily small, or otherwise the highest- 
twist contributions to the partonic description would become arbitrarily large. To 
understand this one has to know that the Borel transformation is equivalent to the 
following mathematical operation: 
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So 
| ea mendes 
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1 
= lim 
Q2 ,n—00, Q? /n=M2 tM 2 


So 
i e/M Im II(s) ds. (7.220) 


0 


= 1 
7M? 


where we have started from the well-known dispersion relation 


So 


1 f Im I) 
ing) = =| aa) co (7.221) 
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Now the higher twist corrections to the partonic calculations, or the higher- 
dimension condensates that parametrize them, are suppressed by powers of Q?. 
Q* must be large in order to allow for perturbative calculations in a. Thus to make 
M? small would require very large values of n. But such high derivatives increase 
the importance of the higher twist effects as 


Oo” d\" 1  (W+n-D! 1 Lo Wer 
(Gat (-z53) (92) > Na aa! oy (n — 1)! 
(7.229 


becomes very large with increasing N. Thus QCD sum rules are for most applica- 
tions an expansion with a limited domain of applicability. If 4? becomes too small 
the higher twist effects on the partonic side become uncontrollable; if it becomes 
too large, the hadronic side becomes a complicated mixture of hadronic states. 
Luckily for most problems one finds an intermediate domain around M = 1 GeV 
in which the result depends only slightly on M, indicating that the approximations 
made were acceptable. Inserting (7.154), we obtain for the Borel transform of the 
hadronic part simply 
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This integral is now easy, yielding 
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This expression can now be equated with (7.223). However, there is still one last 
problem to be solved. The current substituted in (7.190) to describe vector mesons 
can still be arbitrarily normalized. Thus we introduce a factor p and write 
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We get rid of A, and all other constants by dividing d/ /dM by) 
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m2 = M? ( +=) (1-(1+ =) ens0/M) — ie rad 
2 T M2 M4 M6 
x (1 ae =| (1 — enso/?) + pad | _ (7.227) 
With the condensates from (7.155) the numerical constants are 
A = —877(0.10)* GeV* + © (0,36) Gev' 
— (—0.007 + 0.055) GeV* = 0.05 GeV", (7.228) 


448 
= (0.225) - 2? - 0.25 - oi GeV® = 0.035 Gev® 


The resulting form of mi? as a function of M? is plotted in Fig. 7.24. 

Similar calculations on be repeated for any set of parameters, and the resulting 
masses agree quite well with the real values except for the pion. However, the QCD 
sum rule technique is not limited to the calculation of masses. It is also possible 
to calculate vertices, such as any coupling to the quark in the proton according to 
ie. 7.25: 

The proton current can be written in many different forms. The simplest is the 
so-called Joffe current 


nx) = Eabe (u!2(x)YoV2 Yu” (X)) YsY"a°O) (7.229) 
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Fig.7.24. The rho mass 
as a function of M7’, as 
given by (7.227) for so = 
1.5 GeV. The convergence 
is clearly convincing in the 
range M? = 0.5 — 0.8 GeV" 


Fig. 7.25. The general form 
of a proton vertex O at 
which momentum gq, is 


transferred 
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Here, the first u(x) field is transposed so that the bracket is just a number as far 
as the spinor indices are concerned and a Lorentz vector with respect to the index 
of y,,. It is easy to show that this combination indeed has isospin 1/2 and not 3/2, 
which is the second possibility in the coupling of 3 isospin-1/2 objects 


1 
pole st s+ +L), 
G=FA)+GQ2)+45GB) , 


(7.230) 


where the /;(&) act on quark number k. To show this one has to use the so called 
Fierz-trans formation: 


es) = zm) + alt [Eabe (d(x )Yo'V2 Yu” (x)) ysy"4d* (x) 
+€abe (u(x) 072d? (x)) ysy"d“(X)] 
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+ SF [Eabe (uo Yue? Ce) ysy"ue~)] 


l 3 
~ ge) zm) + €abe (a (x)yoV2 Ye? (x)) Ysyhu (x) 


+ Eabe (t(x) 0124? (X)) Ysy4uS (x) (7.231) 


The last two terms are equal (please remember that the bracket is just a number). 


d'* (lyon Yutt?(2) = [dl yor27.0°(2)] 
= 02), %%47 (1) = —u" (2)920 Yd" (1) 


=u" (2)yov2 wd (1) > u" (107274? 2) (7.230 


In the last step we have used the antisymmetry of ¢,,. and the fact that the total 
wave function is odd under the exchange of any two particles. The Fierz transfor- 
mation in our case is 
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= — 5 {(u* ror’) a? — 2 (u" yor2Iuu*) ya? 
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Now one can see from (7.232) that all combinations for which the transposed 
bracket has the opposite sign vanish owing to the symmetry operation (a — c,1— 
2). But 


at t ett 
(u You‘) =ulyyyu? = —ut yu? , 
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(u yor yysu’) =u yyy uu" = —u yw WIsu"  , (7.234) 
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Thus only the second term in (7.233) survives: 
1 
(u® yor ud") Wyhue = — 5 (ure W"(3)) 754" 2) 


1 
= —5 (u(r rau? 2)) yysd°(3)_, (7-235) 


and we have 
il 3 1 3 | fil 
ne que)+sm)—2- 5m) = qt) = (5 + 1) n(x) , (7.236) 


which demonstrates that 7(x) indeed has isospin 1/2. In calculating the triangle 
graph in Fig. 7.25 basically all techniques are the same except that now we have 
to perform a double Borel transformation to make sure that both the incoming and 
the outgoing baryons are projected onto the proton state: 
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In fact the applicability of QCD sum rules for calculations of quantities other 
than masses is not trivial. The Borel transformation projects out the lowest-mass 
eigenstate, which is the correct state only if it is unique, i.e., if any state is uniquely 
determined by the quantum numbers contained in the current and by the mass. 
For fully relativistic problems this is ascertained by general theorems. With these 
remarks we wish to end our introduction to QCD sum rules. Let us summarize 
what we have done by noting that with the few parameters for the condensates one 
is able to calculate with a typical accuracy of 20%: 


the masses of p, ¢, 6,a;,N, 2,4, 2,A,..5 

the vertex constants such aS 9nNN, JaNA> Jwpms- +s 

the heavier quarkonia states Tsou fo... tor ec and bb; 

quantities such as the total momentum carried by quarks or gluons at the scale 
M? which is >7, i, xq(x) dx; 

e the form of the 3-quark component of the nucleon wave function and of the 
quark antiquark component of the pion wave function (the so-called Chernyak— 
Zhitnitsky wave functions), and many more quantities. 
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8. Phenomenological Models 
for Non-Perturbative QCD Problems 


As the complete calculation of many, especially dynamical nonperturbative prob- 
lems, for example, using lattice calculations, is still impossible, theoreticants have 
tried to develop simple physical models for these problems. Using suitable assump- 
tions and parameter choices, one then attempts to reproduce as many properties of 
QCD as possible. We shall consider two such problems here: the ground state of 
QCD and the quark—gluon plasma. In both cases we shall restrict ourselves to a 
few remarks only. 


8.1 The Ground State of QCD 


Many semiphenomenological models have been developed for the QCD ground 
state. We shall consider here only the so-called “Spaghetti vacuum” which is one of 
the most promising candidates and has the advantage of being easily visualized. As 
a starting point, let us ask what the fate is of a hypothetical monopole—antimonopole 
pair in a superconductor. The Meissner—Ochsenfeld effect teaches us that the flux 
lines of the magnetic field cannot enter any superconducting region. Consequently 
a region of normal conduction is created in between the pair (see Fig. 8.1). 


superconducting 
area 


Thus a string is created, and, since the energy density in the region of normal 
conduction is larger than in the superconductivity region, the magnetic charges are 
confined. 

Our model system therefore shows the same properties as QCD, with magnetic 
charge and magnetic field playing the role of color charges and color electric fields. 
This leads us to the dual superconductor picture, i.e., the assumption that the QCD 
ground state has the properties of a superconductor in which the roles of magnetic 
and electric fields are interchanged. To put this on a firm foundation, one must 


Fig. 8.1. A magnetic mono- 
pole(g)—antimonopole() pair 
creates a string of normal 
conductance in a supercon- 
ductor 
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show that QCD contains some objects that can play the role of Cooper pairs. As 
Cooper pairs are bound by the electric field, one expects that their dual partners in 
QCD are bound by color magnetic fields. 

From the many ideas about what these objects might be, we shall discuss only 
the “Spaghetti vacuum”, in which the Cooper pairs are strings of color magnetic 
fields. To obtain this picture we start with the simplest question and ask how 
spontaneous color magnetization can arise in a pure gauge theory. To this end, 
we introduce a color magnetic background field H, determine the corresponding 
vacuum energy, and calculate the total energy with respect to H. The color electric 
and color magnetic fields are defined as 


ee = gd — VAG gp An ae (8.1) 
HY = —644 Fy = —€yn (ViAg — Vif + of ARAG) (8.2) 
To see whether a homogeneous magnetic field can lower the total energy, we set 
pe = H6936;3 => Ai = Hk Op30n8 : (8.3) 
For simplicity we shall keep to an SU(2) gauge theory. We consider a small vari- 
ation A% around AM: 
a apy 2 
Fa, Pow = {VAL — ViAl, +9 [42 (42 — Hxidve) — (A), — Hi 5y2) A2,]} 
2 
+ {V Ay, — Vt, + 9 [(Aj, — Hx16yu2) A — Al, (A? — Hx1d,2)] } 
) 3 3 2 2 41\72 
Hest te Vth = Vad, eo AA = An) 
3 3 he: 
+2[VuAy — VAi, + 9 (A),Az — A2,A},)| 
x (—H) (616y2 — 626.1) (8.4) 
We consider small variations around H°" and therefore neglect higher powers in 
A: 
‘ 
Fiy Few sx [VAL ~ VAL, — gx (42.6.2 — A262) | 
ap [Weds =; VA’, = gHx, (AL b,2 mA oti 
z 3 a2 
+ 2H* + (VA; — VLA},) 
— 4H [V1A3 ~ V24i + 9 (Aj43 — A243)] (8.5) 
The source terms for AB that appear in the last term vanish by partial integration 
of the action integral if we demand that 43(x; > Loo) = A3(x. > too) = 0. This 
is equivalent to demanding a fixed background field. Indeed the appearance of this 
source term is an indication that a is not a physical degree of freedom, and it 
can be shown that Ay and AG are the only physical degrees of freedom. We shall 
content ourselves hcre with the observation that the source terms vanish by partial 


integration and that the only remaining term in Je is a free Lagrange density and 
is therefore not of interest to us. Dropping these terms we have 


FF? = |Vy (AL +idZ) — Vi (Al, + 142) — gly [(42, — 141) by. 
~ (4 — ib) 5a] + 2H? — i2gHt [(A} + iat) (43 ia) 
a (A) aK id3) (Aj = idt) | 6 (8.6) 
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In the last step, we have rewritten F uv #” in a way to show that it is useful to 
replace 4/, and A’, by 


W,, = = (4, +i4,) , Wi= ~ (4), -i42,) (8.7) 
With these we obtain 
Fa, Fa = 2(V, —igHs15,2) Wy — (Vv —igHx6n) W,|" 
+ 4igH (Wi) W.-W 3tWi)+2H? . (8.8) 
The Lagrange density to be investigated is thus 
th ee -5 |(Vu. = igHs16 2) Wy — (Vv — igHx16.2) Wy) 
— ig (Wi*W, — WW) — 5H (8.9) 


and the resulting equation of motion is 
= (-V# >= igHx) 6,2) Ke = igHx) 6,2) Wy == (VY, = igHx) 6,2) W,.| 
= igH (6n1 Wy = 62 Wi) =i > (8.10) 


To make sure that ae , W,, are indeed the physical degrees of freedom, it is useful 
to choose the so-called background gauge: 


(04 —igHxi6,2)W,=0 . (8.11) 


(For H — 0, this is the usual transverse gauge.) 

That this gauge singles out the physical degrees of freedom is formally demon- 
strated by choosing the gauge (8.11), determining the corresponding ghost fields, 
and then showing that they cancel the contribution of Ae and those components of 


W,, for which (oH — igHx) 6,2) We = 0. 
From (8.11) it follows that 


(ve + igHx1 6,2) (i _ igHx) 65,2) WL 
= (we — igHx,6"*) (ae — igHx, 6,2) W, 
= (V_ — igHx1 6,2) (We + igHx) 5,2) a 
StH (=O 0a = 190, 10,0)? 


= -igH(Wrb,1—Wib) , (8.12) 
or 
Ce 0 OmrO 
AO Oo to a 
(V" — igHx,6"*)” W, — 2gH yA th 0 (8.13) 
Oo 00 


Uy 

The matrix in (8.13) has the eigenvalues +1 and a double eigenvalue at zero. Its 
eigenvectors are (0,1, +i,0), (0,0,0, 1), (1,0,0,0). The last is excluded by the 
gauge condition (8.11), while the others correspond to spin +1 and 0. The matrix 
in (8.13) contains the submatrix 
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0) 17 0 
(S3)ik = 1€3;k = (-; 0 7 (8.14) 
0 0 0 


i.e., the third component of the spin matrix for spin 1. The factor 2 is analogous 
to the g factor. Since gluons are massless, S = 0 is excluded (formally one finds 
that ghost fields cancel the contribution of S = 0 gluons). Thus the two physical 
fields are those with S = +1, and they satisfy 


(v4 — igHx, 54)’ W, y — 29H -(£1)W, 


2 2 2 2 
= ee ae ae + gHx, eee W,=0 . (15) 
Ox Ox 


D 2 
Ohi | (eh 3 
Continuing to the Fourier transform WAE ,X1, ko, kx) we have 


2 
(«° = = ~ (ko +. gH) — kg F 29H ) oe (8.16) 


and we substitute x} = y — kn /gH: 


(= =i, eg 2) Ey io, ks) — 0 (8.17) 


5 
The last two terms correspond to the equation of the harmonic oscillator: 
wy) = — (Ga = spits?) Vy) (8.18) 
with energy eigenvalues 
1 
On = (: + 3) Gel (8.19) 


With the ansatz 


W, = Vv(y) PE, ka, ks) (8.20) 
it now follows that 
(E* — kj -2gH —2w,) W, =0 8.25 
1 
=> g= fron (n¢dan)ageaesin (8.22) 


Note that E becomes imaginary for n = 0 and k? < gH. Since an imaginary 
energy corresponds to a decay width, this state is unstable (see Fig. 8.2). 

The appearance of an unstable mode indicates that the model assumptions 
of a homogeneous color magnetic field are unrealistic. In spite of this, we shall 
investigate what result would be obtained if this state were not unstable, since this 
will help us to understand the role of the unstable mode. 
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3 Fig. 8.2. The unstable mode, 
with) = 2/4 ot 
T'/JgH, and & = ky /J/gH. 
For «& < 1 the energy is zero 
and the state decays or grows 


2 exponentially depending on 
the sign of y 
1 
0 
0 0.5 1 1.5 2 2.5 3 
K 


From the single-particle energies (8.22) follows the energy density 


[? al 3 
oa 25 {205 20H ( n—5) ) +a + S Ye ate (m3) va) 


(8.23) 


The factor 2 stands for the two degrees of freedom W,, and oe ; the factor 1/2 
appears because we are calculating the vacuum energy. The factor C comes from 
changing f dk,dk, to >> 2: Since for the nth Landau state it holds that 


Baw not, (8.24) 
we expect that 


fdkjdk, — fkdk — gH 
‘Gir oP Ce 


A precise calculation yields 


@ ae (8.26) 


oe 3 
+30 29H (n +3) 443 
=O 
1 vk fel jh als 
Ss On Vie Ff Pie at. (8.27) 


The factors in front of the last-but-one term are: spin degrees of freedom x color 
degrees of freedom x . To perform the sums we introduce parameters 6 and 77: 
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ae peal = 1 a 
3 pee 
— =) = = | — y —= ks — 16 
e—é(H =0) sm, [2 Z| lagi (» 3)+ 3 i 

0 


3 1/2—n 
+ lagi (+5) +12 —is| 


~s far eu? —i9'?-14 & [once =A =e 
m2 21? 
0 


0 
(8.28) 
and use 
j’tn Mae: 
BSN ple 1 d —v+n—1 ,—iT(w*—ié) 8.29 
(w* — 16) ares aay Te e (8.29) 
gH i7W2n ee get 
ee = dk | drr 7 
e—e&(H =0)= atu on T(t +n) elena +f / 


0 


0 
. en int? —i6) 1 eee (n- ) ie I eee (n+3) 


n=] n=0 
1 oo oo 
ee / dk [ drk2p-347 ein? -i6) 
P(-L4+n) 7 
Goi eer 
aot 29 
aera dk f dr 77247 eir#’—i6-94)| (8.30) 
2n?T (—5 +7) 
0 


The calculation of the integrals is demonstrated in Problem 8.1. The result is 


1\(gH)? in vt _ HY 


ee 48712 pe 8a 


(8.31) 
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Problem. Derive (8.31) from (8.30). 


Solution. The sums in (8.30) can be directly evaluated: 


oo ; ; oo ; 
sy as (n-}) i Se mee (n+3) 
n=l n=0 
itgH —3iTgH 
{| ae Ea! | = e=aenale! 
eo ala) 
= = = 


= ee ee = ea 
eitgH _ e—irgH isin(gH rT) : © 
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Also the k integrations can be directly performed: Exercise 8.1. 
Le @) 


ii dk e7i7? — x2 a8 
AN ar 


0 
ee) 


fore) 
a .O Ae) Le ae 
dk k2 irk? ene ears [ou STH Et 
/ : "Or . Tee 
0 0 


(2) 


Therefore we get 
e—e(H = 0) 


‘ Ag fcoae for) 

it wets 2 fo pee ee cos(2gHT) ing 
iS 1 a oe € 

473 I (-}+n) isin(gHT) 


. iF+itn co 

1 @ ere 

+ 1 eet fer je em 
mde EB Do 


7,60 


CO 


Ser | 7 2tNeitgh —6r : (3) 


o 


Now we employ the relation 
cos(2gH Tr) =1—2sin*(gHr) , (4) 
which yields 
cos(2gH T) 
isin(gH7T) 
= ei ant 2 i (oe a4 e Ta) 
isingH7T) 1 21 
a l — a-itgH 
isin(gH T) 


1 —~irgH 
ee a : 5 
S isin(gHT — 1%) () 


an eit gH 


pak eitgl 


Here we have defined the singularities by inserting if} (7) > 0). The integral exists 
provided 7 > 2. We calculate it in this region and determine its value for 7 — 0 by 
analytic continuation. This very procedure has already been used in dimensional 
Bese anzauon Identity (5) ensures that the integrand vanishes for 7 = R e'?, 
—> <o<0,R — oo. Therefore the integral SUB UEUIE the fourth quadrant 


Panichee 
00 0 
[eros fitict | ae =0 : (6) 
0 —i00 
Since the integrand has no singularities we substitute 7 = —is and evaluate the 


last integral with the help of (8.29): 
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ée—e(H =0) 
Exercise 8.1. ize 
Sin. | ae 
0,690 | 4ar3 IF (—3 +7) 


[ee] 
1 
sy) =F — easel 
@ [os ss Gea r ) 
0 


[o.@) 
iFn¢_+)- iF +iF 
el F1(-j)-2+9 / ohn OH ema 


4n3 DP (-$ +7) J 4 wiP(-}+n) 


El a 7) ores LG) 
Finally we substitute s = v/gH: 
2-7 1 
Sa 2 meet ie eee 
10 Ani I'(-4+n) 
x fv Una _ ev ae (-l+n(C-)"j] .- (8) 
sinh(v) v 
0 


The integral of e~” leads to a gamma function: 
[e.@) 
| dy Ta (9) 
0 


while the integral over 1/ sinh v — 1/v can be split into a finite part and one that 
diverges in the limit 7 — 0: 


: =) 1 1 
fowe ea . a 


0 
i | i jl i i 
= | dy yt Peps ea eae ea: —1+n 
/ vU (; (o) +30) z [ave 


0 0 
11 
e— e(HT =0) = fim — GH” 
ile? 4n2T (-$ +7) 
11 
x{o- 2 -Fci+ma +l} (11) 
With 
1 ip 
M-l+q) = aol) = ee (12) 


we are now able to calculate the limiting case 7 — 0: 
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(gH =(gHY(1—nin(gH)+---) , 


Eo) few den 


= —2\/n [bay (-}| tere, (13) 


PA +n) = 2+ nay) + 


el. Ge 
ya + mut +c" in] | (4) 


= 2 aH =0)= fin} 
7-0 


Here all constants have been absorbed into C’, which does not depend on H. The 
divergent first part can be renormalized. The renormalized, i.e., the physical, energy 
density is then 


11 (gH? 


e—e(7 =0)= 6 8a 


R(gH > 
ingHy ec = joey (15) 
In the transition to (8.28), however, we should have introduced a factor m2” in 
order to conserve the dimension (m is supposed to be an energy). Then we obtain 


I1@gH) el VG sa))  UNGEDE i oaial 
———— |In{ => —C’| = ha, = 
482 | \ m a T 482 ie i ts) 
where C’ has been absorbed by the definition of 
ye = Pewee ol (17) 
WUGEDE lal Glee 


It should be noticed that the techniques used in this exercise to calculate (8.31) 
are practically the same as those introduced systematically in Chapter 4.3 in the 
context of dimensional regularization. 


The presence of the imaginary part is again an indication of the instability. If we 
minimize the real part of the vacuum energy H?/2 (see the last term in (8.9)), we 
obtain a minimum at H # 0: 


Onl 1l(gH)* gH llg’H gH 1 
A eee | ae ere) 


2477 
H = = = 
ol 2)! 
which does not fix the value of gH since si? was arbitrary up to now. As we 


have effectively performed a dimensional regularization, 1? is proportional to the 
renormalization scale. Indeed, the real part of ¢ — e«(H = 0) can be deduced from 


(8.32) 
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renormalization group properties in a very elegant fashion. The prefactor then 
comes from the @ function: 


a Ue ive 
3272 32s 48? 


ae, — for SU(2)_ . (8.33) 
2g 

We demonstrate this in Example 8.2 to show the strength of renormalization group 
arguments. However, this example will also show the weakness of these techniques, 
since one tacitly uses a number of assumptions without being able to check their 
validity. So the renormalization group treatment gives no indication of the existence 
of unstable states and predicts a constant color magnetic field; but the presence of 
unstable modes shows that this is not a physical solution. 

In order to have any hope of obtaining a realistic ground state a consistent 
treatment of the unstable modes has to be developed. We shall not perform these 
calculations explicitly but only illustrate the ideas. There is a well-known method 
of treating unstable modes from the problem of spontaneous symmetry breaking. 
Here, too, the usual vacuum modes are not stable, and the field drifts into a finite 
vacuum expectation value. If the Higgs field is expanded instead around this vac- 
uum expectation value, only stable modes are seen. By analogy to this, one is led 
to the following procedure for treating unstable modes. 


1. Isolate the unstable modes and rewrite the Lagrange density to have them appear 
in the same way as Higgs fields. 

2. Insert nonvanishing vacuum expectation values and determine the energetically 
optimal gauge field configuration. 


The first step can indeed be performed. The second step is very difficult and only 
possible in the framework of certain ansatze. We therefore show just one of the 
results! (see Fig. 8.3). Other ansatze yield slightly different results but a domain 
structure at a length scale \/gHp in the xy plane is always found, and compensating 
positive and negative fields in H in large spatial regions. One can immediately 
imagine why no unstable modes appear in these solutions. 

The lowest Landau state (n = 0) extends over large spatial domains. Therefore 
the H fields average out and the term +29(H) ~ 0 no longer leads to instabilities. 
The higher Landau states are localized in the xy plane up to /gMo/n and thus 
experience a more or less constant H field which as has just been calculated, 
leads to a lowering of the energy. Figure 8.3 shows a system of parallel tubes 
made of color magnetic fields that are completely analogous to vortices in type II 
superconductors. This parallel supports the picture of the QCD vacuum as a dual 
superconductor. Figure 8.3 has been calculated as a solution of the classical field 
equations. In quantum mechanics, fields will oscillate around this configuration. In 
particular, the magnetic flux tubes will no longer be strictly parallel but change 
their orientation over large spatial regions. This property caused the model to be 
baptized the “Spaghetti vacuum” and guarantees Lorentz invariance after averaging 
over sufficiently large spatial domains. 


' See J. Ambjorn and P. Olesen: Nucl. Phys. B170, 60 (1980). 
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The picture of a dual superconductor is further supported by lattice calculations 
for some simple systems. One can, for example, calculate the field distribution 
around a static quark—antiquark pair. If the dual-superconductor picture is correct, 
the color electric field cannot extend into the QCD vacuum, so that a string is 
created outside of which E vanishes. Figure 8.4 shows this schematically as well 
as the results of a Monte Carlo calculation. 

In conclusion there are detailed and quasi-phenomenological models for the 
QCD ground state. The “Spaghetti vacuum” is just one of them. All have in com- 
mon that they lead to highly complicated nonperturbative field configurations and 
that these have a constant negative energy density compared to the perturbative vac- 
uum. This energy density cannot simply be identified with the bag constant. The fine 
structure of the QCD ground state should exhibit a length scale of 1/Agcp & | fm. 
Thus the average energy density is not relevant for a hadron; and the precise 
microscopic structure must be known. 


SEE _ Eee SaaS 


8.2 The QCD Ground State and the Renormalization Group 


In this example we wish to show how (8.31) (or more accurately the real part of 
(8.31)) can be derived from renormalization arguments in a very elegant manner. 
We want to investigate the effective Lagrangian of an SU(2) gauge theory for a 
constant color magnetic field. In lowest order this is simply —1/2H 2 Consequently 
the next order can be written as 


Fig. 8.3. The Ambjorn—Ole- 
sen solution for the QCD 
ground state. The H field 
is parallel to the z axis. 
Contour lines are at 0.8Hp, 
0.6Ho, 0.4Ho, 0.2Ho, 0.0, 
—0.1Ho, —0.15Ho, —0.16H, 
—0.2H, —0.24H . (J. Amb- 
jorn and P. Olesen: Nucl. 
Phys. B170, 60 (1980).) 
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Fig.8.4. The result of a 
Monte Carlo calculation for 
color electric and color mag- 
netic fields around a static 
quark—antiquark pair || de- 
notes the direction parallel 
to the A axis (From J.W. 
Flower and $.W. Otto: Phys. 
Lett. B160, 128 (1985).) The 
color magnetic fields are en- 
larged by a factor of 10 
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where ps denotes the renormalization in such a way that Leg becomes the free 
Lagrangian for H = py”. Since the effective Lagrangian must not depend on p, the 
renormalization group equation 


’ 


6) 
5a + POs 


8 
+ 24(g)H? 5 


H 


a FH, 1,7) =0 


must be fulfilled. The derivative of (2) with respect to H? is 


ae 


at lo) = 


2a 2g) + 2y(g)H? 


0 
OH? 


a 


0 
OH? 


apo 1 wg) = 0 


(2) 


(3) 


Since OF /OH? is a dimensionless quantity, it can only depend on H /,:2. Therefore 


G(t, 9) 


we define 
H a) 
ge le apat Lg) = 
=(= De tbe rae G(t,g) =0 


by 


(4) 


(5) 


This is the typical form of a renormalization group equation. Taking into account 
the boundary condition 


| prea 
yields 
G(g,t) = exp | 2 
GG,0)=—_ | 


a Sipe —— 


Vg, x )dx 


GGy) 


u 


(6) 


(7) 


(8) 
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and 
0 0 
__ — ——s — (Gt = : 
We assign the new name go to the constant g, because we want to introduce a 


function g(t, go) in the following: 


t 


G(g0,4) = exp {2 / Ago | G’(0,1) (10) 
0 
G'(Go,0) =-5 an) 
and 
Fees ial 
“1 - ns +85] 6'an,t) =0 | (12) 


Clearly (12) is solved by every function G'(g(90, t)) if 


O ee. 

— g(go,t) = ——=—9(g90,t) - 

97 9690) 17 Bg0 ) (13) 
It is always possible to define G'(g(go, t)) and g(go,t) in such a way that 
Ag(go,t)/Ogo = | holds, such that (13) simplifies to 


Sago) =a (14) 
Now (7) is evaluated by perturbative methods. In the case of small ¢ we have 
G'(g) % —1/2, and only the result for the anomalous dimension y in the limit 
of t — 0 is needed. Since we have not discussed the renormalization of gauge 
theories in this volume, we can only cite the result. It turns out for a pure SU(2) 
gauge theory that 7 and ( are in lowest order proportional to each other: 


a 
290 90 Ow p2=H 
] 
__19| __ @lng a 
Jo Ot |. ES 
This relation allows us to evaluate (7): 
3 
Gea J ,—2{1n{9(90,191—In(90)} = _! (a2) 
2 2 Go 
l ieee os lle 2 
~—5(1+4t) =-5-5 t , (16) 
2 go 2 RIE 8 
1 has Af 4 
meienc,2 een CO) * 17 
& 2 4872 n(& + O(9°) (17) 


Therefore F assumes the form 
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Tieae Jai 1 Moe he jel 
Se ragT2 in (3) 7 ;| = Aha (7) (1g 
Savvidy first found this derivation.? Later Nielsen and Olesen discovered in a 
lengthier calculation the non-stable states, which are overlooked by the renor- 
malization group method. This indicates that one has to be very cautious when 
employing such abstract principles. 
Without color electric fields the energy density is 


Mileee? ial 
=e = 0) = =F = In— 
et ) ee ee, 


MDI —_———a ee 


8.3 The QGP as a Free Gas 


In order to allow for simple calculations the QGP is usually described as a free 
gas consisting of quarks and gluons. As we already discussed this is theoretically 
not well founded at T ~ T,. However, those calculations frequently yield results 
which are qualitatively correct. Thus we simply add the gas pressures of a free 
gluon gas 


= 16x 7 74 1) 
Pc = 90 ( 


and of a free quark gas 


Se We ase 

-265 (E+ Ge ® 
ee «5 [aot F) * a\F @) 
and identify the result with the bag pressure B. In the case pg + pa > B the 


QGP region is supposed to expand and one should be able to derive the critical 
temperature from 


B=pg + pa 

370? nee! " Lo) ae 
90 lee 2706 Ee 

for every value of js. Assuming B = (145 MeV)’ yields the result shown in Fig. 8.9. 


This now has to be compared with Fig. 8.5. Apparenty there is a rough qualitative 
but no quantitative agreement for the phase boundaries. One has 


(3) 


T(p = 0) _ { es = if for lattice calculations : 
A = Sire) pe Mey = 1.1 for the free gas. @) 


* See S.G. Matinyan and G.K Savvidy: Yad. Fiz. 25, 218 (1977). 
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Since the position of the phase boundaries is quite insensitive to theoretical sub- 
tleties, one can expect that the free gas treatment of QCD leads for more sensitive 
quantities to results which are wrong by much more than 30 per cent. Examples 
of such quantities are the total number of kaons or lambda-particles created. 


8.2 The Quark—Gluon Plasma 


In Sect. 7.2 we discussed that lattice calculations show a phase transition at a critical 
temperature T, ~ 100 — 200 MeV (Figs. 7.3 and 7.19). Such a phase transition is 
typical for non—abelian gauge theories. It has been studied extensively for SU(2) 
and SU(3) but should exist for all SU(V) groups. If it could be experimentally 
investigated in detail such studies would definitely improve our understanding of 
some of the basic properties of QCD. The hope is that in high-energy collisions of 
heavy ions this new high-temperature phase can indeed be produced for sufficiently 
long times and in a sufficiently large volume to allow experimental studies. While 
it is generally agreed that at high enough energies the new phase will be reached 
in the center of the collision system, the interpretation of possible experimental 
signals is still very much debated. 

The interest in the quark—gluon plasma (QGP) phase transition is further in- 
creased by the fact that it is assumed to have played a crucial role in the early 
universe. As the universe cooled it was the last phase transition to occur and might 
therefore have left recognizable traces in the present day structure of the universe. 

Another interesting point is that the QCD vacuum is a highly non-trivial state, 
as is the vacuum of the standard model in general. In fact, the existence of a 
complex vacuum state postulated by modem field theory with an energy density 
tens of orders of magnitude larger than any observable energy densities is probably 
one of the most interesting and least-tested features of modern particle theory. 
To understand some of the problems let us return to the concept of parton—hadron 
duality discussed in Example 5.10. We have argued that the description of hadronic 
reactions is in principle possible on the quark level as well as on the hadron level. 
These two descriptions are just based on a different set of basis states. Some 
processes like deep-inelastic scattering can be described very easily on the quark 
level but are extremely hard to treat on the hadron level and such processes therefore 
allow direct tests of QCD. On the other hand, properties which are easily described 
in terms of hadrons and their interactions are usually not a good test of QCD. Let 
us therefore start our detailed discussion by reviewing what hadron models can tell 
us about the high-temperature phase transition. 

As early as in 1965 Hagedorn? observed that the experimentally known mass 
density of hadron states grows exponentially 


G2 mte/™ | mg & 200 MeV (8.34) 
dm 


3 See Hagedorn: Suppl. Nuov. Cim. 3, 147 (1965). 
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and that this fact implies a limiting temperature. With p* dp = p E dE the number 
of states with energy between E and E + dE can be written as 


E 
dn(E) ~ dE [om << e FIT yp E | p=VEt*—m? (8.35) 
0 
implying for (8.34) 


E 
dn(E) ~ dE [ow e”/™ g—E/KT \/ £2 _ m2 E dm 
0 


= dE Eee / Ho a EO he ee, (8.36) 
0 
with m = Ez. Substituting z = cos(y) we get 
n/2 
eR Te Peach i cos*(y) sin’(y) ef °8P)/™ dy, (8.37) 
0 


Now we assume E /mg > 1. (This is the relevant limit for our discussion.) We can 
then approximate 


Tye. T 
i cos*(p) sin’(y) ef )/™ dy = i cos?(y) sin?(y) e8 °s(")/™0 dup 
0 0 
/ 2 3 E 
~ ee.) E cos(w)/mg do = Say SS aad ge 
| se p=va-r(5) a(S 
0 
2m) Jn eF/m0 nme E/ 
a pe EE KU ay 8.38 
eee (8.38) 


Obviously the total energy density Jivs dn(E) diverges for AT > kT = mo & 
200 MeV, because the exponential factor exp(E /mo — E/kT) grows with energy, 
implying that either no higher temeratures are possible or that some new physics 
must become relevant. As in this treatment the finite size of the hadrons was 
neglected one expects the latter to be the case. Thus we have linked the existence 
of a phase transition to the fact that the density of states grows exponentially with 
energy. This behavior is, however, nearly universal to all composite models of the 
nucleon. It is found e.g. for the MIT bag model and is simply due to the fact 
that more and more angular momentum states become available with increasing 
energy. The phase transition temperature is simply determined by the level spacing 
between hadrons, and one has to conclude that the observation of a phase transition 
alone is not a very sensitive test of QCD. 

In terms of quarks and gluons the phase transition can be linked to a reduc- 
tion of the effective running coupling constant with increasing temperature. Finite 
temperature implies that the state in which a process has to be calculated is not 
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the field theoretical vacuum state, but a state containing a thermal distribution of 
particles. This adds the graphs shown in Fig. 8.5 to the vacuum polarization tensor. 
It turns out that the resulting effective coupling constant ae becomes small enough 
for T ~ Agcp to suggest the insignificance of non-perturbative effects. 

Another interesting fact is that theoretical studies show that one is really dealing 
with two phase transitions. The deconfinement phase transition is characterized by 
the fact that energy density ¢ and pressure P approach (although not very rapidly) 
the corresponding Stefan—Boltzmann limits for a free gas of quarks and gluons 
above the phase transition (see Figs. 7.18 and 7.19). Simultaneously one observes 
the chiral phase transition which describes the fact that chiral symmetry, which is 
violated at low temperatures, is conserved for T > T.. According to our discussion 
in Sect.7.3 this implies (gq) — 0 which is in fact observed in lattice gauge 
calculations. The physical reason for the coupling of these two phase transitions is 
still disputed. The link between the two effects is the observation that the condensate 
can be expanded in terms of the density of ‘zero modes’ (i.e. modes with zero 
energy) which in turn depends on the long range properties of the interaction and 
thus on the presence or absence of confinement: 


T 


(a 10) (8.39) 


Fig.8.5. Additional contri- 
butions to vacuum polariza- 
tion in a thermal distribution 
of particles. Crosses mark a 
coupling to a thermal field 


Fig.8.6. Running coupling 
constant in a pure SU(2) 
gauge theory at finite tem- 
perature (See B. Miiller: The 
Physics of the Quark-Gluon 
Plasma, (Springer, Berlin, 
Heidelberg 1985), p. 81) 
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Fig. 8.7. Chiral phase transi- 
tion (gq) — 0 and confine- 
ment-deconfinement phase 
transition occur at the same 
temperature in lattice gauge 
simulations 
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Here v(A) is the density of states which have the eigenvalue A with respect to the 
Dirac operator —1y,,(0" — igA”). (0) is the density of states at A = 0. V isa 
normalization factor, namely the total space-time volume considered. 

The properties of the QGP phase transition are further modified by the finite 
baryon density in a heavy ion collision, characterized by the chemical potential 
jt. Thus the phase transition is characterized by a line in the y—T diagram, or 
even a surface in the u-7T-Ss diagram if the further modifications due to a finite 
strangeness—antistrangeness content are added, see Fig. 8.8. 

Let us briefly discuss how the 4. and T dependence of the phase transition can 
be understood. 

The energy density of free quarks and gluons is 
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The first term is the gluon contribution with 8 color states and 2 physical spin 
states. The second term is the quark and antiquark contribution for 3 color states, 
2 spin states and Ny massless flavors. 

Making use of the integral formula 
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Fig.8.8. The surface char- 
acterizing the transition be- 
tween normal hadronic mat- 
ter and the quark—gluon 
plasma as a function of p, T, 
and ss content 
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The pressure P = </3 can now simply be equated to the bag constant to obtain an 
estimate for the phase-transition line 


Tr? 
120 


In deriving this estimate all interaction effects were neglected such that the nu- 
merical values obtained from (8.43) cannot be trusted. However, the general form 
shown in Fig. 8.8 should be correct. 

Having specified the transition region to the QGP let us now tum to the most 
important question, namely whether the new phase can be reached in a heavy- 
ion collision. To this end heavy-ion collisions were studied in great detail within 
many different models.* After much controversy it is now established that very 
high densities and enormous rates of particle production are reached. The CERN 
experiments with 200 GeV/A beams have produced a large amount of data testing 
the existing theoretical models and thus allowing a more trustworthy extrapolation 
to higher energies. The most important result of these and other studies is that the 
originally often advocated Bjorken-picture of the two nuclei passing through one 
another with only very little interaction is wrong. Instead enormous numbers of par- 
ticles are produced, absorbing a large fraction of the original energy. Schematically 
the correct picture is given in Fig. 8.9. 

Because so many particles take part in the interactions, it turns out that a 
hydroydnamic description is applicable except at the highest collision energies. This 
description was primarily developed by W. Greiner and collaborators in Frankfurt. 
In its language the crucial mechanism leading to the large energy deposition is the 
creation of nuclear shock waves, which had been predicted in a seminal paper by 
W. Scheid, H. Miiller and W. Greiner.> Other effects predicted by the same model 
have also been observed, namely the fact that some of the projectiles are deflected 
for suitable impact parameters (sideways flow) and that greater than average number 
of particles are emitted perpendicular to the reaction plane (squeeze-out). 

Based on all these investigations, one can be optimistic that a phase transition 
can indeed be reached, e.g. in a heavy-ion collision with 200 GeV/A at RHIC. The 
still unsolved problem, however, is whether there exists any signal that survives the 
subsequent hadronization. Until now no undisputed signal has been found. The hope 
rests therefore on very exotic objects which one cannot imagine to be produced 
in a normal nuclear surrounding. Probably the most interesting of these proposed 
signals are multi-baryon states with a very large strangeness content. B. Witten® 


B= Br ery! + 2N, (Gey Mary + a (8.43) 
~ 45 f 4 Bir? 


* For a review see e.g. W. Greiner, H. Stocker and A. Gallmann (eds.): Hot and dense 
nuclear matter, NATO-ASI SERIES B-Physics, Plenum Press (1994). 

> See W. Scheid, H. Miiller and W. Greiner: Phys. Lett. 13, 741 (1974). 

© See B. Witten: Phys. Rev. D30, 272 (1984). 
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and E. Farhi and R.L. Jaffe’ had proposed that droplets of QGP could be stable or 
at least metastable if they eontain a sufficient number of s-quarks. The question is 
thus whether the creation of such droplets, which are termed “strangelets”, could be 
aided in a QGP. C. Greiner, P. Koch and H. Stécker® have shown that this is indeed 
possible. Under the assumption that a mixed phase of QGP and ordinary nuclear 
matter is created in a sufficiently large region and lives long enough (1074 s), an 
unmixing of s and 5 should happen where the s-quarks gather in the QGP while 
the § dominate the hadronic phase as kaons. If this mechanism is effective enough 
to collect sufficiently many s-quarks in the QGP, it would not decay and could 
then remain as a (experimentally easily detected) strangelet. Let us end this chapter 
by discussing some other rigorous results of QCD besides those of lattice-gauge 
calculations. 

As sketched in Fig. 8.5, at high temperature the coupling to the thermal bath of 
particles reduces the effective coupling constant. For sufficiently large temperature 
the resulting theory should therefore again be tractable by perturbation theory. The 
most advanced formalism along these lines was developed by Braaten and Pisarski. 
It is based on earlier work by Kapusta. Let us just sketch some of the results 
obtained. By calculating the lowest order contributions to the gluon propagator 
in a thermal background Kapusta obtained an effective propagator which can be 
written in the form 


7 See E. Farhi and R.L. Jaffe: Phys. Rev. D30, 2319 (1984). 
8 See C. Greiner, P. Koch and H. Stécker: Phys. Rev. Lett. 58, 1825 (1987). 
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Fig. 8.9. Schematic descrip- 
tion of an ultra-relativistic 
heavy-ion collision 
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with transverse and longitudinal color-dielectric functions. For a static source (w — 
0) these equations imply 
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Thus only the longitudinal gluon field is screened, with a screening mass g7, and 
corresponding Debye length Ap = 1/g7. The fact that the transverse propagator 
is not screened is one of the problems of this approach. This result of lowest order 
calculations implies the existence of relevant higher order terms, e.g. mr ~ g’T. 
Presently, great effort is being invested in calculating these terms reliably. 

An interesting point is that the poles of D; and Dr are the effective particles 
of the thermal state, the ‘plasmons’. Some of their properties can easily be read 
off from (8.44-47). For the longitudinal case ¢, = 0 implies 
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For the transverse case €7 = k?/w? leads to 
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To test whether this high energy phase is really deconfined one has to check the low 
k limit, 1.¢., the properties of the plasmon for large distances. For the longitudinal 
case one finds 


(8.52) 
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and for the transverse case 
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Thus both the longitudinal and the transverse gluons have, for large distances, 
the same effective mass gt/V3, implying that the color potentials are screened 
and confinement is no longer effective. Let us note that for realistically attainable 
temperatures T ~ 250 MeV, g ~ 2 one gets 


Mplasmon ~ 300 MeV . (8.56) 


Obviously the simple idea of a free gas of massless gluons is completely ruled out 
by high temperature QCD, too. 

Braaten and Pisarski pushed this kind of calculation much further. They dis- 
tinguish three scales, namely g*77 < gT « T. Momenta of order g7 can be 
treated by usual perturbative QCD, those of order T require a careful resummation 
of contributions of arbitrarily high order in perturbation theory. (This is achieved 
by deriving effective vertices and propagators.) Momenta of order g°T cannot be 
treated. Within this approach a large number of properties were calculated, but the 
problem with all of this is that it only applies for g < 1, implying a temperature 
which cannot be reached in any realistic experiment. As stated above g is even 
larger than 1. The same criticism applies to approaches in which the QCD-field 
theory is treated as classical field theory. The classical Yang-Mills equations show 
chaotic behavior and B. Miiller and collaborators showed that the corresponding 
leading Lyapunov exponent can actually be related to the gluon damping rate as 
obtained by Braaten and Pisarski, implying that the regime of asymptotically high 
temperatures seems to be really well understood. If one were to simply extrap- 
olate the results of these two descriptions to realistic temperatures, they would 
imply very short thermalization times and consequently very good chances for 
quark-gluon plasma formation in heavy-ion collisions, but, as discussed above, 
such extrapolations are very problematic. 

Here we have only been able to sketch some relevant ideas and developments 
in this very active field. At present it seems very probable that future heavy-ion 
experiments at RHIC and LHC will study hadronic matter under conditions where 
it will show exotic properties. Is is, however, still not clear whether it will be 
possible to link these experimental observations to basic properties of QCD in an 
undisputable manner. 
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